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THE DISTRIBUTION OF DISLOCATIONS IN LINEAR ARRAYS 
By A. K. HEApD* and N. Lovat* 


[Manuscript received October 8, 1954] 


Summary 


An approximate method is given for finding the equilibrium distribution of arrays 
of dislocations. The analysis is based on the assumption that an array of discrete 
dislocations may be replaced by a continuous distribution of smeared dislocation. 
The solutions of a number of problems of physical interest are investigated, including 
some in which dislocations of opposite sign are involved. 


I. INTRODUCTION 

Eshelby, Frank, and Nabarro (1951) have considered the problem of the 
position taken up by a set of identical straight dislocations, which are constrained 
to lie in some part of the same slip plane, under the combined action of their 
repulsions and the force exerted on them by a given applied shear stress. 

Their method of solution, although exact, is subject to a number of dis- 
abilities in practice. In any particular problem it is apparently necessary to 
guess a function q(n, x) which will give a polynomial solution to the differential 
equation representing the problem. If an appropriate q(n, 7) can be chosen 
then the dislocations will lie at the zeros of the polynomial solution. However, 
this polynomial may be one whose zeros are not tabulated and, if the number of 
dislocations, n, is large, much computation is then necessary. Furthermore, 
one does not usually obtain a general picture of dislocation distribution from 
such a computation. 

We shall consider here an approximate method for the solution of the 
problem of Eshelby, Frank, and Nabarro. The approximation made is to 
replace the discrete distribution of finite dislocations by a continuous distribution 
of infinitesimal dislocations with the same total Burgers vector. The problem 
is then to find the density of dislocations at any point such that the distribution 
is in equilibrium under its mutual forces and that applied externally. This 
leads to the problem of inverting a singular integral equation, which is a routine 
procedure. ' 

This approximation can be expected to involve little error when the distance 
between dislocations is of the same order as their width. Since these conditions 
are likely to occur near the head of any array of practical significance, it is also 
likely that the dislocation stresses near this region can be evaluated with reason- 
able accuracy if the equilibrium distribution of smeared-out dislocation can first 
be determined. One advantage of this method is that it will deal as easily with 
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distributions of dislocation of opposite sign as with those of the same sign. 
The method of Eshelby, Frank, and Nabarro will not treat the case of the 
interaction of dislocations of opposite sign. 


II.. FORMULATION OF PROBLEM 

Suppose that the plane y=0 is the slip plane, that the dislocation lines are 
parallel to the z-axis, and that they can move along the a-axis. Let f(z) be 
the dislocation density at any point on the z-axis, with the convention that f(x) 
be positive in regions of positive dislocations and vice versa. Let P(x) be the 
appropriate component of the applied stress tending to move the dislocations 
along the x-axis, and take P(x) to be positive if it tends to move a positive 
dislocation in the positive direction of the z-axis. 

A small element of dislocation of strength ¢/A at # produces a stress at 7 
given by 


where A =yA/2z for screw dislocations and A =A/27(1 —y) for edge dislocations, 
where p is the shear modulus of the material assumed isotropic, v is Poisson’s 
ratio, and 4 is the Burgers vector of a unit dislocation. Hence the stress at x, 
due to the applied stress and the distributed dislocation is given by 


S (a) =P (a) +A | LOG Tier, \ as eee (2) 
p %—« 


where the integral is taken over all regions D of the x-axis where there is 
dislocation present. J(#) represents very short range stresses, with say the 
form of a Dirac 5 function, which may be necessary for equilibrium at the ends 
of an array. 

Since a dislocation will move if there is any net stress at its centre (excluding 
that produced by itself), the dislocation distribution can only be in equilibrium 
if S(z))=0 in the regions D of dislocation. Therefore we must have 

fe) 5, Ts) _P(as) 


Para miay e colpyen oT ote ae (3) 


D 


for all points # in D and in particular for those at which 7(#)=0. Since we 
exclude the self stress of a dislocation from the condition of equilibrium, the 
Cauchy principal value of, the singular integral in (3) is to be taken. The 
inversion of this singular integral equation to find f(x) for a given P(«), with 
T(x)=0, is given by the following theorem. 


III. INVERSION THEOREM 
Singular integral equations, such as (3) have been investigated by 
Muskhelishvili (1953a, 19536) and the inversion theorem for (3) is the following 
(Muskhelishvili 1953a, p. 251). 
Suppose P(x) is a known and f(@) an unknown function and that D consists 
of p finite segments of the a-axis (a,, b,), (da, by), . . ., (a,, 5,). Suppose that 
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at q of the end-points of the segments, denoted by ¢1, Cg). . ., Cg, f(x) is to remain 
bounded, and that at the remaining 2p —q end-points, denoted by Cot 
Cy42) + + +) Copy f(@) May be unbounded. Let 

q 2p 

R(x) = a (t—c,), R(x)= Il (e—e,). 

k=1 ‘ k=q+1 
Then, if p—q>0, solutions of (3), bounded at ¢,.. ., ¢,, always exist and are 
given by 

(a) ) 
ae Bat, taf Ray areas = A 


where Q,_,-1(%) is an arbitrary polynomial of degree not greater than p—q—-1 
(it is identically zero for p=gq). 

If p—q<0, a unique solution, bounded at ¢,,. . ., ¢,, exists if and only if 
P(x) satisfies the conditions 


(Be(2)) on ze a ae 
| [Aa erred 05° for n=—0,.1,.:...-.,(¢—p—1),— hee (5) 


and if this is so the solution is given by (4) with Q,_,_,(~)=0. Moreover at a 
bounded end-point, f(#) vanishes. 


IV. END CONDITIONS 

Most of the problems considered by Eshelby, Frank, and Nabarro are of the 
type where a group of dislocations would move off to infinity owing either to 
their mutual repulsion or to an applied stress. They are prevented from doing 
so by a barrier in the form of a dislocation which is locked in position by a 
localized stress. 

When setting up the same problem in our approximation we can proceed 
in one of two ways. Either we can leave the locked dislocation intact and 
only smear the free dislocations, or we can smear the locked dislocation too, in 
which case the barrier to the dislocation distribution becomes the localized stress 
field which locked the dislocation. This latter type of barrier, which we shall 
term a block, we take as a repulsive stress field which rises suddenly from zero 
to infinity. The effect of such a barrier has been taken into account in (2) 
and (3) by the term Z(#). For a locked dislocation it is found that the 
appropriate boundary condition on f(x) is that it becomes zero at a small distance 
from the locked dislocation, this distance being a function of the stress forcing 
the distribution against the barrier. 


V. EXAMPLES 
The general method will be illustrated by some problems of physical 
interest. Some of these have already been considered by Eshelby, Frank, and 
Nabarro, and a comparison of the results obtained by the two methods indicates 
that the approximate method is little in error. 
(i) n positive dislocations in the potential trough given by P(x)=—Cx. f(a) 
will be symmetrical about 7=0, and we assume it becomes zero at v= a, 
where a will depend on n. 
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With the notation of Section III we have 
p=1, g=2 
R,(x)=(a?—a?), &,(x)=1, 
and since p—q<0 a solution will exist only if P(«) satisfies (5). As this is so 
it follows that f(x) is given by (4) to be 
C eee 
=—— ==) .9 ince stone oles eee 6 
f(a) =z Va? 04) (6) 


The constant a is determined by 


" f(w)da =n, 


which gives 
O=4/ (2A IC). ees oe i ee CT} 


It is not possible to compare (6) with the corresponding result of Eshelby, 
Frank, and Nabarro, but they find that all dislocations lie in a region 


| 7 |<V/{(2n+1)4/C}, 
which is nearly equal to the value given by (7). 


(ii) n positive dislocations between blocks at x=-+La with no applied shear 
stress. Since P(x)=0 we get a non-zero solution for f(x) only if we allow it to be 
unbounded at w= -La. 


Then 


p=1, q=0, p—q>9, 

Rj (x) =I, E,(2) =x? —a?, 

Ff (#) =Qo/-V (a? —a*), 

where Q, is the arbitrary constant which the arbitrary polynomial Q,_,_, in (4) 
becomes. @,) is determined by 


n=| fla)de, 


which gives 
Q,=n/ x: 
(iii) n positive dislocations between unit positive dislocations locked at x =-La. 
Let f(x) become zero at v=-+b (b<a). Then 
p=1, g=2, p—q<0, 
R,(v) =0?—b*, R(x) =1, 
and a solution will exist if 
ih 1 
A liaiy Tee 
satisfies (5). This it does and (4) gives 


_ 2a (b? =) 
UG seas 1 a2z—mn2 ? 
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oO 


and 6 is determined by 
nb 
a f(x)da 
—b 
to be 


b=ar/{1—(4n+1)-?}. 
(iv) n positive dislocations on the positive half of the x-axis, forced against a 


block at x=0 by a uniform stress P(x) =—o. Let f(x) be bounded at w=a and 
unbounded at #«=0. Then 


and (4) gives 
a is determined by 


as 
BPW AN GRMN Non Serena aCe ahs (9) 


Eshelby, Frank, and Nabarro have considered this case and (8) and (9) are in 
agreement with the expressions they have found by the exact treatment. 

The total stress at any point on the z-axis due to the dislocation distribution 
and the applied stress is given by (2) as 


s@=—« /(75"), g>a, £<0, 


==(). a>a> 0. 


(v) Blocks at x=-+-a and a dislocation source at x=0. A uniform stress 
P(x)=o causes the source to generate equal numbers of positive and negative 
dislocations which move off in opposite directions until held up by the blocks. 
The source continues to generate dislocations until the net stress at the source 
is reduced to zero. f(x) will be unbounded at z=-La, so 

p=1, q=0, p—q>9, 
R,(x)=1, R,(v) =a? —a?, 
1X6 x Oo 
FO-Ta Va?—a?) t (aa) 
where the arbitrary constant Q, is determined by the position of the source. 
Since f(z) changes sign on either side of the source it will be zero at the position 
of the source. Hence Q, is zero for the simple symmetrical case. 
The number of positive dislocations generated is given by 


n=l , nai earn Gaeta ence (10) 
0 


and is equal to the number of negative dislocations. 
The stress on the z-axis beyond the blocks is given by (2) as 


S(a@) =o | # |/+/(w?—a?). 
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This is identical with the expression given by Starr (1928) for the stress in front 
of an infinitely narrow two dimensional crack extending from #=—a to =a 
under a uniform applied stress. This is not surprising since it may be seen that 
the two problems are physically the same. 

(vi) Blocks at x=-La with n positive dislocations between x=b and x=a, 
and n negative dislocations, between x=—b and x=—a, held apart by applied 
stress P(x)=c. Let f(x) be unbounded at «=-+a and bounded at #=-+b. 
Then 


p=2, q=2, p—q=9, 
RB, (2) =(a2? —b?), R(x“) =(a? —a?), 


where the sign is to be taken as positive for b<a<a and as negative for 
—a<a<—b. b is related to the number of dislocation pairs by the relation 


ral, (are) 


ae —b*/a)) — ELV 04/04), 


where K and EH are complete elliptic integrals of the first and second kinds 
respectively. If m is small, or to be more exact if b is nearly equal to a, this 
becomes 


ley 
VS 54% —b). 


For b equal to zero this gives 
n~oa/2A, 


which is approximately the value given by (10). 


(vii) n positive dislocations beyond x=a and n negative dislocations beyond 
X= —a, driven together by a uniform stress P(x) =—o, but prevented from coalescing 
by blocks atx=-++a. Let the distribution be bounded at =-++b and unbounded 
at w=-+a. Then 
p=2, q=2, p—q=0, 
F(x) =(a* —b?), R(x) =(a*—a?), 


f= sa | amas) 


2 


o fe b2—a? 
=a, a lores) 
b 
=" {Evil —4a?/b?)| —E[4/(1—a2/b?)]} 


b 4D 
aa jay esl for ba. 


and 6b is given by 
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NETS COMPOSED OF PARTS OF CIRCLES FOR THE APPROXIMATE 
SOLUTION OF FIELD PROBLEMS 


By L. TAasny-TscHIASsNYy* 
[Manuscript received July 15, 1954] 


Summary 


The two-dimensional differential equation 


0 [ oO 0 [ eo 
SE (eh fo ares nes eee 1 
wel?) +a5(%98) AG (1) 


describes the current flow in a sheet of conductivity co loaded by a tramsverse current 
density (—t), @ being the electrical potential. It is known that equation (1) can be 
solved approximately by a procedure in which the two-dimensional continuum is 
replaced by a net of straight-line bounded meshes, leading to an electrical network of 
conductances. The author shows that meshes bounded by “ curvilinear rectangles ” 
can be equally well dealt with and, on the basis of different conformal transformation 
functions for the individual meshes, derives the formulae required for a solution, if the 
mesh boundaries are circle arcs or circle arcs and straight lines. A good fit of the 
contours of the boundaries and equipotentials and their orthogonal trajectories can be 
obtained. This reduces the number of meshes without impairing the accuracy. Sharp 
corners at boundaries can be dealt with in a similar way. Formulae for a good accuracy 
computation of potential gradients and a method for changing the mesh size abruptly 
are given. Two examples using nets of only four meshes demonstrate the power of 
the method, the maximum errors being of the order of a few per cent. 


I. INTRODUCTION 


The problems dealt with in this paper are those governed by the two- 
dimensional differential equation 


@/d0\ , 2/ ae\,__ 
an(°a5| aul) cet one ee (1) 


in which ¢ is an unknown function of position and co and + are known functions 
of positions or functions of ¢ and its derivatives, or both. An important problem 
of this type is the electric conduction in a plane sheet. It will be used for all 
explanations in this paper. Then 9 is the electric potential, o the electric con- 
ductivity, and + the current density of external currents entering the sheet. 
In electrostatic field problems ¢ is the electric potential, o is given by 1/(4z)- 
times the dielectric constant, and + is the density of the space charge. Equation 
(1) covers also three-dimensional axially symmetrical arrangements if the 
distance from the axis (the radius) and the distance in the direction of the axis 
(the height) are dealt with as if they were Cartesian coordinates and the quantities 


substituted in equation (1) for c and + are the products of the radius and the 
actual values of o and 7. 


* Electrical Engineering Department, University of Sydney. 
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The approximate numerical solution of (1) by a system of simultaneous 
linear equations that can be considered the network equations of a system of 
conductances (and are amenable to relaxation methods) can be described in the 
following way : 
Step 1.—Select a sufficient number of points within and on the boundaries 
for which the values of © are to be found. Let these points be called nodes. 
Step 2.—Find a linear relation 


Ploy, Pr Psy Pro - - -)=Ry  «- ee ee ee, (2) 
between the value 9, of o at a node N and the values 9p, 95, 07,. . . at neighbour- 
ing nodes Rk, 8, T, . . . which when complied with for Ry=0 secures that o is 


an approximate solution of equation (1). Equation (2) takes the form of 
Kirchhoff’s first rule with oy, @,, etc. denoting potentials. For an arrangement 
of the nodes as the corners of regular triangles, squares, and hexagons all con- 
ductances involved are equal, as Southwell (1946) has shown. The values of 
the conductances for an arrangement in which the nodes are the corners of 
irregular triangles can be found by formulae derived by the author (1949) and 
MacNeal (1953). 

Step 3.—Solve the system of linear equations resulting from applying 
equation (2) to all nodes. A very convenient way of finding an approximate 
solution is Southwell’s relaxation method (Motz and Worthy 1945; Southwell 
1946 ; Tasny-Tschiassny 1949). The so-called residuals Ry, are computed for 
an arbitrarily selected set of values 9. A significant residual R,, usually the 
largest residual, is either liquidated or adjusted to a suitable value by changing 
the value of 9, by a certain amount. By this the residuals Ry, Rs, R;,-- - 
at the neighbouring nodes are altered too, but, in general, the changes are 
smaller than the change of the residual Ry. Then another important residual is 
dealt with in the same way. The procedures converge fairly quickly and are 
continued until negligible values of all residuals are obtained. Instead of 
solving the system of linear equations numerically, analogues representing 
actual networks of conductances can be employed. 

The boundaries require special artifices in the case of regular nets, because 
nodes need not necessarily lie on boundaries everywhere. If irregular nets are 
used, nodes can always be placed on the boundaries and no special problems arise. 
The errors in the values of 9, i.e. the differences between the values of 9, that 
comply with the system of linear equations (2) for Ry=0 and the values of ¢ that 
comply with the differential equation (1), are greater for irregular than for 
regular nets. For this reason and because the number of straight lines simulating 
a sharply curved part of the boundary must be large, the number of nodes must 
also be large. This increases the labour in solving the simultaneous equations. 

In the present paper we introduce the use of those curvilinear nets in which 
the mesh contours are parts of circles or parts of circles and straight lines. 
Basing our derivations on the conformal transformation of a curvilinear into a 
rectilinear mesh, in Section II methods are developed by which the interior 
of a “curvilinear rectangle”? can be approximated by lumped conductances 
connected between its corners. This approximation permits the use of different 
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transformation functions for the different meshes of a. curvilinear net as long as 
these functions supply the same curve for the common boundary of adjacent 
meshes. If a suitable net is laid out and the interior of all meshes replaced by 
the conductances mentioned, an electrical network results in which the statement 
of Kirchhoff’s first rule supplies the required equation (2). 

The error occurring when using the described nets appropriately is much 
smaller than the error involved in nets with straight contours. The additional 
labour spent in laying out a curvilinear net may be often compensated for by 
the smaller number of nodes required for the same accuracy. Since it can 
always be arranged that nodes are on the boundaries, as in a net formed of 
irregular triangles, no special artifices are required for the boundaries. Contours 
used in engineering are often composed of parts of circles and straight lines ; 
hence the shape of the boundary can generally be exactly adhered to. In certain 
types of problems, for instance, the problem of finding the maximum value of 
the voltage gradient occurring in a material, this is an advantage, because 
the maximum voltage gradient occurs usually at the boundaries. 


II. THE REPLACEMENT OF THE INTERIOR OF A *‘ CURVILINEAR RECTANGLE ”’ 


BY LUMPED CONDUCTANCES 
Let 


wW=U-+-jo=w(2)—wle+jy) eae eee eee (3) 


be an analytical function. Then w and 7 comply with the Cauchy-Riemann 
differential equations 


Fig. 1.—Rectilinear rectangle in the w-plane. Fig. 2.—Curvilinear rectangle in the z-plane. 


A rectangle A’B’C'D' in the w-plane (Fig. 1) with the mid points H’, F’, G’, H’ 
of its sides, its centre J’, and the mid points Kk’, L', M’, and N’ between J’ 
and HE’, F’, G’, and H’ respectively is the result of a transformation by w(z) of a 
‘curvilinear rectangle” ABCD in the z-plane (Fig. 2) marked correspondingly 
without primes. Let # and y be the variables appearing in equation (1) and let 
the curvilinear rectangle ABCD (Fig. 2) be a mesh of a curvilinear net with the 
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nodes A, B, C, and D. To replace the interior of this mesh by a network of 
conductances we proceed in the following way. First we express the difference 
in potential (9,—¢,) between the points A and B as an integral taken along the 
contour BEA, i.e. along the contour defined by w=u,. 


er a= | Sao. Aig eee (5) 


If 0¢/dv is expressed by Taylor’s expansion about the point £ and the integration 
carried out we obtain 


(eke 
o.—%—(%2) Pies AT 6) Nid Pa ee eae (6) 
E 


where the subscript H denotes the value at the point H and Av is given by 
Ng ese 5 eS. OR Tee (7) 


The term O(Av?) contains (d°9/dv?), and higher derivatives of ¢. 

In the approximation by lumped conductances the current passing within 
the conducting sheet through the line HAJLF is to be made equal to the current 
collected at the point B. The current J,, through the line HKJ is given by 


If dp/dx and do/dy are expressed in terms of d¢/du, dp/dv, Ou/dx, dv/dx, 
du/oy, and dv/dy, and equations (4) are used, expressions for the total differentials 
du and dv result. The formula 


a (s2an— Sear) PS RELA SARE (9) 


is obtained. For the contour HKJ dv is zero and the second term in the bracket 
vanishes. With the aid of various expansions according to Taylor’s theorem 
this integral can be approximated on the basis of ox, (¢¢/dv),, and (029 /dudv) ,, 
where the subscripts denote the values at the appropriate points. If, further, 
(029 /dudv), is approximated by 


o\ 3+9p—91—Pc ; F ‘5 
(faa oe +0(Av?)+O(Au?), ...... (10) 


and the resulting expression for I,,, divided by equation (6) we obtain 


at mong [1 +4 tet fo Pa Fe-+o(aut) +0(ae%)]. «(11 
Oa, 2Av P4— Pz 


The terms O(Auw?) and O(Av?) contain expressions in o and g obtained 
by at least three differentiations, .with respect to w or %. The term 
3(93+4p—94—90)/(P4—-Pa) 8 O(Au), as can be seen from equations (6) 
and (10). 
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Expressions similar to equation (11) can be obtained for I,,/(9c¢—z)s 
Tos/(@p—¥c), and Ly5/(Pp—Pa)- Closer scrutinizing, i.e. computing (I,,+/;,), 
(Ipjtles)) Les+ly,), and (yz,+I1e,), results in two alternative networks of 
conductances replacing the interior of the curvilinear rectangle ABCD. The 
first alternative (see Fig. 3) neglects errors O(Auw) and O(A?). This means that 


(= 


Fig. 3.—Approximate representation of a mesh with a relative error 
of the order of Aw and Av. 

- yo, [44 
p= #95 | AG I 
Av | 
Au I" 


VY yp=V, 


VYns=Ypc=to, 


terms like }(9,+@p)—94—9¢)/(P4—,) in equation (11) are neglected and 
that ox, o;, Gy, and oy can be replaced by o,. Figure 3 gives the details of the 
network. In the second alternative (Fig. 4) the error is O(Au?) plus O(Av?). 
Terms like 4(9,+9)—4—9c)/(94—@ ,) in equation (11) are retained, but it is 


Fig. 4.—Approximate representation of a mesh with a relative error 
of the order of Au? and Av?. 


VY 1 Aw 1 ed 
AB— 29K ae | Pact Yoo 40m ne —Vyc3 
Ao WAN 
Ypc= 36, Ate Xie: Yp4=35y | Au Yue 
Au Av 
4c" 6S is, Av | Aw ) 


admissible to replace the multiplying factors ox, o,, 6,,, and oy by c, as far as 
these terms are concerned. In practice one will usually replace Ora oe ay 
and oy by o, throughout or by values pertaining to one of the corners of the 


curvilinear square ABCD, because the variation of c with position will not be 
rapid. 
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For o=constant the error vanishes if the lines of constant © in the w-plane 
are straight, because then all derivatives of » with respect to w and v higher 
than the first vanish and these higher derivatives are multiplying factors in the 
terms O(Au?) and O(Av?) of equations (10) and (11). In particular this is the 
case if two opposite sides of the curvilinear rectangle ABCD coincide with lines 
of constant potential. 

The method described requires that a loading of the curvilinear rectangle 
BEFJE by external currents is lumped as an external current applied at the node B. 
Similarly the loadings of the rectangles FCGJ, JGDH, and EJHA are con- 
centrated at the nodes C, D, and A respectively. The magnitudes of the 
concentrated currents can be computed approximately as the products of the 
areas of the rectangles concerned and mean values of the specific loading (—7). 


III. NETS IN WHICH THE MESH CONTOURS ARE PARTS OF CIRCLES AND 
STRAIGHT LINES 
The results of Section II show that there is no objection to employing 
different analytical functions for different meshes of the net as long as adjacent 
contours coincide. In this section it will be shown how curvilinear rectangles 
bounded by parts of circles or straight lines can be conveniently dealt with. 


Fig. 5.—Curvilinear rectangle composed of arcs of circles. 


(a) The Field Produced by One Source and One Sink 
In a system of Cartesian coordinates E, 7 (Fig. 5) that does not usually 
coincide with the system of coordinates «, y used in equation (1), let the point 
M,(m, 0) be a sink and the point M,(—m, 0), not shown in the diagram, be a 
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source of current, both of the same intensity. The €-axis will be called the 
source axis, the y-axis the sourceless axis, and the origin P, the geometric centre. 
Tf the intensity of source and sink is appropriately chosen, the analytical function 


of C=£-+jy supplies in its real part 


Si it ee (13) 


4, €. [ele © oice wis 6.6 218) = ©) sels @ 


the family of equipotentials (wis the parameter of the family), and in its imaginary 
part 


the family of flow functions (v is the parameter of the family) peculiar to this 
arrangement. By appropriate manipulations on equations (13) and (14) or 
by straight-out verification it can be shown that a circle with centre (b,, 0) and 
radius 7, where 

rissby (We S.2e eee ee (15) 


is an equipotential for a value of the potential 


u,=sinh- ("") eR ee ye A ot) (16) 


1 


(and similarly for other subscripts) and that a circle with centre (O, B,) and radius 
Rk, where 


Ri Bim | eet ee (17) 
is a flow line for the value of the flow function 
: m 
0,=sin (z) Side cstsi's eles eaatenst Seenaneme (18) 


(and similarly for other subscripts). If the quantity m, henceforth called the 
parameter, is given and two pairs of values w,, wu. and v,, v, are selected, four 
circles result from equations (15)-(18) and determine a curvilinear rectangle 
ABCD (Fig. 5). This rectangle can be replaced by a network of conductances ~ 
(see Figs. 3 and 4). The quantities Aw and Av are the absolute values of the 
differences (w,;—u,) and (v,—v,) respectively. 

Equations (15) and (17) on the one hand and equations ee and (18) 
on the other become identical, if fictitious quantities 


Ua 0; ) 
Mime 0 Ses ipa are (19) 
are introduced and in writing down the equations either capital letters or small 


letters are used. This symmetry with small letters referring to the u-circles 
and capital letters referring to the v-circles is useful. 
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(b) Basie Relations for a Curvilinear Rectangle 

In Figure 5 besides the axes of coordinates — and y with the origin (the 
geometric centre) P, the axes of coordinates # and y, referring to equation (1) 
are shown. The coordinates added in parentheses to the individual points 
refer to the frame (v,y). In the curvilinear rectangle ABCD p,, p, are the 
centres of the w-circles uw=u,, u=Us, and P,, P, the centres of the v-circles 
V=01, V=?,. The points n,, and N,, are the mid points between the respective 
circle centres. From Pythagoras’s theorem applied to the triangles P,p,D 
and P,p,P, we obtain 


where dj, is the distance between the centres of the two uw-circles and q,. the 
distance between n,. and P,. Similarly we obtain 


Since P,D=P,A we obtain from equations (20) and (21) 


Boas (22) 
he=-5 The i Aye x ea 
It follows from the triangle M,P,P, that 
P,M?2=—PyP2+ mM? wwe e eee e eee eees (23) 
Since P,D=P,A=—P,M, and 
d 
b=G2— = 
Ree ata staine on sitio on (24) 
d 
b2=i2+ SE 


we obtain from equations (20), (21), and (23) the conditions for orthogonality 
(see equation (15)) 


m*=b2 —r2, 
bane aay eats 25 
ee ea kOk sik 85-55% (25) 
cere vp 
and 
2 2 dys ; rari (26) 
m* =qi2-- ne a ee, 


Equations (22), (24), (25), and (26) refer to the w-circles. It can}be easily 
shown that these equations hold good for the v-circles, if the quantities 7,, "29 
Gio» Gyo) 51, ba, and m are replaced by the corresponding capital letter quantities 
(see Fig. 5 and equation (19)). 
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Tn Section IV it will be discussed in detail how these relations can be utilized 
to solve the problems connected with the layout of a curvilinear net. At present 
it should be pointed out only that the frame (2, 7) and the value of m are unequi- 
vocally determined if two u-circles or two v-circles are given. 


(ec) General Points Regarding the Layout of a Net 

It is advisable to work with the same frame (x, y) for the whole net. Figure 6 
shows a convenient way of recording in a single figure for the whole net: the 
centres (%,, Y1), (a) Yo); (39 Ys), (Way Ya) Of four contour circles, their radii 7,, 7g, 
13, 74, the geometric centre (2, Yo), and the parameter m of a mesh ABCD and, 
with the aid of the arrowed lines starting at the value of m, which circles are the 
v-cireles. If a circle degenerates into a straight line (e.g., the line AF, Fig. 6), 
the direction tangent a, of the line and a point (7,, y,) through which it passes 
are indicated, instead of the position of the centre and the length of the radius 
which are infinite. 


Fig. 6.—Method of recording the characteristic data in a diagram. 


If a net consisting entirely of curvilinear rectangles is to be laid out, one 
tries to follow approximately the direction of the equipotentials and their 
orthogonal trajectories. If curvilinear meshes are to be employed near the 
boundaries only, one tries to avoid too abrupt changes of the angle between the 
directions of the equipotentials and the mesh boundaries. These procedures 
ensure that the lines of constant @ in the w-plane are only slightly curved (see 
end of Section II). After forming an idea of the mesh sizes in the individual 
parts of the field one starts at a boundary and proceeds from mesh to mesh. 
Thereby problems 1, 2, and 3, to be dealt with in Section IV (a), are to be solved 
in succession. Meshes in which simultaneously two v-circles degenerate into 
straight lines are dealt with in Section IV (6). If the mesh size is to be changed, 
the method described in Section VI is used. Sharp corners occurring at the 
boundaries or at the surfaces between dielectrics of different dielectric constants 
can be included by a procedure described in Section V. 


IV. DETAILED PROCEDURES FOR THE LAYOUT OF A NET 
If the accuracy requirements are not very stringent it will suffice for most 
of the meshes to rely on the drawing and to measure the required dimensions. 
For some meshes, or if greater accuracy is required, for a considerable number of 
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them computations must replace measurements. It is recommended that 
computations be carried out in Cartesian coordinates common to all meshes, 
as mentioned before. The procedures most suitable for use with Cartesian 
coordinates are described below. 


(a) At least One of the u-Circles and One of the v-Cireles do not degenerate into a 
Straight Line 
Problem 1.—Two u-circles or two v-circles are given. It is not necessarily 
known whether they are w- or v-circles. Find the geometric centre and the 
value of the parameter. 


Solution.—Refer to Figure 5. Since it is not known whether the circles 
are u- or v-circles, small letters will be used for the symbols, but the procedure 
is similar for capital letter symbols. 


(1) Find the mid point n,, between the two centres of the circles. 

(2) Using equation (22) find the length qj. 

(3) On the line joining the centres of the two circles transfer the length q,5 
from ,, to that side on which the centre of the smaller circle lies. This 
determines the geometric centre P). 

(4) Using equation (24) compute D, or b, and using equation (25) compute m. 
Alternatively, m can be found directly from equation (26). If m is 
real, the two given circles are u-circles, if m is imaginary, they are 
v-circles. 


If one ‘of the given circles degenerates into a straight line, the geometric 
centre is found as the intersection of this line with the perpendicular to it through 
the centre of the non-degenerate circle. The value of the parameter is given 
by one of the two equations (25). 

Problem 2.—The geometric centre, the source and sourceless axes, the value 
of the parameter, and a point are given. Find the w-circle and the v-circle 
passing through the given point. 

Solution.—Refer to Figure 5. Let D be the given point. If either p,, 
the centre of the u-circle through D, or P,, the centre of the v-circle through D 
are given, draw a perpendicular to the line p,D (or P,D) through D and intersect 
with the axis on which p,(P,) does not lie. The point of intersection is the 
centre of the circle not given. If neither circle through D is given, find the 
centre of the v-circle through D as the intersection of the bisector of DM, (or 
DM,) and the sourceless axis. 

Problem 3.—One u- and one v-cirele, the geometric centre, the two axes, 
and the value of the parameter are given. Find the two points of intersection, 
one of which will be used. 

Solution.—Refer to Figure 5. Let the given circles be the w,- and »,-circle 
with the centres p, and P, respectively. The graphical solution is straight- 
forward. Analytically the point D can, often with less labour, be found as the 
point of intersection of the straight lines p,D and P,D. If a is the direction 
tangent of the line p,P,, the direction tangents of the lines p,D and P,D equal 
tan [tan-! a-_tan-! (R,/r,)] and tan [tan-! a+ tan~ (r,/R,)] respectively. 

B 
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If one of the two circles degenerates into a straight line, let it be called the 
circle 1. Then the distance from the geometric centre P, of the points of inter- 
section between the other circle 2 and this straight line is equal to (b,+7,) or 
(B,-—-R,), a8 the case may be, positive values being on the side of Py on which 
P. or Py lies. 

b, or B, is to be computed from equation (25). 


(b) Both v-Cireles Degenerate into Straight Lines 
In this case the bundle of v-circles degenerates into a pencil of straight 
lines and the u-circles are concentric circles with their centre in the point of 
intersection of the v-lines. If the direction tangents of two v-lines are a, and a, 
and the radii of two u-circles R, and R,, we obtain 


R R 
Au=U,—U,=In ce *30259 lob, (i) oye (27) 
Av=v,—0,=tan-! a,—tan-1 a,=tan-! “2%. (28) 
2 1 2 1 1 ais 


(c) Notes Regarding the Computation of Au and Av 
When using equations (16) and (18) for the computation of u,, Us, Vy, Ve 
care must be exercised—because both sinh—! and sin-! are multivalued functions. 
The following rules eliminate any possibility of an error in the computation 
of | Aw/Av| and | Av/Aw |, that is, the quantities required for the computation 
of the conductances in Figures 3 and 4. 


Rule for the Computation of Au 
To find | Aw | take the difference of | u,| and | w.| if the sourceless line is 
outside the curvilinear square, and add | u,| and | u,| if it passes through it. 


Rules for the Computation of Av 

(1) Definition of “ small”? and “ great’? arcs.—Let that part of the v-circle 
that lies between the sources M, and M, and contains the are considered 
be drawn (or thought to be drawn). If this part of the circle is greater 
than a half-circle, viz. if the centre of the circle is within the area defined 
by the part of the v-circle drawn and the straight line connecting the 
sources M, and M,, the are shall be called a “ great’ arc. If this is 
not the case the are shall be called a “ small” are. 


(2) If Sin-! (m/R,) is the value of sin-!(m/R) that is between 0 and in, 


then 
py CLO Fn, 
0, =sin-! (7) =Sin-! (i) for ‘‘ small” ares, 
see ae 4 (m 
v,=sin-} (7, )==—Sin : (7) Tore? grant ” arcs. 


(3) To find | Av |, take the difference of | v, | and | v,| if the source line is 


outside the curvilinear square, and add | v, | and | », | if it passes through 
it. 
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V. SHARP CORNERS 
Sharp corners may occur at the electrodes and at the border lines of different 
dielectrics. Usually.a sharp corner is formed by two straight lines. If this is 
not the case it can for a certain distance be approximated by a corner of this 
type to make the following treatment possible. 


In Figure 7 let a0c be the sharp corner of the aperture 
Se PIED caigis Udsias warren eels s (29) 


and let Ob be the bisector of « Let the distance OA=OB=OC=t be con- 
veniently chosen. Let three circles of equal radius R with their centres on the 
lines Oa, Ob, and Oc be drawn in such a way that they intersect at right angles 


Fig. 7.—Sharp corner in the C-plane. Fig. 8.—Sharp corner in the w-plane. 


at the points D and £ that lie on the bisectors Od and Oe of the angles a0b and 
bOc respectively. The analysis of the triangle ODM shows that the radii R 
of these circles and the distances s of the points D and EH from the corner O 
are given by 

__¢. sin (pr/4) 

~ -1/V2—sin (pr /4)’ 


ebay! . Sin [(1 —p)7/4] 
1/9 —gin (pr/4) 


The ratios (R/t) and (s/t) for a few typical angles « are contained in Table 1. 
If a system of Cartesian coordinates (€, y) with the origin O and the direction of 
the &-axis coinciding with the direction Oa is chosen (Fig. 7), the configuration 
of Figure 7 can be conformally transformed into the configuration of Figure 8 
(Schwarz-Christoffel transformation) and the transforming function is 


cmetin=t(Z) =F") ee ae (32) 


The curvilinear square 0'A’D’B’ deviates only slightly from the rectilinear 
square O'A'F’B’. This is evident from Table 1, in which the ratios 


TI SYS OS a ee (33) 
O'F" t /2, 


are tabulated for various angles «. 
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TABLE 1 
RATIOS (R/t), (s/t), and (O’D’/O’F’) FOR TYPICAL ANGLES % 


OC ee of 45° 90° 135° 180° 225° 270° 315, 

Doane xe 0-250 0-500 0-750 1-000 1-250 1-500 1-750 
Rit es 0-381 1-180 3-667 o9) —6- 684 —4-262 —3-597 
s/t oe 1-085 1-178 1-288 1-414 1-570) 4 1-762 2-035 
OCD OTe 0-980 0-982 0-991 1-000 1-014 | 1-031 1-061 


An argument based on the subdivision of the figures OADB and OBEC 
into (n2—1) parts which are nearly curvilinear squares (n is an integer) and one 
figure which is geometrically similar to the original figure, shows that the figures 
OADB and OBEC can in very good approximation be replaced by the networks 
of conductances shown in Figures 3 and 4, as if they were curvilinear squares 
(Au—Av=t) with the corners at-O0, A, D, B and O, B, E, C respectively. 


Fig. 9.—Curvilinear rectangle with a sharp corner, ¢,>t. 


It is sometimes convenient to make the lengths OA and OB slightly different. 
In this case Figures 3 and 4 can still be used, if the following specifications 
referring to Figure 9 for t, >t are adhered to, in which the directions of Aw and 
Av are indicated. 


Rk is given by equation (30). 


R, = Cael —)/Vv2 +(t+t,) sin (pr/4)]+2V2t t, sin? (px/4) 
2[1/V2—sin (pr /4)] . [t. V2. sin (px/4)+(t—#,)]) 


Roni) > 7 
| a) as ore ain Seen (35) 


ONG Hee 
cmriey) 7 


Equation (34) is derived from the condition that for given values of ¢ and a 
and for R given by equation (30), the circles of radii R and A, intersect at right 
angles. Equations (35) are the consequence of the transformation equation 
(32). 
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VI. CHANGE OF THE MEsH SiIzE 
In parts of the field in which the field gradient is smaller and does not change 
rapidly an increase of the mesh size reduces the labour considerably without 
affecting the degree of accuracy. If in Figure 10 the circle which passes through 
the points A, B, and C forms the boundary AC in the curvilinear rectangle: 
ACDE and the boundary CB in the curvilinear rectangle CBF D—which can be 
arranged for in the layout of the net—the node ( can be eliminated in the 


Fig. 10.—Part of a net with a node C not yet eliminated. 


following way. Prerequisites are that, in the neighbourhood of C, o does not 
vary very much and the equipotentials and field lines in the w-plane are nearly 
straight. Then we can assume that approximately 


OND, ob Dy nas 2 sales ale ie eters aes (36) 
where 
oes 
haa ’ 
Ue a ea (37) 
i= Y, 
b Y.4-y," 


and where Y, and Y, are the conductances connecting the nodes CA and CB 
respectively. Let us split each of the conductances Y,, Yp, and Y, that connect 
the nodes #, D, and F respectively and C (Fig. 10) into two parallel conductances 
(kV), (kaY p), (kaY pn) leading to node A, and (k,Y,), (k,Yp), (k,Y,) leading to 
node B respectively (Fig. 11). Let us, further, connect the nodes A and B 
by a conductance equal to the series combination of Y, and Y,. The broken 
lines in Figures 10 and 11 are the conductances that are affected by this procedure 
and the full lines are those that are not. If the potentials 94, 9s, 9p, Pz, Pr Of 
the nodes A, B, D, H, and F, and the external node currents I,, I, Ip, Ip and i 
at these nodes (Figs. 10 and 11) respectively aré assumed to be equal in pairs, 
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the analyses of Figures 10 and 11 show that the current J, appearing in Figure 10 
is split into two parts (k,J,) and (k,I;) loading additionally the nodes A and B 
as shown in Figure 11. Since this way of accounting for the current I, is reason- 
able, the given method for the elimination of the node C is sound. 


la +kale Ya Yo /(¥a + Yb) Ib + kale 


Fig. 11.—Part of the net of Figure 10 with the node C eliminated. 


VII. THE COMPUTATION OF THE POTENTIAL GRADIENTS 
(a) Curvilinear Squares 
If the values 94, 93, Qc, and yp, of the potentials at the four corners of a 
curvilinear rectangle ABCD (Fig. 2) are given, the potential gradient at any 
point that is not outside this rectangle can be computed with the aid of the 
formulae 


__ 99 dw| ) 
een y : ae 
EA PT AAI Go cic (38) 
_ 29 | | aw 
Io Gy * | de | 


In equations (38) g, and g, are the potential gradients in the directions of the 
orthogonal lines v=constant and w=constant respectively, so that the magnitude 
g of the gradient is given by 
P=92 +97. I rs o.5-cAN cioloo (39) 
Ii the field produced by ¢ in the w-plane is nearly uniform, the valué 


0p/du can be interpolated from the values (d¢/0u),) and (@9/@u),, where 
(0p/0u),p Can be approximated by 


x) Pp— Pa 
iz es ee A” (40 
Ou Au ’ ) 


\ 


and similarly for (d9/0u),, and d¢/dv. For | dw/d@| we find by differentiation 
of (12) after some manipulations 


dw|_ 2m 

at | 4A (2 10?) deed ee alae 
where p=| | is the distance of the point considered from the geometric centre, 
7, its distance from the source line, and m the parameter. 
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The use of equation (40) leads to errors, if the field of @ in the w-plane is 
considerably curved. For practical work the case of importance is that one for 
which one of the two lines of constant 9, say the line p=@,, is a Straight line of 
constant w or v in the w-plane, corresponding to a boundary equipotential in 
the z-plane, and the other line of constant o, that is, the line = ,4, can be 
approximated by a circle. This is shown in Figures 12 (a) and (b) with the 
notations that correspond to the boundary equipotential in the 2-plane being 
a line of constant v. 

If coordinates € and y are introduced equalling w and v (Fig. 12 (a)) or 
(—v) and wu (Fig. 12 (b)) respectively, the field in the w-plane corresponding to 
Figure 12 (a) or 12 (b) can be assumed to be produced by a source and sink of 
equal intensities as was explained in Section III (a). If the intensity of the 
source and sink is C, then ¢ is given for Figure 12 (a) by the right-hand side of 
equation (13) multiplied by C, and for Figure 12 (b) by the right-hand side of 


Fig. 12.—Equipotentials in the w-plane. (a) Case 1; (b) case 2. 


Baa (14) multiplied by C. A pair of these C-multiplied equations (13) 

r (14) written down 4 two pairs of values C,m and C’,m’ and equated for 
_ Au, 4=0 (Fig. 12 (a)) or €=0, n=Aw (Fig. 12 (b)) gives a relation between 
C, m, OC’, and m’ for a rule distance Aw and a fixed potential ,, but the equi- 
Dobentia lines o, are of different curvatures. If the C-multiplied right-hand 
side of equation (13) is differentiated with respect to — and € made equal to zero, 
and the C-multiplied right-hand side of equation (14) differentiated with respect 
to 7 and 7 made equal to zero, expressions for d¢/dw along the equipotential 
@, result. The ratio ¢ of dp/du for a given value of m, to (¢¢/du)’ for m'— co 
can be computed and determines the increase or decrease of d¢/du compared 
with the case of a uniform field. If C is eliminated by using the relation between 
0, m, 0’, and m’, CO’ cancels out and we obtain, after expressing m in terms of 
the radius of curvature r or R with the aid of equation (15) or (17) and an obvious 
relation eliminating b or B with the aid of Aw: 


For Figure 12 (a) 


B, Au/m 
“o~ tanh-1 (Au/m)’ 


Au 
af lapau) rie ees (44) 
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For Figure 12 (b) 


aLOO [/09\ wen 45 

acl (an) ee (45) 
Au/m 

SS eee 46 

“o~ fant (Au/my’ Bag) 
Au Au 

=f | | ene 47 

m (rea) pea) 


¢) is the ratio (dg/du)/(d~/du)’ at the line of symmetry of Figures 12 (a) and 
12 (b) and is the value sought. (d@/du)’ is the value given by equation (40). 


(11-8085, 4-8912) : 
7-9603 


° 
re) 
re) 
© 
i) 
aS) 


D 


G 


Fig. 13.—Example VIII (a). Field between two concentric 

circles. Coordinates of points : 
A (3:9265, —1-6264) F 
B (4:2205, 0-50026) G4 
C (3:9265, 1-6264) A 
D (5-5433, —2-2961) i 
H (6:6713, 0) 


(6:8532,  2-8387) 
(9-2388, —3-8268) 
(99437, —1-0609) 
(92388,  3-8268) 


(b) Squares with a Sharp Corner 
For «>7 the voltage gradient at the corner itself is infinite, but, as Cohn 
and Vogel (1953) have emphasized, its value at a short distance from the corner 
has significance in high voltage engineering. The voltage gradient at the corner 


for «<x is zero and its value in the neighbourhood of the corner is of little 
interest. 
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To compute the voltage gradient for a point at the distance e from the 
corner equations (38) and (39) are applied again, but | dw/dZ | is given by 


| dw| 1 t\@-Dip 48 
Chater 4) 
Equation (48) is obtained from equation (32) by differentiation. For Au and 
Av the values t, and ¢ respectively are taken (Fig. 9). The maximum gradient 
at the distance e from a corner of conducting material occurs for «> on the 
bisector of the angle « and is directed from the corner. Since this is the only 
value of interest, no additional work regarding the directions of the lines «—con- 
stant and v=constant arises in this case. 


VIII. EXAMPLES 
Two simple examples without current loading (c=0) will demonstrate the 
power of the use of curvilinear nets. For the conductivity o the value c=1 
is assumed. All numerical values given were computed with a computational 
accuracy to five digits. This accuracy is unnecessary, unless wanted for the 
purpose of comparison. 


(a) Field between Two Concentric Circles 

Figure 13 shows a portion of a sector of 45° aperture bounded by two 
concentric circle arcs ABC and GHI of radii 4-25 and 10 respectively as equi- 
potentials and by two radii AG and CJ as flow lines. This arrangement can 
easily be analysed by well-known formulae. We start arbitrarily at the point 
D at a distance 1-75 from the point A and, to simulate unfavourable conditions, 
select as the mesh boundary DE a circle arc of radius 20 with its centre on the 
line AD produced beyond the point D. The point H where the mesh boundary 
ends is the point of its intersection with the bisector of the sector. These 
assumptions determine a net of four meshes unequivocally. The computed 
characteristic data of the net are contained in Figure 13, the origin of the 
Cartesian frame used being the centre of the sector and the #-axis its bisector 
through £. 

The values of u,, U., Au, 01, Vg, Av, Au/Av, and Av/Au resulting for the 
individual meshes are shown in Table 2. 


TABLE 2 
VALUES OF U1, Uz, Au, V1,-V2, Av, Au/Av, anp Av/Au FoR THE MESHES OF FIGURE 13 
Mesh ABED BOFE DEHG EFIH 

Woe et - an 0: 7923 0 0 1-6353 
Up —0-1855 0: 6956 0:'7530 0-7296 
Au 0:9778 0: 6956 0:7530 0:9057 
v; 0 0:7839 0:3526 0 
Vo 12120 1-9463 —0- 7626 1-2601 
Av . 1-212] 1-1624 1-1152 1-2601 
Au/Av 0: 8067 0:5984 0: 6752 0-7188 
Av/Au 1-240 1-6720 1-4810 1-3912 
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If the scheme of Figure 4 is taken as the basis, and if the individual con- 
ductances are computed and all parallel conductances between two nodes are 
lumped, the network of Figure 14 results. The potentials 9p, 9z, and o, of 
the points D, FE, and F were taken as unknowns and the potential of the node 
(A-B-C) was set equal to 1 and that of the node (G-H-Z) set equal to zero. The 
results of the computations are given below and in the brackets are added the 
theoretically correct values and the per cent. deviations from them. Solving 


F 


$ apc =) d =o 


D GHI 


Fig. 14.—Values of the final conductances in examples 
VIII (a) and (6). 


Conductance Example Example 
VIII (a) VIII (6) 

We 0-6200 0- 6036 

YG 0:9192 1-1036 

a 0-2992 0-5000 

5 0-6185 — 0- 0550 

Ws 0: 6478 0-5000 

Wy 0:3376 1-1004 

We 1-0332 1-6004 

Y, 0: 6956 0-5000 


three simultaneous linear equations expressing Kirchhoff’s first rule leads to 
Pp=0-5781 (0-5970, —3-2%), pe=0-4707 (0-4730, —0:57%), op=0-3678 
(0-3491, +5-4%). It is somewhat misleading to consider the per cent. devia- 
tions from the actual values of the potentials, the value 1—o9,=0-6322 (0-6509, 
—2-9%) is more important, for instance, than 9,. If the deviations are referred 
to the potential difference between the two outer electrodes the percentages are 
much smaller. The total conductance between the arcs ABO and GHI has the 
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value 0-9373 (0:9179, +2-1°%). Hence the error in the computation of the 
capacity would be +2-1%. With the aid of the formulae (38), (40), and (41) 
the approximate values of the gradients g, at A and g, at C were computed. 
The results are: g,=—0-2696 (0-2750, —2-:0%) and g,=0-3097 (0-2750, 
+12-6%). Correction factors c, can be computed, for the node A with the 


(0,0) : 7: 5712 


Fig. 15.—Example VIII (0). Field in a coaxial square 
cable. Coordinates of points : 


A (0, 0) F (1-0839, 6-0839) 
B (0, 3-4672) G (5, 0) 

C (0, 5) H (5, 4:4617) 

D (3-2885, 0) I (5, 10) 

E (2-5, 3-9645) 


aid of equations (46) and (47), and for the node C with the aid of equations 
(43) and (44). The radius R required in equation (47) was ascertained by 
‘finding by linear interpolation in the w-plane the point of potential 9, on the 
line B’E’. For the radius r required for equation (44) the point of potential 
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@, was similarly found on the line OF. We obtain R=3-802 and r=1-37 33, 
Co4=1:0474, Cyc=0-9057 and for the corrected values of the gradients 
Coa « J4= 0° 2824 (0:2750, +2°7%) and Cg. Jo=0°2805 (0-2750, +2-0%). 

Considering that the net consists of four meshes only and that the mesh 
boundaries deviate appreciably from the equipotentials and flow lines, all 
deviations from the correct values are surprisingly small. 


(b) Field in a Square Coaxial Cable 

A square conductor of side length 10 is surrounded by a square conducting 
sheath of side length 20 in an arrangement in which four axes of symmetry exist. 
This numerical problem has been dealt with by Woods (1953) and others. 
Figure 15 shows an eighth of the arrangement, AC being the considered portion 
of the inner equipotential, GZ that of the outer equipotential, and AG and CI 
being flow lines. C is a sharp corner of 270° aperture and J one of 90° aperture. 
A is the origin of the selected Cartesian frame and AG its x-axis. 

The condition that a net of four meshes be used determines the meshes 
unequivocally, the point # being the intersection of the (not drawn) bisectors 
of the angles ACI and CJG. Figure 15 contains the characteristic data of the 
net and Table 3 the values characteristic of the meshes. 


TABLE 3 
VALUES OF Uy, Us, Au, V1, V2, Av, Au/Av anp Av/Au FOR THE MESHES OF FIGURE 15 


Mesh ABED BCFE DEHG EFIH 
Oi ec ae cre 0 0 0 0 
Tip IN ae 8 0-9894 1 0-5672 1 
Oe ans =. oe 0 0 0 0 
Oa — NON S10 0-8195 1 1-2483 1 
Au/Av we ns 1-2073 1 0-4544 1 
Ao/Au AF we 0-8283 1 2-2008 1 


The final resulting network of conductances is shown in Figure 14. The 
result of the analysis together with the figures ascertained. by Woods (1953) or 
found from them by interpolation and the deviations from these figures that can 
be considered correct are given in the following : 


©p=0-3562 (0-3326, +7-0%), 

©,—0-4171 (0:4330, —3-7%), 

Op—0°4724 (0-4950, —4-6%). 

The total conductance is 1-2957 (1-:2791, +1-6%). 
As in example VIII (a) the results are surprisingly good. 
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SHARPENING OF OBSERVATIONAL DATA IN TWO DIMENSIONS 
By E. J. BurRR* 
[Manuscript received August 20, 1954] 


Summary 


Distributions in two dimensions as measured are always blurred or smoothed 
by limitations in the observing technique. Recovery of the true distribution involves 
the solution of an integral equation of the form 


co oO 
g(x’, | | h(x, y) f(a’ —a, y’—y)dx dy, 
Ses 4 es 


where the functions g, h are known from observation. 


In this paper the uniqueness and stability of the solution are discussed, and the 
validity and usefulness of several methods of solution are examined. A new technique 
for the application of polynomial solutions is presented. It is suggested that in some 
cases the use of Fourier transforms or Fourier-Bessel transforms may be practicable, 
and tables of selected transforms are supplied. Finally, conditions for convergence 
of certain sequences of approximate solutions are given. The effect of random errors 
in the observational data is taken into account wherever possible. 


I. INTRODUCTION 

Astronomical observations are sometimes concerned with distributions 
of surface intensity or statistical frequency distributions in two dimensions. 
Since it is not possible to measure a surface intensity or a frequency at a mathe- 
matical point, the limitations of the observational method always produce a 
smoothing or averaging effect on the true distribution, lowering and broadening 
the peaks; and reducing the amplitude of the fluctuations. The problem of 
recovering the true distribution from the smoothed distribution which we observe 
may be called ‘“‘ sharpening ”’ of the observational data, and involves the solution 
of a linear integral equation. 

The corresponding problem in one dimension has been frequently discussed, 
and it is recognized that the methods of solving this problem can in principle 
be extended to two dimensions, but this has rarely been done in practice. A 
solution in the form of a double series has been given by Coutrez (1949), but 
this does not appear to have been used. Kapteyn (1920) has found a special 
solution for use in the statistics of stellar total proper motions. Kreisel (1949) 
has described a method of partial sharpening which has been applied to a problem 
in gravity survey. Bolton and Westfold (1950) have solved a problem in radio 
astronomy with the aid of an iterative method described in one dimension by 
Burger and van Cittert (1932, 1933). A formal solution in terms of Fourier 


* Commonwealth Observatory, Canberra, A.C.T. ; present address: 23 Ruskin Street, 
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transforms can be written down, but does not appear to have been used. Solutions 
by “trial and error” lead to uncertain results because of the indeterminacy 
caused by random errors of observation. 

The object of this paper is to examine some of the methods of solving the 
integral equation in two dimensions, and devise means of applying them to 
numerical problems with the minimum of computational labour. The effect of 
random errors in the data is taken into account wherever possible. 


Il. THE INTEGRAL EQUATION 

We denote the true distribution by f(x,y) where (x, y) are rectangular 
Cartesian coordinates. The observed value at any point (a’, y’) is a weighted 
mean of the values of f(x, y) in some neighbourhood of (a’, y’), and we denote 
it by g(x’, y’). Now suppose that, when the true distribution consists only of a 
point concentration of unit strength at (x,y), the observed distribution is 
h(a’ —a, y’—y,)). Then the functions f,g,h are connected by the integral 
equation 


g(a’, y')= | | ha! —«, ' —y) fla, y)dody, 
or 


g(x’, =| : | * Ra, y)fla! —w, y’—y)dady. —.... (2.1) 


— 


We shall call h(x, y) the kernel, but in various contexts it may also be called 
the instrumental function, distribution of errors, or polar diagram. Equation 
(2.1) may be expressed in words by saying that g(a, y) is the convolution, 
resultant, Faltung, obliteration, or smooth of f(x, y) and h(x, y). The process 
of recovering f(x,y) from a knowledge of g(a, y) and h(#,y) may be called 
sharpening, restoration, or correction of the observed distribution g(a, y). 

We say that a function is L, or belongs to the class L, when its (Lebesgue) 
integral over the infinite plane converges absolutely. It is assumed throughout 
this paper that the kernel h(x, y) is L. Then if f(x, y) is bounded, and integrable 
in every finite region, the integral in (2.1) converges absolutely and uniformly, 
and g(x’, y’) is bounded and continuous. 

It is usual to normalize the kernel by multiplying it by a constant factor 
in order to make its total surface integral equal to unity. When this has been 
done, the total surface integrals of f and g are equal, provided that either of 
these functions is L. Loosely speaking, the two distributions f, g then differ 
in shape, but not in scale. 

Equation (2.1) has the useful property that it is invariant under a homo- 
geneous linear transformation of unit modulus. That is, if we write 


e=aX +bY, ad —be=1, 
xv’ =aX'+bY’', f(a, yy=f(aX +bY, eX +dY)=f(X, Y), 


y=cX +dayY, g(x, y)=9(X, Y), 


y =eX'+aY’, h(a, y)=h(X, ROE 
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then equation (2.1) reduces to 
g(X’, Y')= | | WX, Vi Ye aides 


This property enables particular solutions to be generalized, and certain problems 
to be simplified. For example, a problem in which one of the functions is a 
function of (a#?/a?-+-y2/b2) only can be reduced to a problem in which this function 
has circular symmetry. 

In astronomical applications, kernels of several different types occur in 
the following ways. ; 

(i) In photoelectric photometry, an extended source of light may be scanned 
by a photocell behind a circular aperture of radius a in the focal plane of a 
telescope. f,g are the true and observed distributions of surface brightness, 
and the normalized kernel is 

hiv, y)=1/na*, =v? +y? <a’, ) (2.2) 
=), nt Regi), © ee ‘ 
provided that a is large compared with the effective resolving power of the 
telescope. 

(ii) In photographic photometry, f is as in (i), and g is deduced from micro- 
photometric tracings of a photograph of the source. The kernel is obtained 
from a stellar image by the same process. Many factors contribute to the 
smoothing process, the three most important being atmospheric turbulence, 
imperfect guiding of the telescope, and the finite size of the scanning ‘‘ spot ’’ in 
the microphotometer. As an example, measurements by de Vaucouleurs 
(1948) at the Cassegrain focus of a 32-in. reflector gave a kernel which is reason- 
ably well represented by 


h(a, y) =Aetele +y"/b) ~ Ae—iwle’, T= 2, 


2:3 
=5-2A/r4, r>2-5, J 4:3) 


where ?=#?+y?, the unit of measurement is 1 sec of arc, a=1-15, b=1-35, 
c=1-25, and A=0-0904. Equation (2.1) is strictly applicable only when stars 
in different parts of the field lead to the same kernel. 

(iii) In radio astronomy, f,g are the true and observed distributions of 
surface intensity of an extended radio source. The kernel may be found by~. 
scanning a point source with the radio telescope, but this is often not practicable, 
and the theoretical diffraction pattern (polar diagram) of the telescope is then 


used. For example, for a circular aperture of diameter D, the diffraction 
pattern is 


hie, y)= tla ik ian]. ee (2.4) 


where ) is the wavelength of the radiation, r2=«?+-y?, and r is measured in 
radians. (This formula is only accurate for r<1.) This kernel, in common 
with all diffraction patterns due to apertures of finite dimensions, has the 
important property that its Fourier transform vanishes outside a finite region. 
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(iv) In statistics, we take as a typical example the statistics of stellar 
proper motions. The number of stars in a given region whose true components 
of annual proper motion lie in the range (#, #-+dw ; y, y+dy) is f(x, y)dady. 
The measures of (#, y) for individual stars are subject to random errors whose 
frequency distribution may be taken as 


A CRT) ol Oho Mak ala ae to ae (2.5) 

The observed frequency distribution is smoothed by (2.5) and also by the 
necessity for taking samples over finite regions of the (#, y) plane. If g(x’, y’) 
is taken as the number of stars with obseryed proper motions (a, y) in the range 
| e—a’|<b, | y—y' | <c, then g(a’, y’) is given by (2.1) with a kernel obtained 

from the convolution of (2.5) with 
h,(x, y) =(4be)-1, | av | <b, | y |<c) 
roi hcieed (2.6) 

=e elsewhere. J 


We may also mention a problem in gravity survey (Kreisel 1949) in which 
the kernel is the normal gravitational field over a horizontal plane due to unit 
mass at depth a below the origin, which is 


RG eey) =Ga(OP ser eee Ss oon OS Ae waters (237) 


In all these applications the distributions are, strictly speaking, over a 
sphere, not a plane. But in nearly every case the angular diameter of the region 
with which we have to deal is so small that the region may be regarded as plane 
without sensible error. 


Ill. THE FORMAL SOLUTION 
Any function f(#, y) of L has a double Fourier transform (Bochner 1932) 


F(u, v) =(2n)2 | | "fla, yelur+dady, ...... (3.1) 


i080 = 


which is bounded and continuous and tends to zero as u2+020o. The inverse 
relation 


(2; N=On)[" IP F(u, vje-ie+mdudv .... (3.2) 


holds wherever f(z, y) is continuous; provided that, if the integral in (3.2) 
does not converge absolutely, we interpret it as the limit as p, q—oo of the 
integral over | u|<p, |v|<qg. If two functions belonging to L have the same 
Fourier transform, they are equal almost everywhere, so that, if they represent 
distributions of a physical quantity, these distributions are identical. 

Now let f(a, y), h(x, y) be L.; then g(x, y) of equation (2.1) is also L, and, 
if we denote Fourier transforms by capital letters, the Faltung theorem (Bochner 


1932, §43.6) gives 
G(u, v) =27rH(u, v)F (U,V). 22. ee oe eeceees (3.3) 


This leads at once to a formal solution in the form (3.2), in which 


G(u, v) 
F(u, ey Re Fp PICK EAA eaceor (3.4) 
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Now suppose that g,h are known from observation, and belong to L. 
Then we can (in principle at se compute their Fourier transforms and form 
the quotient (3.4). If| H(wu, v) | is everywhere positive, as is the case with kernels 
such as (2.5) and (2.7), then (3.4) is defined everywhere, and, if this function 
has a Fourier transform belonging to L, the solution exists and is unique. Butif 
H(u, v) vanishes at certain real points, then G(u, v) ought also to vanish at these 
points and (3.4) is undefined at such points. (Note that we are concerned 
only with real values of (u, v), although Ff, G, H are in general complex functions 
of these variables.) Denote by R the region or point set in which H(u, v)—0. 
We may arbitrarily set F(u,v)=0 in R, and, if F(u,v) then has a Fourier 
transform, this transform is a possible solution of the integral equation, which 
Bracewell and Roberts (1954) call the principal solution. Other solutions may 
be obtained by adding to the principal solution functions of the form 


| [2 (2h, W/O RFP LUAU, o.»isusnnale were eee (3.5) 


where 9(u, v) is an arbitrary function. If R is a set of zero measure, as is the 
case with kernels such as (2.2) and (2.6), then (3.5) vanishes unless 9(u, v) is an 
improper function, and in many applications the indeterminacy is then somewhat 
trivial. But if & has positive measure the indeterminacy is much more serious. 
This occurs with kernels like (2.4) which are of special importance in radio 
astronomy, and the problems raised by this indeterminacy have been fully 
discussed in the one-dimensional case by Bracewell and Roberts (1954). Their 
discussion can easily be generalized to two dimensions. 


Fourier transforms may be expressed in polar coordinates by setting 


e=rcos 0,  w=s Cos 9, 
y=r sin 0, v=s sin 9. 


Then (3.1), (3.2) take the form 


F(s ,o) = (27)- ae onic 0) eisr cos (8—@) rdrdo, 
on . (3.6) 


fir, 9) =eny{ i F(s, p)e—ist 8 ©—-9)sdsdo. 
0 ae 


In particular, when f(r, 0) is independent of 0, it is clear that F(s, 0) is independent 
of ¢, and these functions may be written as f(r), F(s). Using Parseval’s integral 
for the Bessel function (Watson 1944), the relations (3.6) then become 


Bai I (r)d ler WOR. oe ene pte ee (3.7) 


fid= [°K Ef(8)J o(87 sds ake een ee (3.8) 


The functions f(r), F(s) are called Fourier-Bessel transforms of one another. 
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If the functions f, g, h of equation (2.1) all have circular symmetry, they 
may be written f(r), g(r), h(r), and (3.3) becomes 


G(s) =27H(s)F(s), 


so that the formal solution has the form (3.8), in which 


IV. INSTABILITY OF THE SOLUTION 
If g,h are specified exactly, as in a theoretical problem, there may be a 
unique and exact solution. But if the values of g(x, y) are uncertain due to 
observational errors, however small these errors may be, the solution is always 
completely indeterminate even with the restriction that f(x, y) +0 as #+y?— oo. 
For let any solution be given an (additive) increment of the form 


Af(x, y) = Ae Kuarm(a, Y); 
where 
w(x, y)=(1—| #|/a)(1—| y|/b), |a|<a, | y|<d, 
=0 elsewhere, : 


and A,a,b are arbitrary. Then it may be shown that the corresponding 
increment of g can be made arbitrarily small by taking u?+-v? sufficiently large. 
This property may be expressed by saying that f(z, y) is not continuously 
determined by g(x,y). (Compare Kreisel 1949.) 

In other words, oscillating increments of arbitrarily large amplitude in 
f(z, y) correspond to unobservably small increments in g(x, y) provided that the 
wavelength of the oscillations is sufficiently small. Such oscillations appear 
when the computer tries to determine f(#, y) with greater precision than is 
warranted by the accuracy of the observations. 

The solution must therefore be stabilized by excluding functions which 
have oscillations of large amplitude and short wavelength. This means that 
complete sharpening can never be achieved except in theoretical problems. 
Following a suggestion by Fellgett and Schmeidler (1952), if we are given the 
autocorrelation function of the errors in g(x, y), we can use the Wiener-Kol- 
mogaroff smoothing theory (Bode and Shannon 1950) to determine a solution 
giving the best possible compromise between errors due to magnification of the 
errors in g(a, y) and errors due to incomplete sharpening. But the difficulty of 
measuring the autocorrelation function would seem to make this method of 
little practical value. It is therefore necessary to use more arbitrary methods of 
stabilization. Unfortunately this means that the solution adopted is to some 
extent subjective, that is, depending on the computer’s judgment. But, if the 
statement of the solution is accompanied by a statement as to which method 
of sharpening was used, the result so expressed is purely objective, and is 
therefore to be preferred to a solution reached by ‘ trial and error ”’. 

When the highest possible accuracy is required, it appears that the best 
procedure is to find a sequence of approximate solutions of (theoretically) 
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increasing accuracy, taking the observational data at their face value ; and then 
to terminate the sequence just before physically improbable undulations begin 
to appear. 
V. POLYNOMIAL SOLUTIONS 
Tf f(x, y) is the polynomial 
A 


m 


B 
D2 EE aad dt ND ee a oe (5,4) 


0 n=0 


then the integral in (2.1) converges if h(x, y) possesses moments of all requisite 
orders. We define these moments by 


,={" | = “h(a, y)dedy. bs IRs tote airs (5.2) 


The integral in (2.1) can then be evaluated either by term-by-term binomial 
expansion of f(x’ —a, y’—y), or by Taylor expansion of this function in powers 
of «and y. Thus g(x’, y’) may be expressed in either of the two forms 


nN 
2 (1 ete PM age 9 AP Me ey 


m=0 n " =, q=0 
nan ae — ) mn Qap'may'” (@ 3 y ‘iE e Ss. @ Ole ie wis SOs ‘6. & af 4) 
Similarly, if g(7, y) is the polynomial 
A 
g(@, y) = & = On soma i ta ee STS fA ce oe (5.5) 
m=0 n=0 


it may be verified by substitution that (2.1) is satisfied by 


A B m n 
f(@, y) ayer ‘ 2 Ginn > il a we wee 2 GOP id. con oeu) 
e. Es om m+n 
see Dy) Di ieee MUS pick tN ROE irate) cPeneee eh cenene ene 5 
hit ae ( ) mn daa ayn Y)s (5 7) 


where the inverse moments w,, are defined by 


“ 2 Loo Moo =1, 
52s aay, Mees = Olen ora Oa aati 2g) 

Thus the solution (5.6) is valid provided that M))40, and it is easy to show that 
it is the only polynomial solution. A result equivalent to (5.7) has been obtained 
by Coutrez (1949), and the one-dimensional form of (5.6) has been given 
by van de Hulst (1946). (The moments as defined by these authors correspond 
to p!q!M,, im our notation.) 

If the. integrals (5.2) converge absolutely for all non-negative integers p, q, 
then the integral defining 2xH(u, v) may be differentiated any number of times 
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under the integral sign. We then find that 2xH (uw, v) and all its derivatives are 
bounded and continuous for all (uw, v), so that the Maclaurin expansion 


2nH(u,0)\= & DT M,,(iuym(ioy ....... 2. (5.9) 


0 n=0 


converges. From (5.8) and (5.9), 


1/2nH(u, v)= = TC) ale) (5.10) 
— 0 


Qos = 


The relations (5.9) and (5.10) facilitate computation of the moments and inverse 
moments when H(u, v) is expressible in terms of elementary functions. Note 
that, for a normalized kernel, 27H (0, 0) = Mo) =p) =1. 

The results (5.3)-(5.7) remain true when the polynomials are extended 
to infinite series provided that the series for h(a, y)f(a' —a, y’—y) converges 
for all (x, y) and may be integrated term by term over the infinite (#, y) plane. 
However, we are here concerned primarily with distributions given by observa- 
tional data, and the need for infinite series does not arise. 

The results (5.4) and (5.7) may be formally applied to functions which are 
not polynomials. In (5.4) it is usually possible to write down a remainder 
term setting an upper limit to the error caused by neglecting higher derivatives, 
but in (5.7) there is no simple way of estimating this error. However, if f(x, y) 
and all its moments exist, it may be shown that the moments of the right-hand 
member of (5.7) are the same as the moments of the true solution f(x, y) up 
to and including moments of order (A, B), so that in this narrow sense every 
term of (5.7) effects an improvement in the approximation to f(x, y) as a whole. 
(Compare Eddington’s treatment (1940) of the one-dimensional problem with 
Gaussian kernel.) But it does not necessarily follow that the series converges 
at any particular point (7, y). 


VI. POLYNOMIAL SOLUTIONS WITH CIRCULAR SYMMETRY 
If f, g, h are functions of r only, where r?=a#?+-y?, we may write them as 
f(r), g(r), h(r) and the integral equation (2.1) becomes 


atry=| P h(r)f[>/ (72+? —2rr’ cos 8)]rdrd6. .... (6.1) 
0 =F 
If f(r) is a polynomial of degree A in 7°, 


A 
(Hs eS Ee CM Ae EES ear heed et, FG Shake (6.2) 


then the integral in (6.1) converges if h(r) possesses circular moments of orders 
up to A. We define these circular moments by 


Oo mw2p 
M,=2n | 5 ON oe ogee eee (6.3) 
Pp: 
0 
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Observe that, by multiplying the binomial expansions of (r’ —rel8)n/n! and 
(r’ —re-®)r/n!, we obtain 


(Fee ye Orr’ COs OF er eras | eye ee 


nl p=0 q=0 Pig! (n—p)\(n—g)! 
so that 
ed dete ieee Ig, (Bo ES 6.4 
ie ne cme oh eye) eae cc eee (6.4) 


Then on substituting from (6.2) in (6.1) and carrying out the integrations with 
the aid of (6.4) and (6.3), we obtain 


A n 
G(r ) ec fer eee Ne, seein eee (6.5) 
n=0 p=0 
Similarly, if g(7) is the polynomial 
A 
Un) el gar nd, POReee a stale lee ee (6.6) 
n=0 
it may be verified by substitution that (6.1) is satisfied by 
A n 5 
SAT) Slang os Bao A) eae ie owen (6.7) 
n—0 p=0 
where the inverse circular moments w, are defined by 
UM) =1, | 
n me oe ts 6.8 
x u,-p-M@,=0, n>0. | fo 
p=0 


Thus the solution (6.7) is valid provided that M,+0, and it is easy to show that 
it is the only polynomial solution. 


We may express (6.5) and (6.7) in terms of the derivatives of f, g, by 
using the differential operator D defined by 


d de Td dey ol 
- 2 = ="? 
Del) =a" cal (Ag (ae eke 


Equations (6.5) and (6.7) then become 


oe 27 Mag fe ie rea ena ote LO od 2 (6.9) 
A 
FOr)=Z wD%9lr). .- ese eee eee (6.10) 


If the integrals (6.3) converge absolutely for all p, then the integral defining 


2nH(s) may be differentiated any number of times under the integral sign, and 
we find that 


1 ws) 
a 
my 
S 
|| 
Ms 
_— 
~w@ 
im) 
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ee 
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In this case the kernel also possesses all Cartesian moments Mn, and these 
can be expressed in terms of the circular moments M,. For if in (6.11) we 
write s?”=(u?+0?)", expand each term binomially, and identify the result 
with (5.9), we obtain 
Mont a a, n+1=90, 
(m+n)! Minin f Sredemer siete stele (6.13) 


Mom. on= n 
Bras 2n mn ame 


Similarly from (6.12) and (5.10) we obtain 


Y2m+1,n=Um, on+i=0, | 


(m+N)! min Asis eerawecene 
2m, 2n = mini4m+n * i 


VII. APPLICATION OF POLYNOMIAL SOLUTIONS 
Let h(x, y) be given and possess moments of at least the first few orders, 
which are computed from (5.2). The inverse moments are then found from 
(5.8). Let g(x, y) be given by a table of its values at an array of points (pa, qb) 
where p, q are any integers and a, b are constants. To compute an approximate 
value of f at any one of these points, we may temporarily regard this point as 
the origin of coordinates without loss of generality, so that, from (5.6), 


F(0) Oise Lg ym. seller (7.1) 


where the coefficients g,,,, are determined so that the polynomial = dq,,,a0”y"/m!n! 
coincides with the tabulated g-values at a set of points (pa, qb) in the neighbour- 
hood of the (temporary) origin. The number of points in this set equals the 
number of coefficients g,,,,, and it is clear that this point set should extend over 
a region at least as large as the region in which h(a, y) differs appreciably from 
zero. Then it is found that (7.1) is a homogeneous linear function of the g-values 
at these points, whose coefficients depend only on the inverse moments and on 
the geometry of the set of points. For a particular kernel and point set, these 
coefficients constitute a set of weights which need be numerically evaluated 
only once and can be used repeatedly to correct different observed distributions 
or different parts of the same observed distribution. 

To illustrate the method, we consider in more detail kernels which have 
two orthogonal axes of symmetry. Taking these as coordinate axes, we find 
that M,,,,=9, Umn=0 whenever m or n is odd. Then (7.1) becomes 


f(9, 0) =Z2Zgom, 2nV-2m, 2n+ 


Evidently those terms of the polynomial which contain an odd power of « or of y 
contribute nothing to f(0, 0), so that the correction of g(x, y) is equivalent to 
the correction of the function 

g(a, y) =41g(@, y) +9(—a, y)+9(@, —y)+9(—#, —y)]. 


Now g(x, y) is fully determined by its values in the first quadrant of the (x, y) 
plane, so that if the point set is symmetrical with respect to both axes, then the 
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number of points within or bordering the first quadrant must be equal to the 
number of terms in the polynomial for ya, y). We take this polynomial to be | 
complete and of degree N in (w?, y?), that is, it contains all terms of the form 
Jom, nu2y for 0<m+n<N. The number of terms in this polynomial is 
2(NV +1)(N +2). 

We take for our point set all points (pa, qb) for which | p|+|q|<; 
that is, the points within or bordering a rhombus whose vertices are 
+Na, 0), (0, +Nb). There are 2N?+2N+1 _ such points, of which 
4(N+1)(N+2) are within or bordering the first quadrant, as required. By 
generalizing Lagrange’s interpolation formula, the polynomial for g(@, y) may 
be written 


— 


= PIVEN leet 
g(zZ, y)= = = G (PA, GD) Ppq(® Y)/Ppq( PA, 9D), +++ e eee eens (7.2) 
p=0 g= 
where 
N N=m 
Ppq(%y Y) = (a? —p?a?)-*(y?—g?b?)-? IL IL (x? —m?a*)(y? —n*b?). 
m=0 n=0 


To complete the computation of the weights for a particular NV, we have now 
only to expand (7.2) in polynomial form and then replace x?”y?"/(2m)!(2n)! 
DY vem, 2n. Writing the inverse moments in the dimensionless form 


Mop, 2q= 2p, 2q/4°Pb°4, 
the result for N =1, involving five points, is 


f(0, 0) =g(O, 0) (IM) —2rmg9 —2mMgq) +9(a, 0) 2M +g(0, b)2mq, - +++. (7.3) 
and for N=2, involving 13 points, 


6f(0, 0) =G(0, 9) (6m —15 My) +36 myo +24Mg9+36Mp,) 
+-g(4, 0)(16 My —4 874) —24mMy9) +-9(0, b)(16m99 —48m94 —24M9) 


The formula for VN =3, involving 25 points, is so unwieldy that it is not likely 
to be of much practical value. 

Expressions for g(0, 0) in terms of the values of f at a rhomboidal array of 
points can also be derived in the same way. They may be obtained immediately 
from (7.3) and (7.4) by interchanging the symbols f and g, and substituting 
Mop, 2q LOY [U22p, 24- 

When the kernel has circular symmetry and a=b, the formulae may be 
simplified by expressing the moments in terms of the circular moments according 
to (6.14). Writing m,=v.,/a”, the formulae (7.3) and (7.4) then become 


F(0, 0) =g(0, 0)(my —m,)+ g(a, 0)4m,+g(0, a)dm,, ...........0.. (Fay 


24f(0, 0) =g(0, 0)(24m —30m, +30m,) +[ g(a, 0)+-g(0, a)](16m, —24m,) 
+[gy(2a, 0)+9(0, 2a)](—m,-+3m,)-+g(a, a)12m,. ......0. (7.6) 
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The formulae (7.3), (7.5) are exact if g(a, y) is a polynomial of degree 3 
n (#, y) and (7.4), (7.6) are exact if g(a, y) is a polynomial of degree 5 in (a, y). 
i the observed data g(pa, qb) contain random (additive) errors of mean zero and 
mean square ¢?, then the weighted sums will contain errors of mean zero and 
mean square A*<*, where 2” is the sum of the squares of the (2N?+-2N +1) weights 
in the expression for f(0,0). If we increase N without limit, keeping aN, bN 
constant, we find that A? increases without limit. This is a manifestation of the 
instability discussed in Section IV. In practice we implicitly exclude rapidly 
undulating functions by approximating to f,g by polynomials of low degree, 
that is, by keeping V small. Thus we obtain stable solutions, but the sharpening 
is incomplete when g(a, y) is not a polynomial, or is a polynomial whose degree 
exceeds 2N-+-1 in (2, y). 
For the Gaussian kernel 
Ld as OY ll tas Nek de ea eS Aa (@ez8) 


the circular moments are M,=(2c?)"/n!, u,=(—2c?)"/n!, and weights for the 
correction f—g, computed from (7.5) and (7.6), are given in Table 1. The 
meaning of the weights for N =1, written in full, is 


f(@, y) —g(a@, y) =(C/2a*) [49 (x, y) —g(a@+a, y) —g(a@—a, y) —g(x, y+a) 
—9(x, y¥—a)], 


from which the meaning of the other weights should be clear. 
For the kernel representing a circular aperture 


hina (7r<e) ) 


es Se eta ae ae (7.8) 
=() (i=) ) 
the circular moments are M,=c*"/n!(n+1)!, wuy=1, vi=—te*, yv.=c*/6, 
Usg=—709/144, u,=13¢8/960, . . ., and sets of weights for the correction f—g 


are given in the lower half of Table 1. 

When f, g, @ all have circular symmetry, a similar method may be used to 
find formulae involving only g-values at suitably spaced points along a diameter. 
We choose 2N-+1 equally spaced points extending from r=(n—N)a to 
r=(n+N)a, n>N, and fit a polynomial of degree 2N in r? at these points. 
Lagrange’s interpolation formula then gives 


g(r) = ss eae) Qy(7 ppl (HOE PO oc nae ice « (7.9) 


pee 
where 


p(t) =[2—(ntp)eat] 2 TL [2 —(n4-j)Pa°h 


Gee 
We now expand (7.9) in polynomial form and then replace r?”/m!? by 
Um—r/t!2 to obtain f(r). To obtain f(na),n>N, we set r=na in the result. 


The expression for f(r) derived from the points 0, a, 2a,. . ., 2Na may be taken 
as the best approximation to f(r) for allr<Na. Thus we obtain sets of weights 
for f(0), f(a), f(2a),. . . Unfortunately these sets are all different, because the 


42 E. J. BURR 


TABLE | 
WEIGHTS FOR COMPUTING f(x, y)—9(%, y) 


Weights with the kernel (7.7) 


Nia N= a= 2 N=2) a=cy2 
qi | 5 
= 6 —88 6 6 —56 6 
—l 4 —-l 7 —88 300 -—88 7 . 5 —56 180 —56 5 
= 6 —88 6 | 6 —56 6 
if 5 
Multiply by c?/2a* Multiply by 1/384 Multiply by 1/96 
1h? Ge Wio, 7Kaliolsy A=1-84 A=3-11 


Weights with the kernel (7.8) 


N=1 N=2, a=c | N=2, a=c/1/2 
1 | 3 
ea {ae 1 4 —32 4 
= eed et 1h Sie te 40 ee Toy) is ae oe oes 
=) 1) ets 1 x ae 4 
1 | 3 
Multiply by c?/8a? Multiply by 1/48 | Multiply by 1/48 
Tis o—che k= 1162 A=1-90 | K=3229 


origin can no longer be chosen arbitrarily: For N=1, involving three points, 
the general formula is 


4n(4n? —1)[f(r) —mog(r)] =(2n+1)g(n —1a)[4m, —m,(2n?2+2n4+1 —4yr?/a?)] 
—4n g(na)[4m, —m,(2n? +2 —4r?/a2)] 
+(2n —1)g(n +1a)[4m,—m,(2n? —2n +1 —4r?/a?)], 
where m,=wp,/a*”. For the particular kernel (7.8), with a=c, the first few 
formulae for N=1 are: 
f(0)—g(0)  =+0-792g 
f(a)—g(a) =+0-292g 


(0) —O 
(0) —0O 
=—0-035g9(a) +0-156g 
( 
( 
( 


) (2a) 

) —0-0699(2a), 

a) —0-1219(3a), 
) 
) 
) 


) 

)—0 
4a)—0: 

)—0 
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where the coefficients are correct to three decimal places. For the same kernel 
with a=c and N=2, we find: 


f(0)—g(0) =+1-1329(0) —1-4149(a) in 331g(2a) —0 -053g(3a) +0 -004g(4a), 
f(a) — ls : =+0-0869(0)+0-095g(a) —0-2109(2a)-+0-031g(3a) —0-002g(4a), 
eos 2a) = —0-576g(0) +0 -8089(a) —0-147g(2a) —0-0919(3a) +0 -006y(4a), 
f(3a) —g(3a) = —0 -084g(a) +0 -058g9(2a) +0 -1699(3a) —0-155g(4a) +0 -0139(5a). 


For a we give three formulae for correction of one-dimensional 
distributions when the kernel represents a slit of width 2c, that is, 
h(x) =1/2e (| @ | <e) 
=(0 (| # |>e). 
The three-point formula is then 
f(a) —g(a) =(c?/6a?)[ —g(@ —a) + 29(x) —g(a-+a)]. 
When a=c, the et formula is 
30[f (x) —g(x)] =g(x —2a) —9g(a@ —a) +-169(«) —9g(a +a) +-9(x+ 2a), 
and when a3 
180[f(%) —g(x)] =199(2 —2a) —1369(x% —a) + 2349(@) —1369(~7+a)+199(v-+2a). 
It should be stressed that the formulae of this section usually give accurate 
results only when the corrections are small. This is partly because the obser- 


vational data cannot usually be well represented by polynomials of low degree, 
and partly because we have characterized the kernel by only a few parameters. 


VIII. THE USE OF FOURIER TRANSFORMS 

The formal solution by Fourier transforms, given in Section IIT, is hardly 
suitable for direct numerical computations. But when g(a, y) and h(a, y) can be 
closely approximated by elementary functions whose transforms are known, 
this form of solution may be useful. Also, in radio astronomy, measurements 
with a variable-spacing interferometer give | F(u, v) |? directly over a finite 
region, from which hypotheses concerning f(x, y) may be tested. 

Some Fourier transforms likely to prove useful for these purposes are listed 
in Table 2. The two columns of this table may be interchanged by interchanging 
(u, v) with (xv, y) and writing —ifori. In lines (1) and (5), F,, F, are the Fourier 
transforms of f,, fo. Lines (1)-(7) give rules for extending known transforms. 
Lines (8)—(11) enable us to find the transforms of peak functions and of periodic 
functions. All the results in Table 2 are well known or have obvious proofs, 
possibly excepting line (14). By using the relations 

(d/dx)H,(v) =nH,,_4() =«H,, (x) —H,,, (a) 
we can prove by induction re the (simple) Fourier transform of H,(a,x)e—i” 
8 (ix)"H,(a,u/a)e-, where «2=aj—1; from which line (14) follows. We 
ae here the first few of the Hermite Morea owas : 
H,(«) =1, H,(2) =a, H, (2) =x =1, (x) =x — 3x, 
H,(#) =a4 —627?+3, H,(x)=a#' —102°+ 152, 
H (x) =”° —1504+450?—15, H,(x)=n!2X(—1)?a"—2?/2?p!(n —2p)! 


Pp 
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For brevity, we write 
O(a", b?) =(2nab) 162 ee eee (8.1) 


Then, if h(x, y)=¢(a?, b?), the solution of the integral equation (2.1) can be 
written down whenever g(x, y) is expressible as one of the functions on lines 
(12)-(15) of Table 2, or as a sum of such functions. For example, if 


GG, Y) =O OG 02 ea ore ot ase ea (8.2) 


TABLE 2 
FOURIER TRANSFORMS 
The functions in the right-hand column are Fourier transforms of those in the left-hand column. 
The Hermite polynomials are defined by (d/da)"e~?” =(— 1)"H, (x)e—#™ 


I(%, y= Fu, v)= 
en” a F(u, vje "+ dudv | (27 ap alina fla, yl t+WMaxdy 
(1) afi(x, y) +f a(x, y) aF ,(u, v) +bF (u, v) 
(2) fle—a, y—) F(u, veloute) 
(3) f(x/a, y/d) abF (au, bv) 
(4) f(aw-+by, cxv+dy), ad—bec=A AF {(du—cv)/A, (—bu+av)/A} 
co ie.8) 
(5) 27f1(x, y)fo(a, y) F\(U, V)F3(u—U, v—V)dUdV 
—oJ —o 
) (0/0x)"(0/Oy)"f(x, y) (—iu)(—iv)"F(u, v) 
(7) ay" f(x, y) | (—iy"*"(8/8u)™(0/0v)"F(u, v) 
| 
(8) 278(z, y) 1 
(9) 278(a—a, y—b) ei(au +bv) 
(10) md(a—a, y—b) + nd(a@+a, yb) cos (au+bv) 
(11) xd(a—a, y—b)—n8(a-+a, yb) i sin (aw+bv) 
(12) @— e/a? +y"/b") | abe ~ t(vu? +b*v*) sa 
(13) (w/a)"(y/b)"e —4(a?/a? +y?/b?) jm+ngy (au) EL H,, (bv) abe ~ Hau? +070") 
(14) (a/a)""(/b)"H,,, (a,”/aa)H, (byy/Bb) imme (ay u)H, (b byvjabe— Haut + bv) 
—4(@?/a? +y?/b*) Ge patil 2 
xe Evie aj=e +o, Gib +. 
(15) Ella + By)*/a* + (ya +8y)*/0"] abe —Ha*Su— yu)? +b" — Bu +an)] 
where «3—By=1 
(16) (1+02/a?-+-y2/b2)-82 abe ~|(atut +50) | 
(Gly), Al i eae | y | <b 4ab sin aw sin bv 
0, elsewhere 21 au bv 
(18) (1—| « |/2a)(1-] y| /20), | «| <2a 4ab[sin aw sin bv ]2 
| y |<2b Qn | au bv 
0, elsewhere 
then 
f(a, y) =226,,0(4,2 —a?, b2 ==0*). 
Again, if 
G(@, y) =9(az, bt) UXe,,,(A,2)"(By)™, ........ (8.3) 
then 


H(&, y) =9(a3, 05) 2Xc,,1 (Ae) H, (Boy), 
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where a3=a?—a?, b2=—b?—b?; A,=a,/a,a, B,=b,/b,), A,=a,/a,a, B,=b,/b,b. 
The last result can one be verified by direct integration of equation (2.1) ; 
variants of it have been discussed by Malmquist (1943), van de Hulst (1946), 
and Lyttkens (1949). Finally, if 


g(x, y) = (ab)-le Moat +20), See eae (8.4) 
x’ =x cos 0+ sin 6, 
y' =—~x sin 0+-y cos 0, 
then 
F(@, y) =(AB)-te BA + PB), 
X'=x cos ©+y sin O, 
Y’=—~<x sin 0+ y cos 0, 


where A, B, © are given by 


cot 20 =cot 20—cosec 26(a? —b?)/(a 
2A? =a? b? —a?—b?+ (a Fi b?) sin ee! cosec 20), 
eaten Soy? (b? —a?) sin 20 cosec 20. 
We take the value of © which lies in the same quadrant as 0, and this value is 
always real and uniquely determined. But if the expression for A? or B? is 
negative, there is no solution. 

When g(a, y) is not expressible with sufficient accuracy in one of the forms 
(8.2), (8.3), (8.4), it may still be possible to express it as a sum of one of these 
functions and a residual, and the two components can be sharpened separately. 
If the residual and its gradient are numerically small, the sharpening of the 
residual by approximate methods is a much simpler task than the sharpening 
of the distribution g(z, y). 

Reverting to an arbitrary kernel, if g(x, y) is a doubly periodic function 
whose Fourier series is 


Gla Y) =X U[Gmn COS (MAL +-NbY) +" mn Si. (max —-nby)], 


it is found by using Table 2 that 
f(@, y) =2 Dace cos (max -—-nby ) SibesD sin (max--nby)|, 
mn 


where 


When f, g, h all have circular symmetry, their Fourier transforms become 
-Fourier-Bessel transforms, by the use of which several particular solutions of 
equation (2.1) may be obtained. Some Fourier-Bessel transforms which will be 
found useful for this purpose are listed in Table 3. The two columns of this 
table may be interchanged by interchanging r and s. Some of these transforms 
were taken from Watson (1944) and others were derived from them by using the 
rules on lines (1)—(6) of the table. The polynomials Q,(7) may be defined by 


Q,(v)e-*=[(d/da) (xd /da)|"e-*, 
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TABLE 3 
FOURIER-BESSEL TRANSFORMS 


Jy, J,, Ky, K, denote Bessel functions in the notation of Watson (1944). V? is the Laplacian 
operator s—1(d/ds)(sd/ds), and ‘Q,, &, are the polynomials 
Q, (=n? Z (—1)" Pa? /p ?(n—p)!, 


n 
R,(x)=2-" X (2n—p)\(2x)”/p \(n—p)! 


p=0 
jor] F(s)Jo(rs)sds F( w=] F(r)J o(rs)rdr 
0 0 
(1) afy(r) +2f2(7) | See a (s) 
(2) f(r/@) | a@F(as) 
(3) 2xf3(r)f2(r) | i Ka F ,(s’)F,(S)s‘ds’d6, 
| where |'S2=s?--s’2—2ss’ cos 8 
wf af(x)da —e (8) 
| 
(5) Ce )irf(r)} | —(d/ds){sF(s)} 
(6) r*"f(r) (—1)"V?"F(s) 
(7) 278(r) Bi oe 
(8) 278(r—a) | Jo(as) 
(9) em tae ate 208" 
(10) artigo, Mie : (=1)"Q,,(40?s?)a2e— #0°8* 
(11) (a/a)?"@,(4ajr*/a2a?)e— #/@ (—1)"@, dejar 8, % 
where aaa tat 
(12) (a?+9r?)-4 Se =3 
(13) (a?-+r?)-8/2 nee 
i ne: MERE rs R, (asa "#1, 
a*+r?)- K 
(16) 2a2(a2-+7r2)-2 res 
(17) 4a4(a?-+7?)-3 asK ,(as) + $a?s*K,(as) 
Pan 2 
NOR IEHLS Seah nes 
> r>a 27} as 
(19) 2n-a-*{are cos (r/2a) a2 = 
—(r/2a)V 1—(r)2a)?}, r<2a on cro) 
0, r> 2a. 


and the first five of them are 


Qo(v)=1, Q1(4)=ae—-1, Qo(v) =a —4a+2, 
Q3(”) =H? —9a?+184%—6, Q,(x) =a —16x° +72”? —9604+24. 


The first five of the polynomials R,(«) are 


Ro(v)=1, R,(v)=e+1, R(x) ="? +3a4-+3, 
R(x) =" + 6a +150+15, Ry(x) =74+1 003+ 4542410504105. 
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Also 
R,(w) =(2n—1)R,_,(v) +a?R,,_9(c). 
For brevity, we write 
(a7) =(27a?)—1e— 37/2", 
p(a) =(a/271) (a? +r?) 82, 
Then, if A(r)=o(a?) and g(r) =e 
f(r) =Xe,9(a2 —a?). 
This form of solution was known to Kapteyn (1920), who used it to compute 


true frequency distributions of stellar proper motions. With the same kernel, 
if 


o(a2), we find 


g(r) =(at)de,(ZAr?), 
then 
f(r) =0(a2)zc,Q,( sAZr?)", 


where a3=a?—a*, A,=a,/a,a, A,=a,/a,a. 


If h(r)=V(a) and g(r)=Xe,V(a,), we find 


f(r) =Xe,(a, —a). 


The convolution of 9(a*) and (bd) is the analogue of the Voigt function in one 
dimension. 

Other particular solutions may be found from Table 3 when the kernel is 
of the form (2za?)—1e-"/4 or of the form (47a%)-17K,(r/a). 

Fourier-Bessel transforms may also be computed by numerical integration. 
For best results the major variations of the function should be taken out by 
using the functions of Table 3, and the residual function transformed numerically. 
This process is tedious, but has been used successfully to sharpen the observed 
light curves of external galaxies with circular symmetry. Numerical integration 
of Fourier transforms has been used similarly in one dimension by Stokes (1948) 
and by Fellgett and Schmeidler (1952). 

Instability of the kind described in Section IV arises through the uncertainty 
of F(u, v) for large (u,v). In practice, plausible solutions can be obtained by 
extrapolating F(u, v) outside the region in which it is well determined, on the 
assumption that it falls ‘“‘ smoothly ’’ to zero. 


IX. APPROXIMATE INVERSE KERNELS 

In this section, following a method introduced by Kreisel (1949), we 
overcome the instability of the solution by seeking only partially sharpened 
solutions f,(, y), given by the convolution of the true solution f(x, y) with pre- 
assigned smoothing functions j,(x, y) which are, loosely speaking, broad enough 
to smooth out spurious undulations of short wavelength in f(x, y), but not so 
broad as to distort seriously the significant features of f(a, y). 

For brevity, we now write 27H(u, v)=H(u, v), and similarly for other 
functions of (wu, v). The arguments (#, y) and (u, v) following functional symbols 
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will be omitted when there is no risk of confusion, and the convolution of any 
two functions f,, f, will be denoted by f,*f,. Equation (2.1) is thus written 
G=hsf. cs eee en ie eee (9.1) 
As always, we assume that his L. If f is L also, then 
G=HP. 
We define K(u, v) by KH=1, so that 
F=K6. 
(In this section, the symbols J, K do not refer to Bessel functions.) If A(wu, v) 
were the transform of a function k(a, y) of L, the solution of (9.1) would therefore 
be f=kxg, and k(a#, y) could be called the inverse kernel. But if h(x, y) is a 
proper function, we know that K(u, v) oo with w?+v?, so that k(x, y) does not 
exist. 

However, in many cases there exists a sequence of approximate inverse 
kernels k,(v, y) of L, and associated smoothing functions j,=k,*h, such that 
the approximate solution f,=k,*g is the smooth of f with j,, is stable, and under 
certain conditions the sequence f,(x, y) converges uniformly to f(#, y). Observe 
that, when g(x, y) is specified by its values at a finite set of points together with 
an interpolation formula, there is in general no exact solution f(#, y), and the 
best we can do is to find an approximate solution f, such that g,=h«f, agrees 
with the observational data within acceptable limits of error. It will be shown 
that, whether f(x, y) exists or not, the sequence g,(x, y) converges uniformly to 
g(x“, y) ; provided that g(x, y) is bounded and of bounded gradient everywhere, 
that is, 


| 9’, y') g(a, y) |<moe(a' a, y’—y), eee (9.2) 
Q(x, y)=| (w?+y?)? ’ ao? + ¥? < M?/m?, 
=M/m, a2 +y2> M2/m?2 ; 


and provided also that, for <>0, there exists an integer N such that 


iy [ lJn(@ ¥) |p(a, w)dady<e/m ............ (9.3) 


for every n>N. We suppose also that the j,(a, y) are normalized : 


| | Ja, Y)dkdy ==1) a= 1. os eee (9.4) 


foe) 


We now give a formal statement and proof of these results. 
Statement.—It 


(i) g is bounded, and integrable in every finite region, 
(ii) g is of bounded gradient everywhere, as in (9.2), 
(ui) functions k, and j,=k,*h can be chosen such that (9.3) and (9.4) 
hold, and h, k, are L, 
(iv) fnr=Kn¥g 5 


SHARPENING OF OBSERVATIONAL DATA IN TWO DIMENSIONS 49 
then 


(v) f, is bounded, and integrable in every finite region, so that J, =f, 
exists, 
(vi) as is L, and In =) n¥9; 


ss 


(vii) f, is continuously determined by g, 


see 


(viii) | g,—g |—0 everywhere uniformly as n->oo. 


If also 
(ix) f exists such that g—hxf, and f is bounded, and integrable in every 
finite region ; 
then 
(x) iP =),*f- 
If also 
(xi) f is of bounded gradient everywhere ; 
then 


(xii) | f,f|—-0 everywhere uniformly as noo, 


Proofs 

(v) Since f,=k,*g, and k, is L, (v) follows from (i). 

(vi) Since h,k, are L and j,=k,xh, therefore j, is L. Also, by (v), (iv), 
and (iii), g, =h«(k,+*g)=(hxk,)*g =j,*g, the change in order of integration being 
justified by absolute convergence. 


(vii) Let Ag(z, y) be a variation of g(a, y), such that | Ag(x, y)| <e for all 
(x,y). Let Af,(a, y) be the corresponding variation of f,(x, y). Then, since 
ie, 6 Li, . 


n 


| Af, |=| kntAg |<], |*] Ag | <e| | |X, (#, y) | dady=c0,, 


where C,, is a positive number depending only on n. Therefore f,(”, y) is con- 
tinuously determined by g(a, y), that is, it is stable. (But note that this con- 
tinuity is not uniform with respect to n, for C,—0o with n.) 


(viii) From (vi) and (9.4), 


| g(x’, y')—g(a’, y’) |=| | | ‘ jnr(v’ —a, y' —y) g(a, y) —g(x’, y’)dady | 


<m | | | jn(co’ —a, 4’ —y) | ol’ —a, y’ —y)darddy 


<€, 100 #21), 
by (9.2) and (9.3). 


(x) Since h, k, are L, we have from (iv) and (ix), 
fr=hne(h*f) =(k,*h)*f =),*f. 
(xii) Proof is similar to the proof of (viii). 
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The treatment above owes much to Kreisel’s ‘“‘ Theorem A” (1949). In 
our notation, Kreisel assumes (ii), (iii), (ix), and (x) and deduces (iv), (vii), and 
in effect (viii), though without explicitly using the idea of a sequence. To 
facilitate comparison of the two treatments, we give a conversion table for 
notation : 

Burr : f fu S02 29a a ee ee 

Kreisel : be Dk ee BAR ee 


The conditions (iii) may be relaxed sufficiently to admit improper functions 
of the form 
Ken(8) Y) =C,S(@, YAU (@, Y)y on cee cece eccenrees (9.5) 
where J, belongs to L; and the theorem remains true, with slight modifications 


in the proofs. 
In another variant, (9.3) is replaced by the condition that 


J(u, v)—>1 uniformly in every finite region, .... (9.6) 
and (ii) is replaced by the condition that gis L and continuous, with the remaining 
conditions unchanged. It follows that g, is L and continuous, and G,=J,G, 
and proposition (viii) is replaced by 
G—G,=(1—J,)@ 
30 as 00, 5 wees (9.6a) 

by (9.6). In this variant, the writer has been unable to prove that g—g,—0 
except in the rather restrictive case in which g, G both belong to L. However, 
most computers will accept (9.6a) as sufficient justification for using the process 
with any observational data. Similar remarks apply to f, F when these functions 
exist. The proofs of (v), (vi), (vii), and (x) are unchanged. 

We now give two forms for the sequence of smoothing functions which 
have been used in numerical problems. 

Kreisel (1949) chooses smoothing functions of the form 


jal, y) =(27c0,b,)-e-H antl, (9.7) 


where a,, b,, +0, a8 n> oo, so that (9.3) and (9.4) are satisfied. The approximate 
inverse kernels k,(7,y) have then to be computed through their Fourier 
transforms : ~ 


R,(u, v) =[A(u, v)]2e Kanne +00, 
The method is applicable only if the k,(x, y) exist and belong to L. It is valid 
for algebraic kernels such as (2.7), for which some functions k,(r) have been 


tabulated by Bullard and Cooper (1948). But, if H(u, v) has zeros or if the 
kernel is Gaussian, the form (9.7) is not applicable. 


The second form for the sequence is given by 
J, =1 (1 Hs cacao (9.9.) 
K,=1+(.—H)+(1—H)*+. . +H) 
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Since H?, H?,. . . are the Fourier transforms of 2rheh, 2chxh*h,. . ., which 
belong to L, it follows that j, is L, and that 


k,(%,:4) =nd(a, y)—L,(@, y), 26. ee cee (9.11) 


where 1,(7, y) is L. Also, from (9.9), since H(u, v) is continuous, we see that 
(9.6) is satisfied provided that 


ie ae (9.12) 


everywhere. We conclude that when the kernel satisfies (9.12) the method is 
applicable under the conditions discussed under equation (9.6a). Approximate 
solutions of this form have been discussed or applied by several authors, for 
example Burger and van Cittert (1932, 1933) and van de Hulst (1941). 

It is easily verified from (9.9) and (9.10) that the sequence f, satisfies the 
recurrence relations 


fnti=9 th, —hefins n=0, 1, 2, Sn Po ero (9.13) 
Sn4i—tn=(fn Sea) hx(f, Sms m=1, 2,3,.. ., .. (9.14) 
with fo>=0,f,;=g. From (9.13) we can compute f,, fs, f,,... in turn, one 


integration being required at each step. (By one integration we mean one for 
each point (#, y).) Note that an error e(z, y) introduced at any step will be 
reduced after a further m integrations to an error whose Fourier transform is 
[1—A(u, v)}"E(u, v), which tends to zero as m->co. Equation (9.13) may 
also be written f,,,—f,=9—9,, 80 that the process may be stopped when 
Fnai—f, is smaller than the errors of observation in g. The numerical integration 
is easier if (9.14) is used instead of (9.13), because f,—f,-, is in general 
numerically smaller and of smaller gradient than f,. We have taken for our 
first approximation f,=g, but any function could have been taken. Thus the 
computer can use his judgement in selecting a trial solution for f,, compute f, 
from (9.13) and f;,f,,... from (9.13) or (9.14). In numerical examples. 
with circular symmetry, it was found that graphs of the sequence (f,,,—f,) 
along a diameter formed a ‘‘ smooth ”’ sequence of curves, and after plotting 
four or five such curves it was possible to extrapolate the sequence with tolerable 
accuracy and sketch the form of the next two or three curves. The sum of the 
ordinates of all these curves gave the distribution finally adopted for f(a, y). 


Alternatively we may compute the approximate inverse kernel k, in the 
form (9.11) for some particular n, say n=5, and then obtain f, in a single 
integration : 

f,, = I SNG HLAG. ok ee oe ees (9.15) 


We then form g, =h«f,, and, if g—g, is not negligible, we can compute fy, fs, - - - 
in turn using the recurrence relation 


Fmt)n mn = hn*(9 —I mn) a0, ute 9.0 6) 


in which we have taken f,=0, although it is possible to choose fy arbitrarily, | 
setting g,—h*f,. The computation of 1,(”, y) is tedious, but is worth while if 
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several observed distributions with the same kernel have to be sharpened. It 
can be computed by n—2 integrations, 


L, =,Coh —,Cgheh+ ,cghxheh—. . ., 


or by taking two Fourier transforms : 


L,=n— oe yk 
though this may not be practicable except in cases with circular symmetry. 
If the kernel is expressible as a sum of Gaussian terms or as a sum of terms of 
the form a(b2-++r2)-3/2, then 1, (7) can be expressed in the same form. For example, 
if 
h(a, y) =o(a, b2) =(27cab) le — Hoa? + 9*/0"), 
then 
1,(@, y) =10¢(a2, b?) —10¢9(2a?, 2b?) +5¢(3a?, 3b?) —¢—(4a?, 4b?). 


This method has been used to correct light curves of the same external 
galaxies as those mentioned in the preceding section. The function J,9(7) corres- 
ponding to the kernel (2.3) was computed, and it was found possible to integrate 
Lyo*g with sufficient accuracy to determine f,)(7) within about 2 per cent. The 
agreement of the results obtained by the two methods was very satisfying. 

From (9.15), it appears that random errors in the data g(x, y) will be 
magnified at least n times in f,(#, y). Thus the solution becomes increasingly 
unstable as n is increased. Significant errors may also be introduced by repeated 
numerical integrations. _But by using 50 or more cells on the transparent grid 
representing h(a, y) or 1,(x, y), these errors may be kept reasonably small. This 
has been verified by a test in which h(r)=(27)-1e-#", f(r)=200e—-*", 
g(r) =100e-"/*, The approximations f;, fs, fy, f; were computed analytically, 
and also by four numerical integrations using (9.14) with a grid of 55 cells 
representing h(r). The errors due to numerical integration in f,, fs, f4, f; were 
found to be not greater than 0-6, 1-0, 1-2, and 1-5 respectively. f,(r) was also 
computed directly from (9.15) with a grid of 79 cells representing J,(r). The 
errors in this case were found to be less than 1-0. These errors are regarded 
as reasonably small, because they are not larger than the errors of observation 
to be expected in g(r), which are usually at least 1 or 2 per cent. of g(0). 


X. CONCLUSIONS 

It is not possible to lay down fixed rules for deciding which method of 
solution is best for a particular problem, but the following may serve as a rough 
guide. 

(a) If the corrections are small and the kernel has the requisite moments, 
use a polynomial solution. 

(b) If the corrections are large, or the moments do not exist, or both, whilst 
| H(u, v) |>0 everywhere, then Kreisel’s method or the solutions (9.13)-(9. 16) 
(or both) may be applicable. 
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(c) If H(u, v)=0 in some region but | 1—H(u, v) |<1 elsewhere, relations 
(9.13)-(9.16) will give approximations to the principal solution, provided that 
the unwanted Fourier components are filtered out as described by Bracewell 
and Roberts (1954). 


(d) If (a), (b), and (c) are inapplicable, the solution must be obtained by 
Fourier transforms or by trial and error. In problems with circular symmetry, 
the use of Fourier-Bessel transforms is sometimes preferable to the methods 
in (b) and (e). 
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CORRECTING FOR GAUSSIAN AERIAL SMOOTHING 
By R. N. BRACEWELL* 
[Manuscript received August 25, 1954] 


Summary 


Let a two-dimensional survey with a Gaussian aerial beam establish values at 
intervals of 1/2 standard deviations. Then the correction for aerial smoothing is 
simply calculated as the difference between the value to be corrected and the mean 
of the neighbouring four values. : 


I. INTRODUCTION 

An important part of the reduction of radio-astronomical observations 
consists in correcting for the blurring which arises from the finite extent of the 
aerial beam. Methods for doing this in the one-dimensional case have been 
discussed by Bracewell and Roberts (1954), and in principle, and indeed in 
practice, the methods may be extended to two dimensions. It was shown, 
however, that some of the detail is irretrievably lost ; and, as there is considerable 
labour involved in calculating the correction, which is in any case only partial, 
there has been a tendency in recent publications of two-dimensional observations 
to omit any correction for aerial smoothing (e.g. McGee and Bolton 1954). 

There appears therefore to be scope for new methods of correction involving 
procedures less elaborate than the calculation of two-dimensional convolutions 
or two-dimensional Fourier transforms. <A sacrifice of accuracy would seem 
reasonable in order to obtain this simplicity, especially where the correction to 
be applied is small. A simple, approximate method of correction would be 
valuable for quickly seeing the effect of the correction and for deciding whether 
the labour of calculating a small correction would be worth while. 

In some current researches, the labour involved in applying the established 
methods is already prohibitive as a result of the vast increase in the mass of 
observational data yielded by the high-resolution aerials employed. The Mills 
radiometer (Mills and Little 1953) is a case in point. An attempt has therefore- 
been made to find a simple, approximate two-dimensional method of correction 
for a Gaussian aerial beam as used in that case. 

The approach to the problem was to list simple numerical operations on a 
two-dimensional array of data (graphical or tabular) and to explore the possi- 
bilities of each in turn. The operation of taking finite differences is the one 
which has proved fruitful. It is applicable to aerial beams other than Gaussian. 

As a by-product, the present theory provides, in the one-dimensional case, 
a sound alternative to a formula given by Eddington (1913) for correcting the 
blurring effect of a Gaussian distribution of errors. Eddington’s series, which 
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is widely known and used in astronomy (though not apparently in radio 
astronomy), has proved valuable in practice, but suffers from being theoretically 
doubtful (Jeffreys 1938) and from the fact that in actual use the series of 
derivatives is evaluated as a series of finite differences. 


II. THEORY 

Some preliminary notes are needed on the theory of finite differences in 
relation to Fourier theory. If from a given function another is derived by taking 
finite differences, then its spectrum is related to that of the given function in a 
way which will now be shown; first for functions of one variable, and then for 
functions of two variables. 

Let 

aA f(x) =f(a+4a) —f(a—4 

i.e. “Af(x) represents the result of taking the difference between two values of 
f(x), at values of w separated by an interval « 

Now the Fourier transform of f(x +-,) is, by the shift theorem, exp(27ia,s)f(s), 
where f(s) is the Fourier transform of f(x). Hence 


F.T. of “Af(r)=e7'%f(s) —e—Tiasf(s) 
=2i sin (xas)f(s). 
Thus, the effect of differencing a function of one variable at interval « is to multiply 
the spectrum by 2% sin mas. 


In the two- eee case let f(x,y) have a two-dimensional Fourier 


transform f(s,, s y)» For differences at interval « in the «#-direction we write 


“ASG, y)=fle+ze, y) S(@—3%, ¥), 
and for differences at interval @ in the y-direction 
PA f(a, y)=f(@, y +48) —f(@, y —38). 
As an example of the notation for differences of higher order, 
OA, Le, Y)=fl@+3%, ¥) —2f(@, y) +(e —3%, Y)s 


) 
WA fla, y)=f(e+se, y +38) —fla—ta, y +38) 
+f(@—ha, y¥—32) —f(# +30, y —38). 


By the two-dimensional shift theorem, the two-dimensional Fourier transform 
of f(v+%, ¥+Yo) iS 


EXP [127 (8, +Yo8y MG «9 Sy) 
Hence 
2-dim. F.T. of “A,f(a, y) =e™*2f(s,, $y) — —e-Tiasaf(s , 8,) 
=i sin (ra8,)f (Sy Sy) 
2-dim. F.T. of PA,f(a, y) =2i sin (xBs,)f(s, 8y), 
” 99 CALF (@, Y) =(2i sin ras f(s 9 Sy) A 
” ” OBA f(a, y)=(2i sin mas,)(2i sin TAS, )f (Sx S,). 
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With these necessary properties established, we turn to the study of the 
integral equation 


toy=[" [° A@—w yn) Tu, e)dude, 


where 7(a, y) is the true distribution of temperature and 7,,(x, y) is the observed 
distribution. To represent a Gaussian aerial pattern we take ; 
as ill m2 y? ) 
A(a, y)  Onot exp) eles +3) j ’ 
where o and 7+ are the standard deviations in the x and y directions respectively. 
Given 7, and A it is now required to deduce 7. By the two-dimensional 
convolution theorem a 
Pa (Ses 8,) =A(s $s )\P(s $s F 


eo eaeey, 2) Sy 


where T,,, A, and T are the two-dimensional Fourier transforms of 7, A, and T 
respectively. Since 


A(s,, S,)=exp { —2777(o"s,? +-78,?)}, 
it follows that 
T(8,, 8) =eXDp {277(078,? +778 ,?)}T(8.5 8y)- 
Now using the formula 


exp §2=1-sin?2 042 sin* bias sin® 0-2. 7 3, 07=. (5) 


we have 
a nat 5, 
T'(8.» 2)=(1 +-sin* TUS, +E gint mas,+. . } 
=e Laer a 
x (1-+s8in TBS, +6 sin* zBs,+. . .J7',(8,5 8,) 


: : er 
= (1 +sin? ras, +sin® 7Bs, ann sin‘ as, 


Ba : ; ai 
+ 6 sin* wBs,-+sin? mas, sin? rBs,+. . Bs, 8,)5 


1 


1 
where a=1/20, B=1/2r1, a8. <a and Bes? <7 


~. 


Hence, taking transforms, and provided that T (8,5 s,) does not extend outside 
the central rectangle of breadth «1 and height 8-}, 


1 1 
T (a, y) =T (a, YZ AaL (a; y) —FPPA yy Tal, y) 
5 5 
Hg tt Aver La; y) ay TTT y) 
1 
+ 7g egy T aly y)+. joan, . 


This equation states that it is possible to obtain the true distribution by the 
application to the observed distribution of a series of corrections formed by 
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differencing the observations. If T(x, y) contains Fourier components of spatial 
frequencies for which | s,|>4o-1 or | s,|>48-1 they will be severely reduced 
by Gaussian smoothing and will not be recoverable by the present process ; 
however, their presence will not interfere with the application of the method. 
An approximately Gaussian aerial beam produced with a finite array will not 
receive spatial frequencies beyond a certain limit, and in the case of Mills’s 
aerial this limit agrees, within a few per cent., with the natural limit set by the 
method. 

Bearing in mind the purpose for which the equation was established, we 
now limit attention to the formulae resulting from the retention of two terms 
only. Then 


T(«, y) 
D0, y) FT le +40, y) + L,(0 ey y) 20 0, 9) 
HL ler, y +48) +2,(0, y—¥8) 22 0, 9) 


Sle v) [2.0 y) —ral@ the Y) +L e(o— Fe, WY) +To(@, y +48) +2 (a, ey) 


Fig. 1.—How the correction to the value 100 is calculated. 


The correcting procedure based on formula (1) is as follows. Tabulate the 
values of Ta(X, y) in a two-dimensional array at intervals of 1/26 and 1/27 in the 
x and y directions respectively. Subtract the mean of the four values surrounding 
any particular point from the value at that point, and the result is the correction 
to be applied to that value. For example, in Figure 1 the mean of the four values 
surrounding the value 100 is 97. The corrected value is therefore 103. The 
alternative arrangement of formula (2) gives the correction as the mean excess 


i 
of the value 100 over the four surrounding values, namely, 40 +2-+3-+2)=3. 
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III. TRIAL OF THE FORMULA 
It is sufficient to test the formula in the one-dimensional case, where it 
reduces to 


T(«)=T (x) — FNL se) 


A convenient distribution 7 in Figure 2 was taken and smoothed with a Gaussian 
aerial pattern to obtain the 7, shown. For comparison purposes, 7, was then 
smoothed so that the dotted curve, representing a single stage of restoration by 


T (TRUE DISTRIBUTION) 


\ A 
[ \ (AERIAL PATTERN) 


KS 


Fig. 2.—Numerical trial of correction by one stage of differencing. 
O Values of 7’, used for differencing. 
x Values corrected by differencing. 
--- One stage of correction by successive substitutions. 


successive substitutions, could be plotted. T, was then read off at the six 
points}marked by circles, and the above formula applied to obtain the corrected 
values shown as crosses. 

This test shows that, in this case, the simple formula gives the order of 
magnitude of the correction correctly and that it is as good as a single stage of 


correction by successive substitutions, which is of course much harder to compute, 
even in the one-dimensional case. 
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IV. RELATION TO EDDINGTON’s FORMULA 
The one-dimensional solution is 


T(x) =T (a) ~FUP, (0) fe oaAtP (0) zai 


This equation may be compared with Eddington’s formula for dealing with the 
same problem 


P(e) —T (0) JT ,"(a) +0 (a)—. . . 

In practical applications the differential coefficients are replaced by finite 
differences and, if only one correction term is taken, the two procedures may be 
shown to be the same since the Gaussian function assumed for the purposes of 
Eddington’s formula has a standard deviation of 1/4/2. 

The derivation of Eddington’s formula is known to be doubtful (see Jeffreys 
1938). The method of deriving a finite-difference formula by Fourier methods 
seems to be a better approach. 


V. DISCUSSION 

In approximate terms we may say that the negative second difference 
measures the upward convexity (or downward curvature) of the data. Where 
this is a maximum, as in the vicinity of a peak, the effect of the correction is 
greatest and is in such a sense as to increase the height of the peak. Near points 
of inflection the correction is small and changes sign. These features may be 
observed on Figure 3 which shows two curves, one obtained from the other by 
smoothing. The correction clearly agrees closely in sense and magnitude with 
the curvature. 


MAXIMUM 
CORRECTION 


MAXIMUM 
CURVATURE 


Fig. 3.—A curve (---) obtained from another (——) by 
smoothing. 


The precise interval over which the differences are to be taken is prescribed 
by the theory. But if the data do not show much change in distances of several 
beam widths, then a coarser interval may be desirable to save numerical work. 
Also, small adjustments to the interval may be desired for numerical or graphical 
reasons. Differences taken over an interval m times wider than pre- 
scribed (ma instead of a) will be approximately m* times greater, since 
sin? mmas~m? sin? nas. Within the limitations of this approximation, adjust- 
ments may be made to the interval, the factor m? being allowed for. 
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A METHOD OF CORRECTING THE BROADENING OF X-RAY 
LINE PROFILES 


By R. N. BRACEWELL* 


[Manuscript received September 8, 1954] 


Summary 


A numerical method is presented which allows X-ray line profiles to be corrected 
for instrumental broadening. It provides an alternative to the use of Fourier analysis 
as described by Stokes. A special development of the method (as hitherto used) is 
necessary to permit its application to X-ray analysis where the Ka doublet constitutes 
a complication. 


I. INTRODUCTION 

X-ray powder photographs taken with characteristic X-radiation reveal 
facts about the powdered material, such as size of particle and condition of the 
crystal lattice structure, which have given rise to the developing subject of 
X-ray metallography (see Taylor 1945). The information is contained in the 
shape of the line profile as measured from the X-ray photograph with a micro- 
photometer or directly with a Geiger counter spectrometer. However, the 
profile is subject to influences other than that under study and it is necessary 
to make allowance. For example, if the size of the particles is of interest, 
allowance must be made for the geometrical details of the X-ray camera and a 
number of other factors which combine to produce appreciable broadening ; 
and if the state of strain of the lattice is under study then it is necessary to 
allow, in addition, for the broadening due to the finite size of the particle. 
Furthermore, K« radiation, commonly used in X-ray powder diffraction, is in 
fact a doublet which causes further complication when conditions are such that 
it is neither fully resolved nor fully unresolved. 

In early work Scherrer corrected the width of the observed line by sub- 
tracting the width obtained when the phenomenon under study was absent. This 
is hardly reasonable (although there is a special case in which it is valid), and 
subsequently Taylor (1941) considered the modifications which arise if the line 
profiles are Gaussian. In this work the observations were not deemed adequate 
to yield more than one parameter, the line width. It has since become desirable 
to calculate the line profiles without initial assumptions as to shape. The 
Fourier analysis method for this has been described by Stokes (1948) and a 
relaxation method has been given by Paterson (1950). 

The basic problem arises in very many connexions and has been recently 
discussed, with respect particularly to radio astronomy, by Bracewell and 
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Roberts (1954). The process of successive substitutions, which they describe, 
ought to be applicable in X-ray analysis, bringing with it its advantages. Direct 
application is, however, usually impossible since the splitting of the Ka line 
causes the process to diverge. This difficulty has been overcome by the intro- 
duction of a simple method of removing the effect of the doublet. 

The present method is free from the subjective element of Paterson’s 
method and rather shorter. It is much less laborious than Stokes’s method. 
The latter method is, however, the appropriate one where, as in lattice distortion 
studies (cf. Averbach and Warren 1949), one requires the Fourier transform of 
the corrected profile. 


Il. THE PROBLEM 

Let A(é) be the apparatus function or instrumental profile. In the typical 
case shown in Figure 1, A(&) has two humps corresponding to the two components 
of the doublet, and the broadening of each component is due to the geometry 
of the camera, etc. This profile was determined experimentally on annealed 
aluminium. If the aluminium is now subjected to cold work which would 
broaden an infinitely narrow line into a profile #'(&), then the distribution actually 
observed would be G(&). 


A(é) 


rae 


Fig. 1 


The actual case illustrated in Figure 1 and tabulated in Table 1, has been 
taken from Paterson (1950), with small changes in normalization and interval 
of tabulation. 


The relation between the three functions is 
ae)=| A(E—u)F(ujdu. ta ..<l se. ete. (1) 


Given G(Z), and knowing the effect of the apparatus A(£), it is required to find 
F(é). 
Now A(é) and G(é) may be expressed in the following form 


GE) = | 7 ye a de (3) 


where Tr(€)=98(€) +43(&—o), 3(2) is the unit impulse function, and ois the Separa- 
tion of the two components of the K« doublet. We are here using the fact that 
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the intensities of the two components are in the ratio of 2 to 1. Solving these 
integral equations would yield «(€) and y(&), which are the forms that would be 
taken by A(é) and @(é) if the doublet were a Single line. This is not a difficult 
step, but to clarify the exposition we shall defer the explanation to Appendix I, 
meanwhile assuming that «(£) and y(&) have been obtained from A(&) and G@(&). 
Figure 2 shows «(&) and y(&). 


TABLE | 

A(&) x 108 F(E) x 108 G(E) x 103 
2 0 il 
9 3 3 
42 4 5 
114 7 8 
228 8 1183 
314 be 19 
192 20 30 
68 4] 50 
28 58 70 
28 9] 98 
59 129 124 
114 151 138 
157 145 11835) 
96 115 120 
34 85 105 
11 53 89 
3 33 84 
1 18 82 
12 80 
8 72 
6 58 
3 43 
0 28 
18 
11 
7 
4 
3 
2 
] 


From equations (1), (2), and (3), 


Ip yE—wpta(ujde= | ° if F(Z —u)a(u—w) i (w)dudw, 


and from this it may be shown that 
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provided that the Fourier transform of Ii(é) has no zeros, a property which 
may readily be verified. Equation (4) shows that the relationship between 
y, «, and F is the same as that between G, A, and F as in equation (1). 
The method of successive substitutions yields the solution of (4) as the 
following series : 
F(S)=y(S)+eatest- - + 


where 


This series converges if | 1—a(s)|<1 for all s for which y(s)40, where «(s) 
and x(s) are the Fourier transforms of «() and y(&) (see Bracewell and Roberts 
1954). When the condition is not met, the series may still give an asymptotic 
representation of #'(€), even though ultimately divergent (Bracewell, unpublished 


a(€) 


y(€) 


Fig. 2 


data). It will be found that A(é) fails to fulfil the convergence condition, on 
account of the violent disturbance due to the doublet. But in equation (4) 
this effect has been removed and, although technically the condition is still not 
met, it fails only for large values of s which do not play an important part if only 
a few stages of correction are required. The series is thus asymptotic to F(é). 

The working is shown in full in Table 2 for the present case. In the first- 
column appear the values of « (Fig. 2), the instrumental profile corrected for 
doublet effect by the method of Appendix I. The column $—z« is derived from 
the first column by subtracting the latter from the sequence ...00100.... 
It is written on a movable strip of paper and in the reverse sense. (The necessity 
for the reversal of sense will be found in the occurrence of the variable w with 
opposite signs in equations such as (1).) The column y (Fig. 2) is obtained 
from the observed distribution by correction for doublet effect. The values 
of the first correction term ¢, are then calculated by summing products of 
corresponding numbers in the second and third columns ; e.g. the value marked 
with an asterisk is equal to (—2) x1+(—7) x3+(—23) x5+. . ., and is written 
opposite the arrow. The remaining values are obtained by sliding the movable 
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Strip up and down. Succeeding correction columns are obtained from their 
predecessors in exactly the same way. 

Corrections up to 12 per cent. are introduced by €,, and up to 3 per cent. 
by <,. The next set of corrections, if calculated, will be found to be all legs 
than 2 per cent., which, in the present case, is negligible. The last column, 
Y+£,+€, is thus the approximate solution yielded by the method of successive 
substitutions, and is shown as F(Z) in Figure 1. 


TABLE 2 
a x 103 (S—a) x 108 yx 103 e, X 108 &_ xX 108 y+e,te, 
(read upwards) 

2 —2 1 —l 0 0 
9 —7 3 —l ul 3 
42 —23 5 2 =I 4 
114 —67 8 2 a] 7 
228 —192 12 —4 0 8 
314 +686 |——> 19 —6* —l 12 
192 —228 30 —8 —2 20 
67 —l14 49 —7T il all 
23 —4? 69 —7 —4t 58 
ai —9 95 —l —3 91 
2 =a 120 +8 aint 129 
132 +15 +4 151 
126 +15 +4 145 
105 +9 +1 115 
80 —5 0 85 
55 —0 —2 53 
36 —2 —1 33 
22 —3 —l 18 
14 —2 0 12 
9 —l 0 8 
6 —0 0 6 
3 —0 0 # 
] —l 0 0 
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APPENDIX I 
, Removal of Doublet Effect 
To solve 


Wa= | © gE a) anjda 


— oo 


for «(€) when A(&) is given and I1(€)=38(€)+468(€—c), we apply the method of 
successive substitutions. 


Then 


a(6)=A(E)tmtnet..- , 


where 
ot =| i A(E—u)[d(u) —Ii(u) ]du, ete. 


But this reduces to 
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which is the same as A(€) but changed in sign, halved, and shifted by o. And 
NH. Must be obtained from y, in the same way. Hence finally 


alc) —A(E)—FA(E—o) + aA(E—25)—. .. «2... (5) 


Once this simple formula has been obtained, it is easy to understand (see Fig. 3).. 
A sufficient condition that it should converge is that |1 —TIi(s) |<1, where 
Ii(s) is the Fourier transform of I1(€), and this condition is met for all s. 

In obtaining «(@) from A(é) only one correction term need be taken, and in 
obtaining y(&) from G@(é) only two. 

Equation (5) has been given by DuMond and Kirkpatrick (1931) who derived 
it by a direct argument. They state that the series converges, adducing the 
(insufficient) fact that the terms tend to zero. <A process formally equivalent 
to equation (5), but adapted for greater convenience in use, has been given by 
Rachinger (1948),* and practical hints are contained in a note by Pease (1948). 
The present posing of the problem as an integral equation appears to be novel ; 
it readily yields the proof of convergence, and shows that «(&) is not restricted 
to functions which fall to zero outside a finite range of €, nor even to functions. 
which approach zero at all. 


* The author is indebted to Dr. M. S. Paterson of the Research School of Physical Sciences, 
Australian National University, for the reference. 


A GENERAL EQUATION FOR THE CHOICE OF GLASS FOR 
CEMENTED DOUBLETS 


By W. H. STEEL* 
[Manuscript received June 21, 1954] 


Summary 


A general equation is derived for the choice of glass for cemented doublet objectives 
for any object distance or residual aberration. The case where the aberrations are 
zero is studied in detail. 


I. INTRODUCTION 

In the design of a cemented doublet with prescribed amounts of longitudinal 
chromatic aberration, spherical aberration, and coma, two of the three variables 
required are provided by the radii of the surfaces, and the third must be chosen 
from the refractive indices and dispersions of the two glasses used. As the 
properties of available glasses cannot be represented by continuous variables, 
it is most economical of time if a suitable pair of glasses is chosen from those 
available as the first step of the design. 


Brown and Smith (1946) have published tables which make possible the 
choice of glass when the object is at infinity and when the spherical aberration 
and coma are completely corrected. In this paper, a general equation is derived 
to cover the cases of finite object distances and uncorrected aberrations. The 
present analysis, like the work of Brown and Smith, is based on third order 
aberration theory and the results are strictly valid only for thin, low aperture. 
objectives, but it is probable that the equation has wider application in practice, 
for the author has shown (Steel 1954) that glasses chosen from the Brown and 
Smith tables are suitable at all practical apertures. 


The final equation obtained is a quintic in the relative dispersions of the 
two glasses. To avoid the need for solving such an equation, the special case 
where the aberrations are corrected is treated here in sufficient detail to cover 
the object distances used in practice. However, in the general case, this quintic 


would have to be solved, or an alternative approximate method given by Corrias 
(1953) could be used to find suitable glasses. 


* Division of Physics, C.S.I.R.O., University Grounds, Sydney. 
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II. DERIVATION OF EQUATION 
For a doublet of power K, the total curvatures c, and ¢, of the two com- 
ponents must satisfy the condition 


ie esl Bl Oca C7 Tieng @) ew: Oe eer ea (1) 


where n, and m, are the refractive indices of the two glasses used ; in this paper 
they are taken for the e ray (5461 A). 


(a) Chromatic Aberration 
If the chromatic aberration has a prescribed value, the two curvatures 
must also satisfy the condition 


Hedy. Hin, “Doty, = 4A. . so eae ean: (2) 
where v, and v, are the Abbe values for the two glasses, again taken here for 
the e ray, ve=(Ne—1)/(ny—nc). The chromatic aberration is then given by 

Deh |V*—Leh[P=KA=23B fy, 2.2... eso. (3) 
l and l’ being the object and image distance, y the semi-aperture, Zch and Lch’ 
the longitudinal chromatic aberrations before and after the doublet, and dH 


the corresponding increase in the wave aberration LL. 
Hence it follows that 


. ! = ae 
lp —A ingly A (p= 1), =I)’ (“) 
where 
ev, = Ay;) ‘ 
P v,(1 —Ay,) =o) 8. 9) @) e).8) ©) as: wile) ais. @ 1B) 9\-6) 66) elel.e\ = ei helen ouie' -e ( ) 
eat in Brown and Smith’s notation. 


When the chromatic aberration is corrected, 9=v,/v,. 


(b) Coma 
The third order coma may be represented by C where 
C= DOU SOS GAR AS=20W noma YO Bay «WIT s iow i (6) 


OSO’ being the offence against the sine condition and 5W om, the increase in the 
coma wave aberration at an angular semi-field e’. 

The standard equation for the third order coma of a cemented doublet 
(Conrady 1929) may now be solved for ¢,, the contact curvature, giving 


o(p—1){e(1 +a) —(1+0)} Aa 
=K{{p +v(e 1) }{p(2 +a) —(2+6)} — = +> +(e —1)], -- (7) 


a 


where a=1/n,, b=1/n,, and v=1/K1, the reciprocal object distance at unit 


power. 
The other curvatures are es by 


0,40, Ogg Up” Bie hee ated eed (8) 
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(c) Spherical Aberration 
The third order spherical aberration may be represented by S where 


LA, |V?—LA ,/2 = Ky?8/2=48W ,/y?, ..-------- (9) 


DA, and LA» being the third order longitudinal spherical aberrations before 
at after the aonbiet and 3W,, the corresponding increase in the wave aberration. 

If this value S and the vale of ¢,, ¢,, and ¢, are substituted in the standard 
equation for the primary spherical aberration of a doublet (Conrady 1929) the 
following equation is found connecting p and a, x being p+v(e—1), 


(outa —c4on"| Raa S(o—1)* +2(¢°—1—4C(e—1) 


—2#(p(5+20)—64+420)} 


: 2+a 246 
Het sa—a4on| eo O(e—1)? nota) —24+0)| \e ie 
2 l 2 
2-4) C(e—1)?—a{e(2 tay —2409] (014 {e(1-+2a)—(1 + 26)}= 


For given values of the reciprocal object distance v, the aberrations C and 8, 
and the refractive indices, this equation may be expanded as a quintic in op, 
giving a generalized form of Mossotti’s equation (Argentieri 1954). Only 
positive roots are of practical interest; in the cases studied there is only 
one which is greater than unity for n,<7n, (the crown leading doublet) and less 
than unity for n,>n, (the flint leading doublet). It should also be noted that 
the root for a given value of v is the reciprocal of the root of the equation when v 
is replaced by —(v-+1) and n, and n, interchanged, for this represents a reversal 
of the light path. 

The Brown and Smith tables give solutions for the case C=S=0 when 
v=0 and when v=—1. 


IIT. APPLICATION 

(a) General Case 
The general method of choosing a suitable pair of glasses would follow 
closely that used by the author (Steel 1954) for telescope objectives. One glass 
is chosen tentatively and the curve representing the glasses which can be used 
' with it is plotted on a glass chart of ve and ve using points obtained by solving 
equation (10) for different indices of the unknown glass. If this curve does not 


pass sufficiently close to an available glass type, another initial choice would 
have to be made. 


(b) Corrected Doublets 
The numerical solution as a quintic is tedious but the reverse problem of 
finding the value of » for which a given glass pair is suitable is much simpler, 
involving only the solution of a quadratic. This method has been applied to the 
case of corrected doublets by solving for v for a typical selection of glass pairs. 
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When C=S=0, equation (10) may be expanded in powers of x to give 


x?(e—1)8§—a fea) aoe +a)—(2+6)} 


(e—1(e@1)fe(-+a)—(1 7) 
+{o(2+a)—(2 +o) =u} en +a)—(1+b)} 


—(e*—I)fe(1-+a)—(1 +o} — 


7 


1—a 


1 


[or 


1 


Jylao 


The two roots of this equation coincide when 


\(e—Ae*—1) +(ap i)( e 


2 


= 1 
1—=a 1—6 


sana 
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OG bed Gano 


e 1 


a es 


2 1 
( ae 
eae (CW 


iL se) 


The value emin, given by equation (12) is the minimum value of p corresponding 
to a given pair of indices n, and n, for which real solutions of v exist. The 
corresponding value of v is given by 


pak 
0 (hee bh) 
(e—1)? P 


—= 


igen ee 
es Cor ds pram rar 
(ele 


wee (43) 


Vnin. = 9 <1. 

Several common crown and flint glasses were selected from the catalogues 
of Messrs. Chance Bros. and of Messrs. Schott & Gen, and the results for doublets 
formed of these glasses is given in Table 1 in which are listed pmin, and Ymin, and 
the two solutions of v, if real. Only the crown leading form is considered, as 
the flint leading form can always be considered in reverse. 


TABLE 1 


RECIPROCAL OBJECT DISTANCES FOR TYPICAL GLASS PAIRS 


Glasses Indices (e ray) v Value re) Minimum Solutions 
(e ray) ValYe Values 
Crown Flint Ne Ny a b Pmin. Vmin. Vy Vo 
BSC, EDF 1-51160 1-65568 | 64:6 33-8 | 1-910 | 1-899 —1-13 | —0-65 —1-58 
DF 1-51160 1-62667 | 64:6 36-2 | 1-784 | 1-849 —1-05 — 
BSC, EDF 1-51951 1-65568 | 64:3 33-8 | 1-901 | 1-878 —1-11 | —0-44 —1-72 
DF 1-51951 1-62667 | 64-3 36:2 | 1-775 | 1-825 —1-02 — 
HC EDF 1-52104 1-65568 | 60-6 33-8 | 1-792 | 1-874 —1-10 — 
PSK3 EDF 1-55483 1-65568 | 63:5 33-8 | 1-876 | 1-778 —0-99 | —0-44 —2-12 
F4 1:55483 1-62111 | 63:5 36-8 | 1-726 | 1-684 —0-89 | +0-:03 —1-74 
MBC EDF 1-57782 1-65568 | 57-9 33:8 | 1-712 | 1-712 —0-93 —0-93 
DF 1-57782 1-62667 | 57-9 36-2 | 1-599 | 1-603 —0-83 — 
DBC EDF 1-59113 1-65568 | 62:0 33-8 | 1-833 | 1-650 —0-88 | +0:76 —2-27 
DF 1-59113 1-62667 | 62-0 36-2 | 1-712 | 1-582 —0-78 | +0-89 —2-27 


x 
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The results are shown graphically in Figure 1 where e/?min. is plotted against 
0—Umin, using extra results from the glass pairs BSC,-EDF, PSK3-F'4, and 
MBC-DF with hypothetical values of p. Although the points for the different 
glasses do not lie exactly on a common Curve, they are sufficiently close to 
it within the range of v studied, for the author has shown (Steel 1954) that, for 
telescope objectives, the smallest tolerance on ¢ is +0°01. 

PSK3-F4 A 
BSC, -EDF fo} 


MBC - DF 
OTHER GLASSES 


Obpo.x 


=i ce) 


=2:0 


1:0 2-0 


Fig. 1—Variation of relative dispersion p=v,/v, with reciprocal 


object distance v for unit power objectives. 


This curve may be used to find the range of v that corresponds to a given 


tolerance on o. 


These latter tolerances are given in the article cited; for 


de=+0-01, Table 2 has been drawn up to show the appropriate glass pair for 


TABLE 2 

GLASSES SUITABLE FOR A GIVEN VALUE OF v WHEN S0=-+0:01 
Range of v —1-92, —1-85| —1-82, —1-64 1-82, —1-58 1:79, —1:-72| —1-72, —1-34 
Glasses DF-—DBC PSK3-F4 BSC,—-EDF EDF—DBC BSC,-EDF 
Range of v —1-35, —0-47 1:19, —0-47 1-12, —0-92 0-938, —0-48| —0-72, —0-33 
Glasses MBC-EDF MBC-DF* F4-PSK3 BSC,-EDF EDF-PSK3 
Range of v —0-68, —0:41 | —0-67, —0:28| —0-59, —0-32 0-52, —0-07| —0-53, +0-19 
Glasses EDF-BSC, PSK3-EDF BSC,-EDF EDF-BSC, DF-MBC* 
Range of v —0-53, +0-35 | —0-08, +0-12| +0-34, +0-72| +0-58, +0-82| +0-64, +0-82 
Glasses EDF-MBC PSK3-F4 EDF-BSC, EDF-BSC, F4-PS8SK3 
Range of v +0-72, +0-79) +0-85, +0:-92) +1-07, +1-17 
Glasses DBC_-EDF DBC-DF EDF-PSK3 


* Although the pair MBC_DF has no real roots for v, the difference pmin, —v al¥, is 0-004 and 
so lies within the tolerance }6=+0-01. 
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any given value of v in the range —2<v<1. Flint leading objectives are also 
included, the type of objective being shown by the order in which the glasses 
are listed. 

It is seen that the range of real images, —1<v<0, is well covered by the 
glasses studied, and that the same glasses cover large regions of the total range 
of v. In particular, the four glasses BSC,, BSC,, MBC, and EDF can be used 
for all values of v from —1-82 to +0-82. 


As the presence of chromatic aberration does not change the form of 
equations (11), (12), and (13), a similar method may be used for choosing the 
glass when this aberration is present, provided that o is derived from equation 
(5). But an extension of this method to the case of the other aberrations does 
not seem warranted and these cases would best be treated along the lines indicated 
in Section IIT (a). 
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THE DETERMINATION OF ELECTRON TRAJECTORIES IN THE 
PRESENCE OF SPACE CHARGE 


By D. L. HoLiway* 
[Manuscript received July 15, 1954] 


Summary 


The analogy between space charge in an electrostatic field and current sources in an 
electrolytic tank is considered and methods of simulating clouds of distributed charge 
by discrete current sources are developed. 


The field patterns of charge regions of simple geometrical shapes are compared 
with those of sources and from these results rules are deduced giving the dimensions 
and arrangement of a source array suitable for any particular problem. 


Experimental results show these principles applied to a plane diode, an axially 
symmetric electron beam, and a general asymmetric beam. It is concluded that in 
most problems space charge can be represented adequately in electrolytic models by 
a comparatively small number of sources. 


I. INTRODUCTION 

Although several different electron trajectory tracers have been described 
by Gabor (1937), Langmuir (1937, 1950), Marvaud (1948, 1952), and Sander, 
Oatley, and Yates (1949), comparatively few machines of this kind are in use. 
At the same time, problems requiring a knowledge of the paths of electrons 
or other particles arise frequently and are rarely in a form amenable to direct 
calculation. 

One of the reasons why more use is not made of path tracers is that the 
effect of space charge is neglected. In many problems of practical interest 
this leads to appreciable errors. For example, a converging electron stream 
which is traced to a fine focus may be found to broaden excessively when the 
current is raised to a useful value, while deflected beams may be changed in 
position and shape by the influence of their charge. Frequently these effects 
limit performance, so that the tracings are least accurate when they would 
otherwise be of the greatest value. 

In an attempt to overcome this limitation Musson-Genon (1947) devised” 
an electrolytic tank in which the depth of the liquid was varied locally by an 
amount depending on the space charge density in that region. Recently Alma, 
Diemer, and Groendijk (1953) have solved space charge problems by adding 
distributed forces to models based on the rubber membrane analogy. 

In the present work purely electrical methods have been developed, the 
space charge being represented by currents injected from sources spaced at 
intervals in an electrolytic model. Methods have been found of spreading the 
currents over an appreciable volume of the liquid in order to represent distributed 
charge and of finding the strengths and positions of the sources. 


* Division of Electrotechnology, C.S.I.R.O., University Grounds, Sydney. 
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II. THEORETICAL Basis 
(a) An Outline of the Method 

In the majority of space charge problems the charge distribution is unknown 
initially. As a first step, a family of trajectories is drawn for the given boundary 
conditions but neglecting space charge. A semi-automatic electron path tracer 
attached to an electrolytic tank is used, the paths being traced, without com- 
putation, in a few minutes. Sufficient paths are drawn to subdivide the beam 
into “ tubes of flow ’”’ small enough to be considered to have uniform current 
density across any section. A pattern of current sources is then set up, using 
the principles to be described later, to correspond to the charge distribution 
predicted from the flow lines and the measured potential. The gradients from 
these sources modify the trajectories and the source currents are readjusted to 
suit the new flow lines. The successive approximations usually converge 
rapidly. 

The use of current injection raises the problems of representing, by means 
of concentrated sources, charge distributed over an appreciable volume, as the 
sources are surrounded by strong local gradients which would cause distortion 
of the trajectories. It would be possible to reduce these by greatly increasing 
the number of current injection points, but as each of the currents has to be set 
individually, this becomes impossibly complicated. A solution which reduces 
to a minimum the number of injection points has been found from a consideration 
of the source field patterns and the results have been reduced to a number of 
simple rules for finding the dimensions, disposition, and strengths of the current 
sources. . 

In many problems it is only necessary to know whether a proposed electrode 
system is capable of producing a certain electron current density. By setting 
the current sources as described in Section IT (f) this result is given by a single 
trial. 

The procedure will now be considered in detail, beginning with the methods 
by which small concentrated current sources can be arranged to create field 
patterns in the model corresponding to those from distributed charges in the 
prototype. 


(b) The Distribution of the Injected Current 
When no space charge is present an electrolytic model may be used to 
determine the static distribution of potential U in an electrode system because 
the Laplace equation 
We a0 meena) Sees La ste isis (1) 


is true also in a uniformly conducting medium free from sources. When charge 
is present, the fields are given by Poisson’s equation* 


NeU aol ey, we aswsiss ote mes eee C4) 


where p=charge density, ¢)=dielectric constant of free space. 


* The rationalized M.K.S. system of units is used throughout this paper. 
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The corresponding expression for the model in an electrolyte of conductivity o 
18 

V2 0 =e =-4' Jo, Angee aes eee (3) 
where i’ may be termed the injected current density, although strictly speaking 
there is no physical means by which current may be injected in this way without 
disturbing the isotropy of the medium. However, the total charge 5q appearing 
in the volume SV in the system may be represented in the model by the current 37 
where, from (2) and (3), 

Ot OV==G) Ee,  <toaue ele tes als cee oe (4) 


The term o/e, is a conversion constant by which the current to be injected 
in the model may be found when the charge distribution in the original is known. 
The remaining problems are, firstly, that of distributing the current flow from 
a number of discrete sources in the model so that the gradient and potential 
patterns of the charge will be simulated as closely as possible and, secondly, of 
finding the charge distribution consistent with the boundary conditions. 

In seeking methods of distributing the current, it seemed probable that 
the gradient and potential patterns at a liquid surface produced by current 
flow from a vertical line source, completely submerged some distance below, 
would be generally similar to those created by a uniform cylindrical column of 
charge in free space. 

It was found that by choosing the dimensions of the source correctly the 
two fields could be matched closely. 

To compare these fields consider a long cylinder of charge of uniform 
density e and radius 7,. At points within the cylinder, 0<r<7,, 


de) dr—-=rof2ig” =. cue seme cee are (5) 
and the potential relative to that at some external radius r, is 
U=(ere/4e,)[1 —(Frg)7 2 Inti)! See. cee (6) 
For radii outside the column 


UG Or = 720) Deeg oe helen ne he eee ee (7) 
Us=(prt/4eg)(2: In reir) eee ee ee (8) 


These fields are to be reproduced by current from a thin source submerged ~- 
as shown in Figure 1, in a layer of liquid bounded by a non-conducting floor. 
Let the current injected be iy; where y, is the depth of the liquid. 

It may be noted immediately that at points remote from the source the 
current density is almost independent of depth, so that 


dU )/dr = —@anic,) Gees os eee eee (9) 
and the potential relative to that at radius r, is 
U=(t/2n6) InP airs” Sete ee (10) 


Thus, no matter how the current injection rod is changed in length or vertical 
position, the shapes of the remote gradient and potential curves match those 
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of the charge column and also agree in magnitude when in accordance with the 
conversion equation (4) 


CURRENT INJECTION SOURCE 


NON-CONDUCTING FLOOR OF TANK 


CM LELLLEPLLLAAL EP EP PEELE PEA ELM MBEDMLM EA LLM AMOPS 


Fig. 1.—A current source used for representing space charge in a 
two-dimensional model. 


To obtain the best match with the space charge field, the position of the 
gradient maximum must fall close to the radius 7,. The field about a submerged 
wire has been calculated approximately and measured experimentally and it 
has been found that the peak occurs near the radius r=y,, a8 shown in Figure 2. 
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Fig. 2.—A comparison between the gradient (a) and potential (6) 

through a column of negative charge and the fields above a current 

source submerged as shown in Figure 1. The similarity between (a) and 

(c), (6) and (d) is used in representing space charge in two-dimensional 
models. 


This result may be stated as a simple rule: in representing space charge 
columns by means of submerged line sources the depth of submersion must be 
equal to the radius of the column. This rule will be adhered to throughout this 


paper. 
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-~l1 
(o6) 


Although the position of the maximum is now correct, it is found that, 
when the source extends to the bottom of the tank (y,.=y; in Fig. 1), the gradient 
of the source near its maximum is considerably smaller in magnitude than that 
of the charge column. Since the total current and y, are fixed, y, must be 
varied to improve the match and this can be done without disturbing the agree- 
ment at remote points. The determination of y, is considered in Appendix I. 
It is found that, when the line source is continuous between y, and y,, the depth 
Yq Should be equal to 0-5y3. The accuracy of match between the fields of 
a core of charge and current sources having y./ys=0-5, but with different 
values of y,/ys, is shown in Figure 3 by the curves (0), (¢), and (@). When the 
ratio y,/ys is less than 0-2 as in curve (d), the agreement can be improved by 
the method described in Appendix I, but this complication is rarely needed. 


/ATER F 
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Fig. 3.—The gradient distributions about sources having different 
values of y,/ys as Shown in the key, compared with curve (a) for 
the equivalent charge column. 


Thus the second rule for the representation of columns of space charge is +. 
the depth of the bottom of the source should be made equal to half the depth 
of the tank. 

We may now consider methods of grouping a number of simple sources to 

_ represent irregular and non-uniform regions of charge. 


(c) The Representation of Layers and Charge Clouds of Irregular Shape 
Most of the problems for which an electrolytic tank is useful either are two- 
dimensional or have axial symmetry and so may be represented in the wedge 
tank. The two-dimensional model will be considered first. 
Suppose, for example, it is required to represent a vertical wall of charge 
bounded in the ZX-plane corresponding to the liquid surface as shown in 


. 


ee a ee 
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Figure 4 (a). To approximate to this layer, sources are arranged so that the 
corresponding columns of charge are overlapped to make the total area of the 
circles equal to the area of the layer. Curves 1 and 3 in Figure 4 (b) show that 
the gradient and potential measured along the Z-axis, with insulating sheets 
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(e) 
ORDINATE SCALES ARBITRARY 


Fig. 4.—The method of combining current sources to simulate a layer of charge. (a) A 
view in the ZX-plane, the plane of the liquid surface, of four submerged sources and the 
equivalent layer of negative charge; (b) and (c) the gradient and potential along the 
Z-axis, curves 1 and 3 (only) were measured with insulating planes in the positions shown 
dotted in (a) and therefore refer to an infinite layer of charge having the gradient curve 
shown dotted in (6); (d) and (e) fields along the X-axis of the four sources shown in (a) 
submerged one-half the normal distance, y,=7,/2; (f) and (g) as above, but with the 
sources fully submerged, y,=7,. The local variations about each source have been greatly 
reduced. 


in positions shown dotted in Figure 4 (a), are close to those of an infinite layer 
of charge. All the remaining curves in Figure 4 were measured with the insulat- 
ing sheets removed and approximate to the fields of a finite layer of charge 
terminated at z=-+4 in Figure 4 (a). In combining sources in this way 
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advantage is taken of the fact that the field variations localized around each 
probe are attenuated very rapidly as the depth of submersion is increased. 
This is seen when Figures 4 (d) and (e), measured along the X-axis with the 
array submerged one-half the correct distance, are compared with the almost 
smooth curves (f) and (g) from sources at the correct depth, y;=7. 

This principle, of grouping probes to represent larger regions of charge, may 
be applied in the same way to charge clouds of irregular shape. The area 
representing the cloud in a two-dimensional tank is replaced by a pattern of 
overlapping circles of different sizes chosen to suit the boundary as accurately 
as necessary and having the same total area as the charge. The individual 
source currents are proportional to the charges represented. 


(d) The Proximity Effect 
When one or a line of sources is placed in close proximity to a conducting 
plane, the gradient at the liquid surface is slightly reduced by the presence of 
the plane. If the plane represents the surface of an emitting cathode where the 
magnitude of the gradient is important, it is necessary to correct for this reduc- 
tion by increasing the source current. Figure 5 (a) shows a typical measurement 
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Fig. 5.—The proximity effect. 


of this effect. A single constant-current source was placed in an insulated 
parallel-sided cell of width zy,/2 closed by two perpendicular end electrodes 
and the gradient was measured for different positions of the source. As the 
change in gradient between the upper and lower levels of the curves in Figure 
5 (a) should remain constant, the influence of the plane is shown by the lack of 
symmetry between the upper and lower crossings and in Figure 5 (b). Ata 
distance «=y,, the source current should be increased by 10 per cent. but at 
larger spacings no correction is needed. Although this method of correction 
raises the field on the other side of the source also, this position is usually less 
important than the cathode surface. 


ee ee 2 


_ 
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(e) Charge in Aaxially Symmetric Systems 

Several different arrays have been used as sources in wedge tank models 
of axially symmetric systems. When the beam itself has axial symmetry and 
does not converge or diverge too rapidly, the charge may be represented by 
point sources placed along the axis as shown in Figure 6. Usually the spacing 
will be non-uniform. In order to reduce the number of points it is necessary to 
increase their spacing as much as possible. The Spacing is limited by the need 
to keep local variations in the field at the edge of the beam small. Thus to find a 
Suitable compromise it is necessary to consider the way in which these variations 
diminish away from the axis. 


CURRENT SOURCES 


2s 


Fig. 6—Point sources arranged along the axis of a 
wedge tank. 


When an array is uniformly spaced, as shown in Figure 6, the maximum 
value of the radial gradient occurs at a and at corresponding points opposite 
each source. Thus, summing the contributions from an infinite line of sources 


each passing a current 7, 


SENS Len Cher 7 ie 
0 BG 88) Da8 ty, i@reNFy} aco BOG ( ) 


similarly, the minimum value FH, is given by 


N=0 44 1 


ee ~ yuo BoS? [o2+(2N +1)? ]h 


where a=r/S. 

These expressions have been computed in the range 1<oc <2-2 and checked 
experimentally. From the results shown in Figure 7 it is seen that the field of 
a row of point sources is equivalent to that of a line source having a super- 
imposed space wave that varies in the axial direction and is attenuated rapidly 
away from the axis. The variation allowable along the trajectory depends on 
the conditions of the problem ; for example « may have a smaller value where 
space charge is a correction rather than the controlling field. Usually it is 
safe to allow the trajectory to approach to «=2, that is to within a radial distance 
equal to the spacing between sources, and in many cases .« may be reduced 
ae the sources are placed along the axis, the trajectories being considered 
need not lie in the beam envelope. An inner path may be traced under space 
charge conditions by disregarding the shell of charge outside it and resetting the 


F 
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source currents to correspond to the inner beam ; but it is necessary to check 
whether the resulting rise in the potential of the beam as a whole introduces an 
appreciable error. 

The more general case of a beam travelling away from the axis will now be 
considered. It is assumed that the beam electrode system can be represented 
to the desired accuracy either in a normal wedge tank or in one in which the 
wedge angle is x, and that the centre line of the beam always lies in the plane of 
the water surface. The problem then is to represent the half beam charge 
using sources as sparingly as possible. When the envelope is known approxi- 
mately, the choice falls on submerged point sources arranged as shown in 
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Fig. 7—The maximum and minimum values of the radial 
field created by the sources shown in Figure 6. 


Figure 8, the depth of submergence being made equal to the radius of the electron 
stream 7, in order to bring the position of the gradient maximum to the edge 
of the stream and to reduce local field variations within the envelope. As the 
probe cannot approach closer than distance r, to the sources, these may bé 
considered equivalent to a line of strength 7/d/ and an image above the liquid 
surface. The wedge angle is assumed to be sufficiently large to allow other 
images to be neglected. The mean gradient at the edge ab is then 


di jdt =-t/ 27601, aakives bees ee (14) 
i.e. one-half the value obtained from sources placed at the central positions 
c,d’, e’,.. . Thus the source current calculated from the beam space charge 
i) dl ={ser"9 o QE Gate ae ae (15) 


cannot be used directly but must be increased to twice this value. The edge 
field is then correct and that within the beam nearly so. The remote field is 
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too large, but in many problems this is less important. The variation in the 
edge field at positions a and b (Fig. 8) is less than that shown in Figure 7 for 
%—=4/2 because the angle between the source and image gradients is less at the 
mid positions such as b. The variation measured experimentally was +4 
per cent. 

When the beam envelope is unknown initially it is simpler to place the line 
of sources near the water surface and set to the currents indicated by equation (4). 
If the sources are at the centre of the beam the gradient is correct for the edge 
electrons, whatever changes occur in the radius of the envelope, but paths 
within the beam cannot be traced using the same source currents. 


BEAM 


LIQUID ENVELOPE 


CURRENT 
SOURCE 


Fig. 8.—An array of sources c, d, e, f,. . . representing 
charge in a beam moving off the axis in a wedge model. 
The alternative positions c’, d’, e’, f’, . . . are used in 


tracing the trajectories defining the beam envelope. 


When the paths converge to a focus of small radius, it is usually inconvenient 
to increase the number of sources sufficiently to define it exactly. In these 
cases it is simpler to calculate the minimum radius from the convergence and 
radius at some earlier position, using the space charge formulae referred to in 
Section III (6) and ignoring fields other than that of the beam charge. 


(f) Scaling and the Determination of Charge Density 

The electrolytic model will usually differ from the original electrode structure 
both in size and in the scale of the applied potentials. In representing space 
charge, the potential scale, which may be ignored in solving the Laplace equation, 
must be taken into account in determining the values of the source currents. 
When the electron paths are influenced by space charge, it may be shown that 
the paths in the model will correspond exactly with those in the original if the 
relationship between the current and potential in the model is such that the 
perveance remains the same as in the original system. 

As a first step, electron paths are drawn for the space-charge-free field. 
These paths form boundaries of ‘‘ tubes ” of electron current flow. Assuming 
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that the current in a given tube in the original is known to be Jy, the current 
in the corresponding tube of the model J,, is 


ThSl (O10), @ eee (16) 


where U,, U,, are potentials in the original and model respectively. 

If Un, Uy are the mean potentials in a small length 6/ of the current tube 
which is to be represented in the tank by one source, the total charge 6q, in this 
Jength 8/ is 


1.5 
sq= SUE ; — Lol Un) Uo) big Gtk as Ps ape ake (17) 
(2e/m)®-> Uy,0°5 (2e/m)°-5 U,,°°* 
and the source current 7 is given by 
1.5 
ti ee eo es (18) 


cole °U 9:5 U(2e/m)-Fe, 
(In M.K.S. units the numerical value of 1/(2e/m)*%<e) is 1-9053 x 10°.) 
When sources are being set to represent axial beams in the wedge tank, the 


separate measurement of the conductivity « may be avoided by measuring the 
gradient at one or more values of the radius 7, where, if 6 is the wedge angle, 


2/ LCT s=0 Wf OeS ey s be wate ee See (19) 
‘Therefore from (18) and (19) 
fe oa =— J Ua Sepa (20) 
Om OF |, (Ural O )?-5{(2¢/m)?-Feq 


When the current J) is not known initially, as for example in structures 
which inelude a cathode surface, the source currents are set so that for all sources 


1U UH” a ne eee (21) 


The value of K is then increased until the off-cathode gradient falls to zero. 
The value of J, then follows from (18). For similar electrode structures the 
perveance is independent of size, so that the real dimensions of the original 
electrodes are needed only for the calculation of the cathode current density, 
transit time, and so on, from the model measurements. 

The potential U,, has been defined as the mean potential in the interval. 
‘When the ratio of the potentials at the beginning (U,) and the end (U,) of the 


interval differs appreciably from unity, the source current can be set more: 


accurately by taking as the value of U,, a potential corresponding to the mean 
velocity of an electron in the interval. Thus 


Un=[er—eaf {" ae jh ants ee (22) 
OU, 
The curves in Figure 9 were calculated from (22) and the relation 

U way, 


where N=1-3 applies to a plane diode and the exponents 1-2 and 1-5 are, 
within the limits indicated, approximations to the results of Langmuir and 
Blodgett (1924) for space charge limited flow between spherical surfaces. Thus 


OO 
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the curve in Figure 9 marked N =1-2 refers to a comparatively rapidly expanding 
tube of flow and that marked N—1-5 refers to one contracting. The small 
difference between these indicates that in setting currents near the cathode 
surface values from curve N=1-3 may be used in most cases and elsewhere, 
when U,/U,>0-3, the mean potential may be taken for Lie 


CONVERGING 
TUBE N©&1°5 


PARALLEL 


N=1:3 


DIVERGING 
N=1-2 


Fig. 9.—Values of Ae in terms of U, and U, for converging, parallel and 


diverging space charge limited flow. In the cases NwI1-5 and w1-2, 
w=|r,—r |. 


III. EXPERIMENTAL RESULTS 
(a) The Plane Diode 


Three examples will be given to illustrate the use of these methods in 
space charge problems. The results of two of these may be compared with 
analytical solutions so that the accuracy likely to be achieved in similar problems 
may be estimated. 

The first is a model of an infinite parallel plane diode consisting of an 
insulated cell having electrodes and current sources arranged as shown in 
Figure 10. The sources are sleeves of 0-1 mm brass supported on 3 mm glass 
tubes and connected through individual variable resistances to a common point. 
The potential U”’ of this point is adjustable between zero and 110 V, 50 ¢/s. 
_ When, as in this model, a tube of flow terminates on an emitting cathode, the 
gradient at the cathode surface is much more sensitive to nearby sources than 
to those further away. This offers a more rapid method of finding the source 
currents than that based on the Laplace distribution. First the cathode gradient 
is reduced to zero by adjusting the first two sources alone to a common value of 
K (eqn. (21)). All the remaining sources are then set directly to this value and 
the potential U’’ is reduced until the cathode gradient returns to zero. A 
sufficiently accurate solution usually follows one further relaxation of the source 
currents. : . 

The diode model was solved in this way and the results are compared with 
_ the theoretical distribution in Figure 10. The perveance, calculated from the 
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mean value of K and a separate measurement of the conductivity was within 
1 per cent. and the individual values were within --5 per cent. of the correct 


result. 
20 39 CM 
| Alia 6y bh 46. ign Vets ANODE 
CATHODE[, . 
° ° ° ° 6 
° ° 


15 y,= 1717 3-4 3:4 3:4 6 
i (mA) =SASHO 1:26 0-90 0-68 ~—1-29 
¥, =8 CM(ALL RODS) y3=16 CM 


1 


POTENTIAL,U (Vv) 


© MEASURED 


——_ THEORETICAL 


° 10 20 30 39 
DISTANCE X (CM) 


Fig. 10.—The solution for a space charge limited, infinite parallel 

plane diode using six sources in an insulated cell, The currents 

shown for the first two sources are each divided equally between 
two rods in order to fulfil the requirement that y,=7,. 


(b) Defocusing of a Convergent Beam 
The second example shows the effect of space-charge in expanding the 
focus of a uniformly convergent electron beam. In this test, values of the product 
kt, where k is a function of the perveance given by 
BASS SS RLU SS GES Screed Sete are (23) 


1:0 


BEAM EDGE 


PROFILES 


/R 


RADIAL SCALE,» 
a 


BEAM CENTRE 


0:5 1-0 
AXIAL SCALE 2/Z 


Fig. 11—The envelope trajectories of a convergent axially symmetric beam defocused 
by space charge. 
Copied from experimental tracings. 
eoecoee’ Calculated assuming Z>R (see Section III (b)). 


and 7 is the initial convergence R/Z (Fig. 11), were chosen to correspond to those 
already published (Hollway 1952). The source currents were set in accordance 
with equation (20) by the direct measurement of the gradient as described in 
Section IT (f). The presence of the sources results in a variation in potential 
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along the axis of the beam which is ignored in the calculation. By rearranging 
the circuit of the electron path tracer paths were drawn for both constant and 
varying beam potential and the difference was shown to be small. As the 
shapes of the calculated paths agree closely with the tracings shown in Figure 11, 
for clarity only a single calculated point is given for each path. While part of 
the difference shown is experimental error, the greater part is explained by the 
fact that the calculation is approximate for such rapidly converging beams 
because the axial electron velocity, instead of the total velocity, is assumed to 
be equivalent to the beam potential, whereas the experimental solution is more 
accurate. 


(c) A Deflected Beam 
The third is an example of the more general problem of predicting the 
shape of a beam moving off the axis of an axially symmetric system. In the 
absence of space charge the initially parallel trajectories leaving electrode A in 
Figure 12 (a) are brought to a focus some distance in front of the anode B by 


(a) (4) 


Fig. 12.—A general space charge problem showing the change in form of 

a deflected beam with increasing current. Electrode potentials : 

A 250V, B 500V, C zero. (a) Calculated beam current J[,=0, 
(6) J5=0°8 mA, (c) 1h5=1-0mA, (d) ,=1-8 mA. 


the field of a cylinder C at zero potential. Sources were set at unequal intervals 
along the centre of the beam, slightly submerged to miss the moving probe of 
the trajectory tracer. The spacings were made less than the local beam diameter 
as shown in Figure 12 (b). After measuring the potentials at the beginnings 
and ends of the intervals and setting the source currents, usually only one revision 
was necessary to obtain a sufficiently constant value of K. The paths drawn 
in Figures 12 (b), (c), and (d) show the expansion of the beam with increasing 
beam current. It may be predicted from the change in curvature of the paths 
approaching the electrode O that the overall focus would be broad, especially 
in (c). When the current is raised still further, much of the beam is dispersed. 


IV. CONCLUSIONS 
It is shown that by arranging current sources according to the rules given, 
the influence of space charge can be examined quantitatively in most of the 
usual electrolytic models whether or not the electron current is known initially. 
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Although the convergence of the source currents to their final values is 
quite rapid, it would be a useful extension of the technique to include in each 
source lead a control circuit designed to keep the current proportional to 1/+/ Ux 
The electron current in a given tube of flow could then be set directly and the 
bounding trajectories found more rapidly. 
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APPENDIX I 
The Optimum Length of a Vertical Line Source 

As described in Section IT (b), a cylindrical column of space charge may be 
represented by a vertical line source extending from the depth y, to y, in the 
layer of liquid shown in Figure 1. To find the optimum value of y,/y,; an 
expression must be derived for the potential gradient at the liquid surface. 
For the present purpose it may be assumed that at all positions along the wire the 
current per unit length flowing into the liquid is constant and equal to 


tY3/(Y2—Y1)- 


The gradient in the plane of the liquid surface is found by assuming an 
image of the source above the surface and, when 7 is not small compared with 
Y3, images below the floor and above the floor-image must be included also. It is 
not necessary to specify these exactly, however. They may be replaced by 
uniform line sources extending from + and —y, to infinity. The gradient then 
becomes 


dU_—ir( Ys Ys dy o dy 
dr 25 Y2— rai (Pars iP ea pare 44) 

Sz; ; 
iy a (sin 6. —sin 0,)+(1 —sin 0.) . ain (25) 


In order to match the field just outside the core of charge, (25) must become 
identical with (9). The bracketed term of (25) is therefore set equal to unity 
and ¥»/y3 is found as a function of r/y, for different values of the parameter 


a 
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Yx/Y1- AS Ys/Ys is reduced, the field in the region of the maximum is increased, 
raising the curves (0), (¢), and (d) in Figure 3 with respect to (a). As the crests 
of these curves are less sharp than (a), a compromise is needed to obtain the 
best general match and the value y,/y,=0-5 has been chosen. The curves 
(b)-(d) show the comparatively small effect of variations in y, when y,/y, is 
kept constant and equal to 0:5. 


When y,/y;<0-2, as in (d), a somewhat closer agreement can be obtained 
by using, instead of a line source between y, and y,, one extending from y, 
to y; but including equally spaced gaps. Experiment shows that a suitable 
length for the conductors is 0-5y, and for the gaps 2-5y,. Thus the sources 
extend from y, to 1-5y,, 4y, to 4-5y,, and so on, until y, is reached. 


THE EFFECT OF MULTIPLE SCATTERING ON ELECTRON 
ENERGY LOSS DISTRIBUTIONS 


By D. F. HeBBarp* and P. R. WILSoNn* 
[Manuscript received November 29, 1954] 


Summary 


Calculations have been performed to obtain the theoretical energy loss distributions 
of 1 MeV electrons traversing foils thick enough for multiple scattering to be important. 
A criterion has been developed and applied to previous experiments to determine the 
foil thicknesses for which multiple scattering has an appreciable effect on the energy 
loss distribution. 


I. INTRODUCTION 

The problem of the distribution of energy losses in the passage of high 
energy electrons through foils has recently been studied by several workers 
(Paul and Reich 1950; Chen and Warshaw 1951; Kalil and Birkhoff 1953 ; 
West 1953; Hungerford and Birkhoff 1954). Under various conditions of foil 
thickness and electron energy, these workers have found values for the most 
probable energy loss which agree reasonably well with the theories of Landau 
(1944) and of Blunck and Leisegang (1950). The Blunck-Leisegang distribution 
is, however, appreciably wider than that of Landau for thin foils, but the correc- 
tion to the Landau distribution becomes less significant as the foil thickness is 
increased whereas the difference between the experimental and theoretical 
widths increases with thickness. Most explanations of this difference have been 
qualitative statements that multiple scattering would increase the theoretical 
widths. As a step towards clearing the confusion that exists, it has been thought 
desirable to determine the extent to which multiple scattering affects the energy 
loss distribution of electrons and to apply ‘these predictions to previous experi- 
ments. In conjunction with this, an experiment has been performed under 
conditions similar to those used in the calculations. A comparison will be made 


with this experiment in an accompanying paper (McDonell, Hanson, and Wilson 
1955). 


II. THE MonTE CARLO METHOD 
(a) General Procedure 
The C.8.I.R.O. Mark I Digital Computer was used to determine the paths 
of particles obeying one of two multiple scattering theories: that of Rossi and 
Greisen (1941) adapted to the three-dimensional case, and that of Moliére (1948). 
The Moliére theory should be more accurate, so most of the calculations were 
based on this, but two cases were worked out using the Rossi-Greisen theory 
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for comparison (see Table 2 and Figs. 1 and 2). These multiple scattering 
theories are applied to short sections of fixed length 1 along the path of the 
particle. In each section the particle is considered to go straight until it reaches 
the end of the section when the direction of travel and the energy are changed 
for the next section. Each particle is incident normally on the scattering 
foil with an energy of 1 MeV and is followed through the foil until the energy 
falls below 0-4 MeV or until the particle escapes from the foil. Particles whose 
energy falls below 0-4 MeV are considered lost as the scattering at that energy 
is becoming excessive. Also classified as lost are those particles leaving the 
source side of the foil. 

In common with other methods, the Monte Carlo method requires an accurate 
knowledge of the whole angular distribution for scattering. The small angle 
approximation used in multiple scattering theory means that the probability 
of large deflections, though small, is not necessarily accurate. A large deflection 
usually means a greatly increased path length and thus a large energy loss. 
The Monte Carlo distribution should therefore be accurate for small and medium 
energy losses but not necessarily accurate in predicting the probability of large 
energy losses or the stopping of electrons in the foil. 


(b) Choice of Energy Loss Distribution 

The energy loss distribution chosen was that of Landau because it is more 
convenient mathematically. The angular distribution of scattered electrons 
depends on their energy, but this dependence is slight and there is little change 
in the shape of the angular distribution over the range of energies predicted 
by the Landau theory for electrons with the same path length in the foil. This 
statement will only be true for electrons with kinetic energies above 0-5 MeV 
because, below this energy, the shape of the angular distribution begins to change 
rapidly with energy. With this reservation, the Landau and Blunck-Leisegang 
theories will agree in the prediction of the angular distribution of scattered 
electrons and of the increase in path length, because of the agreement in their 
prediction of the most probable energy loss. 


(c) Choice of Section Length 
The choice of the section length 1 was governed by the following con- 
siderations : : 
(i) there must be a sufficient number of individual collisions to make 
valid the equations on which the energy loss and mult. ple scattering theories 


are based ; 
(ii) the r.m.s. angle of scattering must not be too large since the multiple 


scattering theories involve a small angle approximation ; 

(iii) the mean path length in each section must be close to the section 
length so that the multiple scattering and energy loss theories may be applied 
in each section without modification. 

_ The values of section length / finally chosen are set out in Table 1. For 
heavy elements it is clearly impossible to reconcile the requirement (i) with (ii) 
and (ili) above. 
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(d) Results 
The distributions obtained from the Monte Carlo calculations are shown in 
Figures 1 and 2 (full curves). The method of obtaining smooth curves was to 
plot the histograms with an interval of 0-01 MeV. Where these points did not 


TABLE | 
BEHAVIOUR OF A 1 Mev ELECTRON IN CERTAIN ABSORBERS 


| 

Element ae ae a ut we is te ah Al | Au 
Section length, / .. ne ae (mg/cm?) | 5-26 | 3°68 
Average number of collisions (Moliare 1948) ie Comdiion, <1) 44 34 
E/T,Z (Landau 1944) rfc * { 2-47 / 0-24 
R.M.S. angle of scattering (from Moliere Cmca, nye 5-3° 97° 

function f°) af . | 
Mean path length/foil thickness (Yang 1951) Condition (i11) | 1-01 1-04 
Most probable energy loss (Landau) .. (keV) oe 4-1 1-8 

| 


lie on a smooth curve, larger intervals were chosen and a curve of best fit drawn. 
The position of the most probable loss was determined by finding the locus of the 
mean of the abscissae of the two branches of the smoothed curve at equal 
ordinates and extrapolating to the maximum height. The widths and peak 


PROBABILITY 
PROBABILITY 


Ors 0-6 O°7 fohy=} O:9 O-s 0-6 O-7 0-8 O-9 
ELECTRON ENERGY (MEV) 


(a) (b) 


Fig. 1.—Energy distributions of 1 MeV electrons after passing through aluminium ; 

(i) 105 mg/em*, (ii) 158 mg/em*, (iii) 210 mg/em?. (a) Monte Carlo (Rossi-Greisen 

theory) distribution. (b) Full curve : Monte Carlo (Moliére theory) distribution. Dashed 
curve: folded (Landau, modified Yang) distribution. 


positions of these distributions and the percentage of particles lost are compared 
in Table 2 with the Landau distribution, and are plotted against absorber 
thickness in Figure 3. 
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Ill. NUMERICAL INTEGRATION METHOD 
The effect of multiple scattering on the energy loss distribution has also 
been calculated by folding the Landau distribution with a path length distribu- 


(i) 


PROBABILITY 


o-5 O-6 O-7 o-8 O-9 1:0 
ELECTRON ENERGY (MEV) 


Fig. 2.—Energy distribution of 1 MeV electrons after 
passing through gold: Monte Carlo (Moliére theory) ; 
(i) 73 mg/em?, (11) 110 mg/em?, (iii) 147 mg/em?. 


tion. Yang (1951) gives the only available path length distribution, based on 
the Rossi-Greisen multiple scattering theory. It was found necessary to modify 
Yang’s distribution to give better agreement with the Monte Carlo (Moliére 


TABLE 2 
COMPARISON OF THE LANDAU THEORY WITH THE MONTE CARLO CALCULATIONS FOR | Mev ELECTRONS 
AT NORMAL INCIDENCE 


Most Probable Loss Half Height Width 
Element and (keV) (keV) Loss of Electrons 
Thickness - | (%) 
(mg/cm?) Monte | Monte ; Monte | Monte eens Monte Carlo* 
Carlo* | Carlot Pande Carlo* | Carlot car aes 

Al 105 140 155 125 54 75 37 2 
LDS 218 236 194 89 134 55 1-5 

» 210 295 264 129 74 8-4 

Au 73 63 Be 45 21 2-7 
LO 111 81 75 32 5-0 

py eT, 154 113 114 43 8-2 


* Monte Carlo: 1000 particles obeying the Moliére scattering theory. 
+ Monte Carlo: 500 particles obeying the Rossi-Greisen scattering theory. 
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theory) path length distribution. The mean increase of path length according 


to Yang is nearly twice the mean increase calculated from the theory of Goudsmit 


and Saunderson (1940) as corrected by Rose (1940). The Goudsmit-Saunderson 
theory uses a better small angle approximation than the Rossi-Greisen theory. 
Yang’s theory was therefore modified by multiplying his predicted increase of 
path length (case I) by the factor 4, and the resultant distribution is compared in 
Figure 4 with the Monte Carlo and the unmodified Yang path length distributions 
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MOST PROBABLE LOSS (KEV) 
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re) 

3 


ie) SO 100 4150 200 ie) 50 100 150 200 250 
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(b) 


MOST PROBABLE LOSS (KEV) 
WIDTH AT HALF HEIGHT (KEV) 


fo} 50 100 150 200 eo) 50 100 150 200 250 
FOIL THICKNESS (MG/CM2) . FOIL THICKNESS (MG/CM®) 
(c) (d) 


Fig. 3.—1 MeV electrons incident normally on foils; (i) Monte Carlo (Moliére 


theory), (ii) Landau theory. (a) Aluminium: most probable. energy loss. vs 


(6) Aluminium: width at half height. (c) Gold: most probable energy loss. 
(dq) Gold: width at half height. 


for a thick aluminium foil. Similar agreement is obtained between the Monte 
Carlo and modified Yang distributions for a thick gold foil and even better 
agreement for thinner foils. 


The factor }, giving the correct mean increase of path length, should be 
valid over a wide range of elements, foil thicknesses, and electron energies 
because, although the dependence on these quantities is different for Vente 
theory when compared with that of Goudsmit and Saunderson, the difference 
is in a logarithmic term which varies only slowly. 


ey 
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Figure 1 (b) (dashed curves) gives the result of folding the modified Yang 
path length distributions with the appropriate Landau distributions for 1 MeV 
electrons incident normally on aluminium, while Table 3 gives a comparison 


PROBABILITY 


200 250 300 350 400 450 
PATH LENGTH (MG/CM?) 


Fig. 4.—Path length distribution of 1 MeV electrons incident 

normally on 210 mg/cm? of aluminium. (i) Full curve: Monte 

Carlo (Moliére theory) distribution. Dashed curve: modified 
Yang distribution. (ii) Unmodified Yang distribution. 


of widths at half height and most probable losses for the Monte Carlo and folded 
distributions, and also the estimate of most probable loss obtained by multiplying 
the Landau value by the ratio of mean path length (modified Yang theory) to 


TABLE 3 
1 Mev ELECTRONS INCIDENT NORMALLY ON ALUMINIUM 


Most Probable Loss Half Height Width 
Thickness (keV) (keV) 
(mg/m?) | eon 
Monte Carlo* Foldedt | Landau x s/t{ | Monte Carlo* Folded+ 
105 140 140 | 140 54 54 
158 218 228 | 226 89 101 
210 295 322 | 328 129 170 


* Monte Carlo: 1000 particles obeying the Moliére scattering theory. 
+ Folded: the Landau folded with the modified Yang distribution. 
{s/t is the ratio of the mean path length to foil thickness. 
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toil thickness. It can be shown theoretically that the first effect of multiple 
scattering is to increase the width at half height and the most probable energy 
loss by this ratio. Application of this criterion to the Monte Carlo calculations, 
where peak positions and widths have an error of the order of 3 KeV, leads to 
thicknesses of 10 sections for both aluminium and gold as the minimum thickness 
for which multiple scattering is important under these conditions. The agree- 
ment with Figure 3 is reasonable. 


ITV. APPLICATION TO EXPERIMENT 


The distributions obtained from these calculations are compared directly 
with the experiment described in the following paper (McDonell, Hanson, and 
Wilson 1955) and are further discussed there. However, it is of some interest 
to apply the criteria developed in these calculations to some experiments to 
determine the part played by multiple scattering. 


Although Chen and Warshaw (195+) claim agreement between experimental 
and theoretical most probable loss, multiple scattering is important in all cases 
except the thin beryllium and aluminium foils. Thus the agreement for heavier 
elements must be somewhat fortuitous. On the other hand multiple scattering 
is not important in the experiments of West (1953), using various inert gases as 
absorbers. He finds most probable losses which are on the average 90 per cent. 
of those predicted by Landau and Blunck-Leisegang, and widths intermediate 
between these two theories. 

In the experiments of Hungerford and Birkhoff (1954) which repeated, 
more accurately, the work of Kalil and Birkhoff (1953), multiple scattering 
would be important for all except the thin aluminium and copper foils, if the 
beam were incident normally. However, the geometry of the source-foil 
arrangement is such that incident particles are accepted in an angular range 
from 45 to 55° although only particles emergent at 45° are accepted by the 
spectrometer. Because of this, multiple scattering will cause significant path 
length increase even for the thin aluminium and copper foils. 


V. CONCLUSIONS 


Two conclusions can be drawn from the work at this stage. Firstly, the 
Monte Carlo and the folded distributions for aluminium foils of medium thickness 
correspond very closely. Therefore, in further calculations of this type, the 
use of the path length integration method would obviate the considerable 
labour involved in the Monte Carlo method but retain the same validity. From 
Figure 1, the energy distribution is sensitive to the multiple scattering theory 
assumed, and therefore to the assumed path length distribution in the numerical 
integration method. 


Secondly, it appears that the previous workers have not made sufficient 
allowance for the effect of multiple scattering when comparing experiment with 
theory. The agreement claimed by these workers for foils of heavier elements 
indicates that the Landau (or Blunck-Leisegang) most: probable losses and the 
Blunck-Leisegang widths at half height are actually too large, and this is 
supported by the work of West in cases where multiple scattering is not important. 


ee 
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THE ENERGY LOSS DISTRIBUTIONS OF 1 MeV ELECTRONS 
IN ALUMINIUM FOILS 


By J. A. McDoneELL,* M. A. HAnson,* and P. R. WILSON* 
[Manuscript received November 29, 1954] 


Summary 
The energy loss distributions for 1 MeV electrons traversing aluminium foils of 
various thicknesses have been investigated experimentally. Several of the foils were 

of thicknesses such that the distributions were expected to show considerable effects 

due to multiple scattering. It was found that the most probable energy losses were 

in good agreement with those predicted by the calculations of Hebbard and Wilson 

(1955). 

I. INTRODUCTION 

The failure of the theories of Landau (1944) and Blunck and Leisegang 
(1950) to give an accurate description of the energy loss distributions for electrons 
has been discussed in the preceding paper (Hebbard and Wilson 1955), hereafter 
referred to as I, in which the effect of multiple scattering on the path length in 
the foil has been considered. Two theoretical distributions were obtained for 
foils of thickness 0-105, 0-157, and 0-210 g/cm?. The first set were derived 
from a “‘ Monte Carlo ” calculation of energy loss and the second by numerically 
folding the Landau distribution for a particular foil, with a path length dis- 
tribution obtained from Yang’s calculation (1951). Better calculations by 
Goudsmit and Saunderson (1940) indicated that the mean increase in path length 
was half that calculated by Yang, and in the folding process the shape of Yang’s 
distribution was retained but the path length increases were reduced by half. 
For brevity, the results of these calculations will be referred to as the Monte 
Carlo and the Yang distributions. 

The most desirable geometry for experimental investigation of energy loss 
distributions is that in which a narrow, parallel beam of electrons falls normally 
on an absorber, and those emerging are detected by a spectrometer whose solid 
angle of acceptance is known. The two most interesting cases would be those 
in which the solid angle is either very small, so that only particles passing 
‘ straight through ” are detected, or approximately 27, in which case all emergent 
particles are detected. In either case, a reasonably simple comparison with 
theory is possible only if the incident beam is parallel. 

If the shape of the energy loss distributions is to be measured in detail, 
apparatus of considerable precision is required, since the distributions (in the 
region of validity of the Landau theory) are quite narrow; the width at half 
height is of the order of a few per cent. of the particle energy at most. This 
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means that the energy spread of the incident beam and the resolving power of 
the spectrometer should both be at least an order of magnitude smaller. If 
they are not, one has to resort to folding techniques to compare experiment 
with theory, with a consequent loss of accuracy in the comparison. On the 
other hand, a good deal more latitude is possible if the aim is primarily an 
investigation of the most probable energy loss. The spread of energy of the 
incident beam is not nearly so important for energies in the relativistic region, 
because the most probable energy loss depends on the incident energy only 
through the term (v/e)?. 


IT. APPARATUS 
A monochromatic beam of electrons was selected by a short magnetic lens 
6-ray spectrometer of a type similar to that described by Deutsch, Elliot, and 
Evans (1944). Because of its pure 6-spectrum, *2P, of 20 me activity, was used 
as the electron source, giving a beam of the order of 11,000 electrons per minute. 
The electron trajectory was defined by baffles shown in Figure 1, and ultimately 


| BAFFLE WITH THE CONSTRUCTION 


ADJUSTABLE BAFFLE SMALL SLOT BEYOND THIS POINT 
1S SHOWN IN 
a FIGURE S 
=) el 
‘a CS 
H 


— 
TIN, 


Fig. 1.—Baffle system producing narrow emergent beam. 


a rectilinear beam of electrons travelling at an angle of 11° to the axis of the 
spectrometer was selected by baffles B, and B;. The only opening in B, was an 
eccentric slot whose radial width was slightly wider than the spread of the 
trajectories at this point, and which subtended an angle of 15° at the spectro- 
meter axis. The baffle B,; was situated at the focus, and contained a { in. 
diameter circular aperture at its centre. The transmission of the spectrometer 
was thus reduced by a factor of 1/24, but the remaining trajectories passing 
through the aperture in B, had an angular divergence of less than 1-5". Although 
the resultant transmission of this arrangement was low (about 8 x10~°) a beam 
of reasonable intensity could be obtained, since the spectrometer was acting 
only as an energy selector, and so it was not necessary to use a thin source. 


GG 
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The energy spread of the beam was estimated at 2-3 per cent. at half-intensity, 
by observing the shape of the conversion line from the 364 keV y-ray of 1°11, 
and allowing for line broadening due to the thickness of the source. 

Figure 2 shows the way in which various absorbers were placed in front of 
the beam. A short ‘‘ adaptor” section enabled the foil holder to be set at an 
angle of 11° to the spectrometer axis, so that the beam fell normally on the foils. 
The foil holder was an aluminium disk, with six equally spaced holes of 1 in. 
diameter. <A bevel gear and a driveshaft passing through an O-ring seal enabled 
the foil holder to be rotated from outside the vacuum system. Foils were 
mounted over four holes in the holder, the fifth hole being left blank, and the 
sixth blocked off with an absorber thick enough to stop the electrons completely. 


TOH.T. 
OUTPUT TO 
Pen AMPLIFIER 


LAST SECTION 
OF B - SPECTROMETER 
(SEE FIG. 1) 
TO PUMP 
Fig. 2.—* Adaptor” section and scintillation counter. A, Nal(T1) 
crystal; B, glass light guide; C, aluminium foil holder; D, photo- 


al 


multiplier; #, bevel gears; FF, pointer indicating position of foil 
holder ; G, spring-loaded mounting for photomultiplier ; H, potential 
divider ; J, preamplifier. 


A scintillation counter was used as a spectrometer-detector. In order 
to obtain maximum counting rates, and also to obtain a greater effect due to 
scattering, the crystal was mounted as shown in Figure 2 so that its face was 
0-10 in. from the plane of the foil holder. To obtain the best resolution with 
this type of detector, an Nal(Tl) crystal was used. The crystal was 1 in. in 
diameter and 0-5 in. long; this length was excessive for the purpose of stopping 
the electrons, but was used because it was rather easier to handle. Since the 
source of the electrons was **P, backgrounds were at all times negligible, so that 
the size of the crystal was not a disadvantage from that point of view. 

The mounting of the crystal presented some difficulties. To obtain good 
resolution, the crystal must be surrounded by an efficient reflector ; but, on the 
other hand, the amount of additional absorbing material between the crystal 
and the foils had to be kept as small as possible. Therefore the reflector next 
to the plane surface of the crystal had to be a very thin aluminium foil. However 
the whole crystal chamber had to be airtight—because of the hygroscopic nati 
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of sodium iodide—and at the same time capable of being placed inside a vacuum 
system. The arrangement eventually evolved is shown in Figure 3. The 
reflector surrounding the crystal consisted of a highly polished aluminium 
cylinder, with an aluminium foil (3-5 mg/em?) cemented across its end. The 
crystal was attached to a glass block with silicone grease. The crystal and glass 
block were then slid into the cylinder (which was made a neat fit to the crystal) 
and the system was sealed with an O-ring between the flange of the glass block 
and the brass plate on which the whole arrangement was mounted. The glass 
block was held secure by a brass ring, overlapping the flange, and held to the 
brass plate by six screws which could be accurately adjusted so that the crystal 
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CRYSTAL , ~ BRASS RING 
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COMBINED CRYSTAL 


y SUPPORT AND 
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O-RING 
Al CYLINDER; 
INTERIOR SURFACES 


POLISHED 


TO VACUUM 
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Fig. 3.—Crystal chamber. 


penetrated the desired depth into the cylinder. With this adjustment there 
was very little flexure of the thin aluminium foil as it flattened against the crystal 
face when the chamber was evacuated. This small vacuum system was inde- 
pendent of that of the spectrometer, and was continuously pumped to a pressure 
of 10-3? mm Hg. 

The crystal surfaces were left rough ground as recommended by Borkowski 
and Clark (1953), except for the face next to the glass block, which was polished. 
The glass block served as a light guide to the photocathode of an EMI 6260 
photomultiplier. It was possible either to remove the photomultiplier and its 
mounting while leaving the crystal assembly in the spectrometer, or to remove 
the whole scintillation counter as a unit. The pulses, after amplification, were 
analysed by a single channel analyser. 


102 J. A. MGDONELL, M. A. HANSON, AND P. R. WILSON 


III. EXPERIMENTAL PROCEDURE 
(a) Adjustment of the Spectrometer 
After adjusting the alignment of the tube and the position of the slotted 
baffle by the usual criterion, viz. obtaining a maximum count rate for electrons 
of a given energy, the spread of the beam in the plane of the absorbers was 
investigated photographically. Its cross section was found to be quite well 
defined, and of roughly oval shape, with major and minor axes of approximately 
0-35 and 0:25in. Thus there was no danger of scattering from the edges of 
the holes over which the foils were mounted and, when the beam was central, 
all electrons scattered through angles less than 73° and most of those scattered 
through less than 82° should be detected by the crystal. The spectrometer 
calibration was obtained using a 111 source. 


(b) Performance of the Scintillation Counter 

It was found, from comparison of the peak in the differential pulse height 
distribution for 1 MeV electrons and the peaks produced by irradiation of the 
crystal with y-rays from ™I and "Cs, that, for the particular high tension 
across the photomultiplier required to produce optimum resolution, the relation 
between the energy of electrons striking the scintillator and the amplified pulse 
height from the photomultiplier was non-linear. 

It was found that with a low H.T. the ratio of the pulse heights for the 
137Cg and the 1 MeV electron peaks was 0:57, whereas we expected a ratio of 
(-664.* Furthermore, this ratio increased almost linearly with increasing 
H.T., and passed through the value 0-664. . This effect was at first attributed 
to some possible peculiarity of behaviour of the photomultiplier in a magnetic 
field, and the H.T. was adjusted to that value which gave the ratio of 0-664, 
in order to secure a linear relation between pulse height and energy. Later, 
at various lower currents in the magnet coil, the pulse heights of the 1°7Cs peak 
and of the peaks for electrons of the energy focused in the spectrometer were 
measured. These were plotted as a function of the energy of the focused 
electrons, and it was immediately seen that these curves did not cross at an 
energy of 662 keV, as was expected. This meant that the pulse height produced 
by electrons of energy H incident on the flat face of the crystal was not equal to 
the pulse height produced by y-rays of energy H. The difference is presumably 
due to the different spatial distributions of the scintillations produced in the 
crystal in the two cases. 

It was thus necessary to plot a calibration curve of pulse height against 
incident electron energy. This was made difficult by the fact that the amplifica- 
tion of the photomultiplier varied with the magnetic field produced by the 
current in the field coils of the spectrometer. To measure the pulse height of 
electrons selected from the spectrometer at a particular energy, with the am pli- 
fication which obtains for 1 MeV electrons, the electron beam was blocked off 
and the pulse height corresponding to the 661-65 keV y-ray from !37Cg was 


* (Energy of Cs y-ray)/(Energy of incident electrons) =0-662/0:997=0-664. The use of 
0-997 MeV instead of 1 MeV for the incident electron energy is due to an estimated energy loss 
of 0-003 MeV in the thin aluminium foil covering the crystal face. 
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determined at the current for 1 MeV electrons. Then, with the magnet current 
set at the energy under consideration, the photomultiplier H.T. was varied until 
the original pulse height for the 7Cg y-ray was obtained. With this H.T. the 
pulse height for the focused electrons was determined and this procedure was 
repeated for several values of the electron energy. 


(c) The Energy Loss Runs 

An incident energy of 1 MeV was used throughout. Two sets of four 
absorbers were used, their thicknesses being 0-010, 0-026, 0-035, 0-052, 0-083, 
0-101, 0-153, and 0-215 g/em?. In each run, the pulse height distributions 
for the four absorbers, the blank hole, and the blocked one were obtained, 
three runs being done for each of the two sets of absorbers. In each run the 
count rates for each of the six foil holder positions were taken in turn at every 
bias setting of the pulse height analyser, so that the readings on all the peaks 
were taken at about the same time. In this way it was hoped to minimize any 
effects due to undetected drifts in the circuitry. 


INCIDENT 
BEAM 


82-7 MG/CM* 


2000 101-4 aid 


1528 MG/CM= 
214-8 MG/CM@ 


1000 


COUNTS/MIN 


ANALYSER BIAS (V) 


Fig. 4.—Results of one experimental run. The scatter of the points 

about the estimated smooth curve is shown in one case. The points 

—x-—x— are those used to determine the position of the peak, as 
described in the text. 


The position of the peak of each distribution was determined in the following 
way. The experimental points were plotted, and a smooth curve drawn through 
them. The mean abscissa values for pairs of points corresponding to a series of 
ordinate values throughout the curve were found, and a smooth curve drawn 
through these mean points. The locus thus formed intersected the top of the 
curve at a point whose abscissa was taken to be the position of the peak. In 
this way, the peak position was obtained from the distribution as a whole, and 
was not strongly dependent on the few points about the top of the peak. Thus 
the estimated error in locating any particular peak was generally less than 
4 per cent. and for the thinnest foils was of the order of 0-1 per cent. The 
displacement of the peak for each of the absorbers was found as the mean of the 
displacements in the three runs. Some typical experimental distributions are 

given in Figure 4. 
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TV. COMPARISON WITH THEORY 

The distribution obtained from the incident beam (Fig. 4) has a width at 
half height of 9 per cent. This is made up of the incident energy spread, which 
was 2-3 per cent. plus the unknown width of the counter resolution curve. 
Assuming that the widths combine in the same way as standard deviations, 
this would give a width for the counter resolution curve of approximately 
8-7 per cent. 

Since the width of the theoretical energy loss curves was of the order of 
10 per cent. it was necessary to include the effect of energy spread and counter 
resolution when comparing theory with experiment. Strictly, the energy 
spread should first be folded with the energy loss distribution and then the 
resulting curve folded with the counter resolution curve. However, since the 
energy spread was small compared with either the energy loss distribution or 
the counter resolution, it was theoretically satisfactory, and much more con- 
venient, to fold the ‘‘ energy spread plus counter resolution” curve with the 
theoretical energy loss distribution. Actually, a Gaussian approximation to the 
energy spread plus counter resolution curve was used in the folding process. 

After the calibration described in Section III (b) had been carried out, 
the complete electron peaks at the various lower energies were investigated, so 
that information could be obtained about their widths. It was found that the 
widths in volts (i.e. not converted to an energy scale from the calibration curve) 
were constant, within the experimental error. This somewhat simplified the 
folding process. If the theoretical distribution of the energies of the particles 
emerging from the foil is o(#)d# and if particles of energy FE give rise to a pulse 
height distribution g(V—v)dV, where the (EF, ¥v) relation is known from the 
calibration curve, the expected pulse height distribution is 
d# 


p(L)g(V —v)dHaV = | ” F(o)g(V —v) dea V, 
0 


f(V)aV= | a 


0 
where the (v, £) relation is expressed in the form H=EH(v), and F(v)=9(E(v)). 
In this expression, g(V —v) is taken to be a Gaussian of constant variance. 

In this way, the Landau distribution was found for each absorber, and the 
Monte Carlo and Yang distributions for each of the three thickest foils. From 
these folded distributions values of AV, the difference between pulse height at 
the peak, and the pulse height for an energy of 1 MeV as found from the (2, ¢) 
calibration were obtained. The same quantity was obtained from the experi- 
mental curves. It should be noted that this is not equal to AV’, the difference 
between the pulse height of the peak for each absorber, and the pulse height for 
the peak obtained with the blank hole in front of the crystal, because ‘of the 
presence of the thin foil in the crystal mounting. AV’ was the quantity obtained 
from each run (Section IIT (¢)). Because the most probable energy loss is very 
nearly a linear function of thickness for small thicknesses, the voltage corres- 
ponding to the energy loss (3 keV) in the foil of the crystal mounting was obtained 
from the (H, v) curve, and added, in each case, to the mean value of AV", to 
give the experimental AV. The thickness of the foil of the crystal mounting 
was included in the thicknesses given for the absorbing foils as quoted in Table 1. 
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The results are shown in Table 1 and Figure 5. For the three thickest 
absorbers, the experimental and theoretical widths of the pulse height distribu- 
tions are shown in Table 2. Figure 6 compares the experimental distribution 
for 0-156 g/cm? with the appropriate theoretical ones. 


TABLE 1 
EXPERIMENTAL AND THEORETICAL PEAK DISPLACEMENTS IN VOLTS FOR VARIOUS THICKNESSES 
OF ABSORBER 
The numbers in parentheses are the actual thicknesses used in the theoretical calculations 


| 
| | Monte Carlo using 
Thickness Experimental | Landau | Landau-Yang 
(mg/em") Moliére SP 
Greisen 
13:8 0:7+0-1 (10) 0-4 
30-0 1-6-+0-1 | (26) 1-3 
38.27 2-0+0-°2 | (3D) eleD 
ape} 3-140-2 | (51) 2:3 
86-2 4-740-2 | - (83)°3-7 
104-9 6-2+0°3 (101) 4-8 (105) 5:7 6:3 (105) 5:7 
156-3 | 9-2+0-3 | (152) 7-3 158) 8:8 9-5 (162) 9-4 
218-3 14-0+0:-5 | (216) 11-0 (210) 12-4 (210) 138-5 


The difference between the experimental distribution and the estimated 
background was integrated over the voltage range for the resolution curve 
and the three thicker foils to obtain an estimate of the fraction of the incident 
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Fig. 5.—Experimental and theoretical peak displacements. 


beam absorbed in the foils. Because it was difficult to estimate the tail, these 
calculations were not precise and all that can be concluded is that no absorption 
was observable in foils up to 0-158 g/em? while for the 0-215 g/cm? foil absorption 
was of the order of 10 per cent. This is consistent with the Monte Carlo calcu- 
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lation which predicts percentage absorptions of 0-2, 1-5, and 8-4 respectively, 
but is not in accord with the values which ean be interpolated from the absorption 
curves of Marshall and Ward (1937), viz. 4, 10, and 23 per cent. 
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Fig. 6.—Experimental distribution compared with theoretical 
eurves folded with resolution curve. 


V. DISCUSSION 
The agreement with the appropriate theory is generally satisfactory. For 
thicknesses less than about 50 mg/cm?, the peak pulse height differences agree 
with the values predicted by the Landau theory. This has been demonstrated 
with more accuracy elsewhere (Chen and Warshaw 1951). For the region in 


TABLE 2 
WIDTHS, IN VOLTS, OF EXPERIMENTAL AND THEORETICAL PULSE HEIGHT 
DISTRIBUTIONS FOR THREE THICKNESSES OF ABSORBER 
The numbers in parentheses are the actual thicknesses used in the theoretical 


ealeulations 
Thickness Experimental Monte Carlo Landau- Yang 
(mg/cm?) | 
104:9 5-5+0°3 (105) 5:6 105) 526 
156°3 6-7+0:5 (158) 6:6 (162) 6-8 
218-3 8:7+1-0 (210) 9-2 210) 10-1 


which the effect of scattering becomes appreciable, the Landau theory under- 
estimates the energy loss, satisfactory values of which can be obtained by com- 
bining the Landau theory with a theory of multiple scattering, even though the 
energy losses concerned may no longer be a small fraction of the incident energy. 
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As far as the method of combining the two theories is concerned, our results 
tend to favour the Landau- Yang folded distribution, rather than those obtained 
by the Monte Carlo (Moliére) calculation. For the two foils to which it was 
applied, the Monte Carlo (Rossi-Greisen) distribution gave values of most 
probable AV which agreed very well with experiment. These values were not 
obtained by direct folding, however, but by increasing AV (Moliére) in the ratio 
of the peaks of the unfolded curves. 

The widths shown in Table 2 do not enable us to decide between the 
Monte Carlo and Landau-Yang distributions, and we would not expect them 
to do so, because they are, in effect, the widths of the counter resolution curve 
with some broadening due to the folding with energy loss distributions. How- 
ever, from Figure 6 there is once more this tendency to favour the Landau- Yang 
distribution, as well as a clear broadening beyond that predicted by Landau 
theory alone. 

Thus we find that the Landau-Yang distributions calculated by the tech- 
niques described in I, can be expected to be reasonably accurate. In particular, 
the simple expressions derived there for estimating the most probable energy 
loss and width of the distribution without going through the folding process, 
can be used with confidence. 
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MICROWAVE AND METRE WAVE RADIATION FROM THE 
POSITIVE COLUMN OF A GAS DISCHARGE 


By L. W. Davies* and E. CowcHERT 
[Manuscript received September 16, 1954] 


Summary 

Experiments are described in which the intensity of radio-frequency “ noise ” 
radiation from the positive column of low pressure discharges in neon was measured 
at 3000 Mc/s and at 200 Mc/s. Measurements were made by inserting the positive 
column in a resonant cavity and comparing the cavity output with that from a noise 
generator of known intensity ; corrections were made for contributions to the noise 
radiation from dissipative elements in the cavity at room temperature. The mean 
energy of the electrons in the discharge was calculated from measured values of the 
electric field. 

As the discharge current was lowered the noise temperature JT’ at 3000 Mc/s 
increased above the calculated value of the electron temperature for an assumed 
Maxwellian distribution of electron velocities ; this phenomenon indicated a change 
in the distribution function as the electron density was reduced. The thermal level 
of noise radiation from a plasma with Druyvesteyn distribution of electron velocities 
was calculated and compared with results for low values of the discharge current. 
For high values of the current there was good agreement between the values of 7’ 
at 3000 Mc/s and the electron temperature only when the pressure was sufficiently 
high ; for lower pressures 7’ was less than the electron temperature. 

In a limited range of discharge conditions the measured values of 7” at 200 Mc/s 
were considerably greater than the thermal level. Experiments were carried out to 
ascertain the source of this enhanced radiation. 


I. INTRODUCTION 

An ionized medium in equilibrium at temperature 7, and of sufficient 
optical depth, will emit radiation of all frequencies with an intensity equal to 
that of a black body at the same temperature. In other words, at radio fre- 
quencies, the available noise power from an ionized medium in equilibrium at 
temperature 7 amounts to kT per unit bandwidth. In general, the positive 
column of a gas discharge is not in equilibrium, and we specify the radio-frequency 
radiation from a discharge by means of an equivalent noise temperature 7” ; 
it is such that the available noise power per unit bandwidth is kT’, where 7’ 
may be a function of frequency. 

Microwave “ noise ’”’ radiation from the positive column was first observed 
by Mumford (1949) ; it has been investigated in more detail by several writers 
(Hasley and Mumford 1951; Johnson and DeRemer 1951; Knol 1951). In 
general, the equivalent noise temperature T’ has been found to be comparable 


* Division of Radiophysics, C.8.I.R.O., University Grounds, Sydney. 
f Division of Electrotechnology, C.S.I.R.O., University Grounds, Sydney. 
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with the temperature 7, of the electrons in the discharge ; however, it was 
thought worth while to carry out a more extensive investigation than had been 
made previously, particularly at low values of the discharge current. Relation- 
ships between electron temperature, equivalent noise temperature, and collision 
frequency of the electrons in the discharge are important in connexion with 
the development of discharges as standard noise signal generators ; it is also 
of interest to study such relationships in the light of theories of the origin and 
transfer of radio-frequency radiation in an ionized medium (Smerd and Westfold 
1949) with their particular application to radio-astronomical observations. 

This paper describes experiments in which the noise radiation from the 
positive column of discharges in neon was observed at frequencies of 3000 and 
200 Mc/s, over a wide range of discharge conditions. 

Preliminary results were reported at the 10th General Assembly of the 
International Union of Scientific Radio (U.R.S.I.), Sydney, 1952. 


IJ. CONTRIBUTION OF THE POSITIVE COLUMN TO THE OBSERVED RADIATION 
When the positive column is inserted in a resonant cavity, it may be con- 
sidered as a load at a temperature equal to the equivalent noise temperature of 
the discharge. To determine the contribution of this load to the observed 
noise from the cavity, we consider the equivalent circuit of the cavity and 
impedance transformer as set down in Figure 1 (a), in which reactances introduced 


R, R, R, 
Re RL 
Re Rg = R Rc 
Rg R. Rg 
(a) (b) (¢) 


Fig. 1.—Equivalent circuits of resonant cavity containing discharge tube. 


by the discharge have been neglected (see Section IV); the resistances R,, R,, 
and &, correspond respectively to losses in the transformer, cavity, and discharge. 
Regarded as generators of noise, the resistances R, and #, are at room temper- 
ature 7, and the resistance R, at the effective noise temperature of the discharge, 
T’. We denote by 7, the observed noise temperature of the cavity when 
matched to the transmission line. 

From a consideration of the relative losses in the resistances of the circuit 
given in Figure 1 (a), it is easily shown that, where F is the resistance of the 
circuit of Figure 1 (a), 

ii RR, 1( RR?) i 
ate E . EE : TR ore bie ae 


In order to determine 7’ from observed values of the available noise power 
from the cavity, standing-wave measurements are made of the impedance 
presented by the cavity with discharge off, i.e. with resistance F, removed from 
the equivalent circuit ; these are carried out at the resonant frequency of the 

i 
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cavity (voltage standing-wave ratio, V.S.W.R.=o,) and at a frequency well 
removed from resonance (V.8S.W.R.=o,). Then we have (Slater 1950) : 


eee eR rer ) 
6, 2n3-prjedyh 11 bp WB See (2) 
d=, ', J 

where 7,=R,/R, 7,=R,/R, rz=R,/R, and we assume the cavity to be matched 


to unit standing wave ratio with discharge running. From (1) and (2) it follows 
that 


OG, Gonnt p=) Ogee 
Yileee r=8 T #4 Z " 
(Spl) (Com Ling tahoe 1) Gard) 


In general, the second term may be neglected, since T,>T7, and o)>1, giving 
T’ So, 95 1)(o,—1) 40 =a5) 7, 0 hare (3) 


If the resistive load corresponding to the discharge losses is not completely 
in shunt with the cavity losses R,, the equivalent circuit of the impedance 
presented by the cavity and matching transformer may take the forms shown 
in Figures 1 (b) and 1 (ec), where R, represents losses in the cavity at room temper- 
ature which are not shunted by #,. In either of these cases it may be shown 
that 

TS Gp eerh oral yo ee (4) 


Such a case may arise, for example, when losses occur in the glass walls of the 
cylindrical discharge tube and the axis of the tube is not parallel to the electric 
field vector in the cavity (ef. Section III (a)). 


III. EXPERIMENTAL TECHNIQUE 
(a) Measurement of T’ at 3000 Me/s 

A block diagram of the circuit used is shown in Figure 2. The resonant 
cavity consisted of a section of waveguide, short-circuited at one end and pro- 
vided with two sliding stubs of variable depth at the other, with the discharge 
tube mounted in the #-plane of the TE), mode (H),) and inclined at an angle 
of 15° to the wider face of the waveguide. Lengths of cylindrical copper tubings 
of diameter 2-5 cm, surrounded that portion of the tube extending outside the 
guide ; they acted as a waveguide beyond cut-off for the 10-cm radiation, and 
were calculated to provide approximately 100 db attenuation for radiation 
entering the guide from the electrode regions of the discharge tube. 

The noise temperature of the cavity, 7',, was determined by comparing its 
output with that of an argon gas discharge tube (7 =10,250 °K), which in turn 
had been calibrated by direct reference to a hot, dissipative waveguide load 
(cf. Section III (b)). The procedure was to connect the ‘“ cavity ”’ section of 
guide to the impedance measuring equipment and match the cavity to the 
waveguide (V.S.W.R.<1-03) by means of the sliding-stub transformer. The 
noise-measuring receiver and image-frequency rejection cavity were accurately 
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aligned with the signal generator, and thus with the frequency at which the 
cavity was matched, and the cavity section of the waveguide transferred to the 
noise-measurement gear. The image rejection cavity was necessary because the 
different bandwidths of the two noise sources gave rise to different degrees of 
mismatch, and hence of noise energy transfer, at the image frequency. The 
transmission of the cavity at the image frequency was 42 db down on that at the 
signal frequency. For most measurements the bandwidth of the intermediate- 
frequency (30 Mc/s) amplifier of the noise-measuring receiver was 500 ke/s ; 
for the lowest pressure investigated, and for low values of the discharge current, 
however, the bandwidth of match was found to be so narrow that a second 
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Fig. 2.—Experimental arrangement for measurement of noise temperature of 
discharge at 3000 Me/s. 


conversion to 2 Mc/s was employed, with a bandwidth of 18 ke/s between points 
3 db down from the central frequency. Frequency stability was realized by 
using regulated voltage supplies throughout the electronic equipment. The 
noise figure of the receiver, including image rejection cavity, was of the order 
of 12 db. 

The value of 7, was determined by measuring firstly M,, the ratio of 
receiver output powers with cavity and room-temperature attenuator separately 
contributing noise signal to the input, followed by a measurement of M,, the 
corresponding ratio for the substandard noise source. It can be shown that 
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where F is the noise figure of the receiver, obtained from the formula 


dora vs ae 
lesan Ls POEs Sys (6) 


and 7, is the noise temperature of the substandard noise source. Several 
determinations were made of M, and M, for each set of discharge conditions 
investigated. 

With discharge off, the cavity was then transferred to the impedance 
measurement equipment where the relevant standing-wave ratios o,, o, were 
determined. Since the presence of the discharge generally gave rise to a small 
change in resonant frequency of the cavity with discharge on and off, o, was 
determined by measuring V.S.W.R. as a function of frequency (cf. Fig. 3) and 


VSW.R 


\ / —— — DISCHARGE OFF 
DISCHARGE ON 


3000 
FREQUENCY (Mc/s) 


Fig. 3.—Voltage standing-wave ratio of cavity as a function 
of frequency near 3000 Mc/s? Experimental conditions : 
Py =2:80 mm Hg, discharge current 10 mA. 


taking o, to be the V.S.W.R. at resonance, with discharge off. At 3000 Mc/s. 
o was found to be greater than 200, and accordingly o>! was neglected in 
equation (3), giving 

HE eh Gull ren) ) De 8h eh ee ee eee, yea (7) 


By determination of the position of the standing-wave minimum as a function of 
frequency at the same time, it was verified that the Q of the unloaded cavity 
(i.e. with discharge off) was less than the external Q (see Slater 1950), so that the 
equivalent circuits of Figure 1 and the derivation of equation (3) are valid. 


(b) Calibration of 3000 Mc/s Substandard Noise Source 
The determination of the noise temperature of the substandard argon 
discharge tube was performed by comparing its noise output with the noise 
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output from a wedge-shaped waveguide termination heated uniformly to a 
temperature of approximately 450°K. <A second termination was used to 
obtain a room temperature reference. 


The large difference between the temperature of the thermal standard 
(450 °K) and the effective temperature (10,000 °K) of the discharge, led to 
considerable experimental difficulties ; the most troublesome of these were : 


1. The receiver was particularly sensitive to mismatch of the room temper- 
ature termination and the 450 °K thermal standard. It may be shown 
(F. F. Gardner, personal communication) that, when the equivalent 
input temperature of the receiver is greater than the temperature of the 
input termination, a change of 1 per cent. in the resistive component. 
of the termination can give rise to a relatively greater apparent change 
(estimated to be 4 per cent. in this case) in the equivalent temperature 
of the termination. 


bo 


The difference in noise power from the two sources required that either 
the variation of the gain of the receiver with power output be known, 
or that the two sources be brought to the same intensity by means of an 
attenuator. 


In order to overcome the first of these difficulties a telescopic waveguide was 
placed at the input of the receiver. The impedance of the terminations was 
adjusted until a negligible change in output occurred as the length of the input 
guide was changed. 

Several different arrangements of noise measuring equipment were used to 
overcome the second of these difficulties. 

Initially a straight superheterodyne receiver capable of receiving both the 
image and signal frequencies was used. The gain versus power output law of 
the I.F. amplifier and second detector was determined by means of a 30 Me/s 
noise diode. The crystal mixer was assumed linear for the small signals involved. 
Owing to the reception at the image frequency difficulty was experienced in 
obtaining a suitable match with the various terminations. 

A more satisfactory experimental set-up (Fig. 4) used a receiver with a 
Dicke modulating system (Dicke 1946). The increased stability of the output 
signal level which was obtained with this arrangement permitted the use of an 
image rejection cavity in front of the mixer. This eliminated the matching 
difficulties experienced with the straight receiver. However, since this type of 
receiver is essentially non-linear, a calibrated waveguide attenuator was placed 
between the discharge tube mount and the input of the receiver. By this means 
the equivalent noise temperature was reduced to the same level as that of the 
thermal standard. 

As a check on the above measurement, the noise power output versus plate 
~ eurrent law of a coaxial noise diode was measured at 3000 Mc/s, using the 
i previously calibrated ‘straight ’’ receiver. This was possible since the only 
| departure from linearity of the coaxial diode occurred at very high noise outputs. 
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The noise diode was then used as a transfer instrument, being calibrated 
against the hot load at low intensities and compared with the discharge at high 
intensities. 

The results of each of these measurements are given in Table 1 together 


with the estimated errors. 
STANDARD 
ATTENUATOR 
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PHASE SENSITIVE 
DETECTOR 
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Fig. 4.—Measurement of noise temperature at 3000 Mc/s of substandard 
discharge tube. 


(c) Measurement of T’ at 200 Me/s 
Measurements of the noise radiated by the positive column at 200 Mc/s 
were made by inserting the positive column into the high-field region of a 
re-entrant, tunable resonant cavity, as shown in the block diagram of Figure 5. 
In this case also, the portion of the positive column projecting beyond the 
resonant cavity was surrounded by cylindrical guide beyond cut-off, to prevent 
radiation generated in the electrode regions passing into the cavity. 


TABLE 1 
DETERMINATION OF SUBSTANDARD NOISE TEMPERATURE AT 3000 Mc/s 
Equivalent Noise Estimated 3 

Method of Calibration Temperature Error 

(°K) (%) 

1. “Straight” receiver...  .. si 10,300 +10 
2. Dicke system and attenuator .. ahs 10,200 + 5 
3. Dicke system and noise diode .. oh 10,300 SE 0) 


The effective noise temperature of the cavity was determined by comparison 
with a diode noise generator whose internal reactance was tuned out at 200 Mc/s 
(Love 1948) and impedance matched to the characteristic impedance (75 Q) 
of the transmission cable. With discharge on, the cavity was attached to the 
impedance measuring gear and matched to unit standing-wave ratio 
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(V.S.W.R.<1-06) by means of the coarse and fine capacitive tuning of the 
cavity and the degree of coupling of the loop. The signal frequency used for 
matching was accurately aligned beforehand with that of the noise measuring 
receiver, to which the coaxial lead from the cavity was transferred after matching. 
The noise measuring receiver was made up of a tuned 200 Mc/s preamplifier, 
followed by intermediate-frequency amplification at 30 Me/s and at 2 Me/s, 
with an effective bandwidth of 18 ke/s. The noise figure of the receiver was 
of the order of 10 db. 


TRANSVERSE 200 Mc/s 
MOUNTING NOISE F23—T-4 
POSITION DIODE 


DOUBLE CONVERSION DIODE 
5] 200 Mc/s RECEIVER @ 
18 Kc/s B/W. DETECTOR 
OUTPUT 


| METER 


200 Mc/s 
SIGNAL 
“| GENERATOR 


EXPERIMENTAL TUBE 
IN CAVITY 


Fig. 5.—Measurement of noise temperature of discharge at 200 Me/s. 


As in the measurements at 3000 Mc/s, the noise temperature 7, of the 
cavity at 200 Mc/s was determined by observing the receiver output power 
ratios, M, and M,, and inserting these values in equations (5) and (6). In this 
case the noise temperature 7’, of the standard noise source (diode generator) 
is given by : 

' TC aN ae te siti a Senareaile hy tyes (8) 
For the experimental conditions J=20 mA, R=75Q, and T,,=300 °K ; this 
gives T,=9010 °K. 

With discharge off, standing-wave measurements were then made at the 
resonant frequency of the cavity and at a frequency well removed from resonance, 
and the noise temperature 7” of the discharge calculated from equation (3). 
Owing to losses in the coaxial cable connecting cavity and receiver input, o, 
was found to be of the order of 20 db and was not negligible at this frequency. 


(d) Determination of Discharge Parameters 
The measurements at 3000 and 200 Mc/s were made on the positive column 
of discharges in neon. Several tubes were fabricated of Pyrex glass, filled at 
pressures in the range 0:5-10 mm Hg and sealed off. The positive column in 
each case was 1-0 cm in diameter and of approximate length 80 cm; each tube 
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was provided with a thermionic cathode, which was mounted in a buffer volume 
of neon at the sealing-off pressure. Care was taken to remove foreign gases 
thoroughly before sealing-off, and no significant changes were detected in the 
electrical characteristics of the tube during its experimental life. Spectroscopic 
examination of the radiation from the discharge was also used as a check on the 
purity of the gas. 

A determination of the mean energy of the electrons in the discharge, 
available over the whole range of discharge conditions, is made possible by the 
existence of theoretical relationships between the mean energy of the electrons 
and H/p,, the electric field strength divided by the pressure of neon at 0° C. 
If there is sufficient interaction between the electrons in the discharge, they 
will have a Maxwellian distribution of velocities with electron temperature T,,, 
and Mierdel (1938) has given the relationship between 7, and EH/p, in this case. 
For the case in which there is negligible interaction between the electrons, 
Druyvesteyn has derived a theoretical distribution of electron velocities (given in 
equation (A10) of Appendix I), and the relationship between T,,.* and E/py 
for this distribution in neon has been given by Druyvesteyn and Penning (1940). 
These writers also show that there is good agreement between experimental 
values of 7, and those predicted theoretically, for both sets of conditions. 


The value of the electric field strength for insertion in these theoretical 
relationships was taken to be the longitudinal electric field in the positive column. 
Because of the great length of the positive column, this was determined with 
sufficient accuracy by dividing the potential drop across the discharge by its 
total length ; it was assumed that the cathode fall at the thermionic cathode 
was negligible. Measurement of the voltage gradient in one case by the use of 
two axial probes showed this to be a valid approximation. These measurements 
enabled estimates to be made of the electron temperature 7’, for the two separate 
cases in which either a Maxwellian or a Druyvesteyn distribution was assumed 
to exist in the plasma. 


; IV. EXPERIMENTAL RESULTS 

Measured values of the effective noise temperature at 3000 Me/s and at 
200 Me/s are shown in Figures 6-8 as a function of the current in each of four 
discharge tubes. 

For low values of the current in the two tubes of lowest pressure there were, 
initially, oscillations in the discharge current at approximately 2 ke/s. These 
oscillations gave rise to anomalous standing-wave patterns at 3000 Mc/s, which 
were superpositions of the standing-wave patterns corresponding to the varying 
load presented by the discharge. It was found possible to suppress these 
oscillations in the case of one tube by inserting a resistor in the tube circuit at 
the anode, and no difficulty was then experienced in matching the discharge 
to V.S.W.R.<1-03. However, the tube of lowest filling pressure (0-495 mm 
Hg at 0 °C) could not be prevented from oscillating below currents of 150 mA. 


*In the non-Maxwellian case, the electron temperature is defined (Chapman and Cowling 
1951) by: mean energy of electrons =3kT’,/2. 
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Corrections to the observed noise level of the cavity for cavity losses were 
given by equation (7). At 3000 Me/s the correction factor o,/(6,—1) ranged 
from unity for currents greater than approximately 20 mA to values as high as 
5 as the discharge current was reduced to a few hundred microamperes. Thus 
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Fig. 6.—Measurements of effective noise temperature of discharge for 
Po=2:80mm Hg: - 3000 Mc/s; © 200 Mc/s; © probe measurements 
of electron temperature. 


the estimated experimental errors are greater at lower values of the current, as 
shown in Figures 6-8 ; these errors do not include possible errors in the deter- 
mination of the temperature of the substandard, which amounted to +-5 per cent. 
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Fig. 7.—Measurements of effective noise temperature of discharge for 

po=4:75mm Hg: + 3000Mc/s; © 200 Me/s, with axis of discharge 

tube parallel to H-vector in cavity ; + 200 Mc/s, with discharge tube in 
transverse mounting position. 


The observed noise levels at 200 Mc/s were corrected for cavity and series 
losses by use of equation (3). The correction factor ranged approximately 
from 1-20 at higher values of the current investigated, up to 2-5 for low currents. 
The estimated errors in the measurements at 200 Mc/s amounted to +-10 per cent. 
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In both discharge tubes investigated at 200 Me/s it was observed that the 
value of 7’ at first increased rapidly as the discharge current rose above a value 
of approximately 10 mA. In the case of the tube with filling pressure 4-75 mm 
Hg (Fig. 7), the measurements were extended to higher values of the discharge 
current ; it was found that the value of 7’ passed through a maximum at about 
20 mA, and decreased monotonically for increase in current above this value. 
Also shown in Figure 7 are some results obtained with the discharge tube 
mounted transversely in the resonant cavity, in the position shown in Figure 5. 

Further experiments were carried out with the tube of Figure 7 in order to 
investigate the considerable enhancement of the values of 7’ at 200 Mc/s over 
those at 3000 Mc/s, for the range of discharge current 1-100 mA. When a 
signal at 200 Mc/s was fed into the cavity and a pick-up loop placed in the 
vicinity of the positive column outside the cavity, the guides beyond cut-off 
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Fig. 8.—Measurements of effective noise temperature at 3000 Me/s of 
discharge; (a) py=9:'42mm Hg, (6) pp=0'46mm Hg. O Probe 
measurements of electron temperature. 


surrounding the discharge as it passed into the cavity were found to conduct 
200 Me/s radiation as the current rose above 5 mA. This conduction presumably 
took place with the discharge acting as the centre conductor of a coaxial line 
(Rosen 1949). Measurements were made of the attenuation of the signal along 
the positive column when used in conjunction with an earthed, plane conductor= 
as a strip transmission line; it amounted to 2 db/em for a current of 10 mA 
in the discharge tube of Figure 7, and decreased with increase in current. Thus 
the attenuation provided by each copper tube surrounding the positive column 
as it entered the cavity was estimated to decrease from approximately 100 db 
to less than 15 db as the discharge current increased through the critical value 
for coaxial transmission. 

With the discharge current at 20 mA, the noise level at 200 Mc/s could be 
increased by amounts up to 10 per cent. by bringing up a magnet to the cathode 
region of the discharge, or by decreasing the filament supply voltage. By moving 
the tube longitudinally with respect to the cavity, so that the distance of the 
cathode from the cavity was reduced by approximately 60 cm, the noise level 
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from the cavity could be increased monotonically up to a maximum of 1-14 
times the level observed with maximum separation ; this experiment was carried 
out with the discharge current at 20mA. Measurements were made of the 
200 Me/s noise generated (by fluctuations in the discharge current) in a 75 Q 
resistor placed in series with the discharge tube; in the range of discharge 
current 20-100 mA the effective noise temperature of the resistor increased from 
3000 to 6000 °K. 

From measured values of the longitudinal electric field in the discharge, 
values of the electron temperature were calculated as discussed in Section III (d). 
The calculations were carried out for two assumed distribution functions, 
namely, Maxwell’s and Druyvesteyn’s. Calculations given in Appendix I show 
that the effective noise temperature of a plasma with a Druyvesteyn distribution, 
of mean energy 4=3kT,,,/2, is 0-874 T.. when the radio-frequency radiation 
arises as bremsstrahlung in collisions between electrons and positive ions; the 
values of T,, for a Maxwellian distribution and of 0-874 7,, for a Druyvesteyn 
distribution are given in Figures 6-8 as a function of the discharge current. 

Probe measurements of electron temperature were attempted, the results 
being shown in Figures 6 and 8. The measurements were not felt to be particu- 
larly reliable, because of the small diameter of the positive column and the 
resultant disturbance to the properties of the discharge in its immediate vicinity 
by the probe. For comparison, theoretical values of the electron temperature, 
calculated from an expression given by von Engel and Steenbeck (1934), are 
also shown in Figures 6-8. 


V. DISCUSSION 

As an introduction to the discussion of the results presented in Section IV, 
we consider the expected level of thermal radio-frequency radiation from the 
plasma of a discharge in neon. For a sufficiently high value of the electron 
density, the electrons have a Maxwellian distribution of velocities (with electron 
temperature 7',,) due to the interaction between electrons, while for values of the 
electron density so low that electron interaction is negligible, we assume the 
distribution to have the form derived by Druyvesteyn, with mean energy equal 
to 3kT,,/2. In Appendix I it is shown that the values of the equivalent noise 
temperature 7” of the plasma in the two cases are respectively 7, and 0°874 T.., 
when the radiation is emitted as bremsstrahlung in the collisions between 
electrons and positive ions. If measurements are made of the electric field 
strength in the positive column and values of the mean energy of the electrons 
calculated on the basis of one or the other distribution as the true one, we arrive 
at two curves describing the relationship between the value of 7” and the current 
in the discharge, to which the electron density is related. These curves are 
shown schematically in Figure 9; curves (1) and (2) give the values of 7, and 
0-874 T,. respectively. If the electrons have a Maxwellian distribution of 
velocities for values of the discharge current greater than J,, and electron-electron 
interaction is negligible for values less than J,, the value of 7” is equal to 7,, 
for values of current greater than J,, and 0-874 T,, for values less than J. 
Between these values of the discharge current the electron velocity distribution 
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undergoes a transition from one form to the other, and the equivalent noise 
temperature at all radio frequencies is accordingly expected to have the form 
shown in Figure 9 over the full range of discharge current. 

The results presented in Figures 6-8 are in qualitative agreement with the 
theory outlined above, and we shall take the point of view that the observed 
increase (Figs. 6, 7) in 7’ at 3000 Me/s to values greater than 7, indicates a 
departure from a Maxwellian distribution of the electron velocities as the 
discharge current, and with it the electron density, decreased from the highest 
values. There are several features of quantitative departure from the theoretical 
picture, particularly in the measurements at 200 Mc/s, and we shall discuss 
them in turn. 


lo I 
DISCHARGE CURRENT 


Fig. 9.—Theoretical value of the noise temperature of the 
positive column, 7”, as a function of current in the discharge. 


At values of the discharge current less than 3 mA in Figure 6 and 1:5 mA 
in Figure 7, the correction factor for cavity losses at 3000 Mc/s was in excess of 2. 
Consequently the values of 7’ at 3000 Mc/s shown in Figures 6 and 7 for these 
respective ranges of discharge current may be lower than the true values, in 
accordance with equation (4). This is the probable reason for the observed 
difference in the values of 7’ at 3000 and 200 Me/s for the lowest values of the 
discharge current. 

It is probable that the electron distribution function, in the absence of 
electron interaction, is not exactly that derived by Druyvesteyn; it is also 
possible that the effective noise temperature of a Druyvesteyn plasma may differ 
from 0-874 7. for other processes of emission and absorption of radiation than” 
those considered in Appendix I. In the range of discharge conditions in which 
the electron density is so low that electron interaction is negligible the agreement 
between observed values of 7’ and the calculated value 0-874 7, may thus 
be poor. 

A feature of the results shown in Figures 6-8 is the relationship between 
the noise temperature at 3000 Mc/s and the electron temperature in the region 
of higher discharge currents, where the electrons may be assumed to have a 
Maxwellian distribution of velocities. The values of 7’ and 7, at different 
pressures are shown in Table 2, together with estimated values of the mean 


frequency with which an electron collides with atoms of the gas under the given 
conditions. 
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It is seen that the value of 7’ decreased progressively below 7',, as the 
discharge pressure was reduced, and that the collision frequency of the electrons 
simultaneously fell to values less than the frequency of observation (3 x 109 sec-!). 
Johnson and DeRemer (1951) and Knol (1951) have also reported values of 
T’ <T,,,, but it is not clear from their papers whether they have taken into account 
room temperature contributions to the microwave radiation from cavity losses. 

If the radiation arises from discrete microscopic processes in the plasma, 
such as the bremsstrahlung emitted by electrons in their encounters with positive 
ions, there is no dependence of the effective noise temperature on the time rate 
at which these processes occur in a medium of infinite optical depth, other than 
that they should occur at random. The effective noise temperature for the 
radiation arising from microscopic processes involving the electrons in such a 


TABLE 2 
ELECTRON TEMPERATURE, NOISE TEMPERATURE AT 3000 Mc/s, AND ESTIMATED COLLISION 
FREQUENCY FOR MAXWELLIAN DISTRIBUTION OF ELECTRON ENERGIES 


Po | Current SMe ii Z 
(mm Hg) | (mA) (°K) (°K) (sec™) 
9-42 10 23,800 23,800 ~1-0x 1028 
4-75 100 21,300 24,400 DelGloz 
2-80 150 22,200 28,000 3°5 X10? 
0-46 ~700 36,400 53,000 7-4 108 


medium will be the electron temperature 7',,, provided only that the motion of 
the other partners in the process (e.g. ions, atoms) may be neglected relative 
to that of the electrons. This is a valid assumption for almost all the electrons 
of a Maxwellian distribution in the positive column. The observed decrease in 
the value of 7’ at 3000 Mc/s below 7, leads to the conclusion that there are 
mechanisms for the generation of radio-frequency noise in the positive column 
other than microscopic processes involving the electrons, and that these additional 
mechanisms have an effective noise temperature at 3000 Mc/s which may fall 
below 7,,. An example of such mechanisms might be the fluctuations in the 
current through the discharge which arise from the collisions of the charge 
carriers (electrons) with the atoms of the gas. 

For the case in which the electrons have a Maxwellian distribution the 
results given here are not sufficiently comprehensive to compare the values of 
T’ at 3000 and 200 Me/s and thus to establish the significance of the decrease in 
collision frequency below 3 10° sec-! as the value of 7’ at 3000 Mc/s decreased 
below T,, (Table 2). 

We now return to a consideration of the limiting values of discharge current 
below which the electrons in each tube first showed departures from a Maxwellian 
distribution of velocities. These values were derived from the measurements 
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of T’ at 3000 Mc/s, shown in Figures 6-8 ; they were taken to be the values at 
which 7’ first showed a significant upward tendency in relation to the value of 
T,,, a8 the discharge current was reduced from the highest values. The limiting 
values of discharge current are given in Table 3, together with the corresponding 
estimated values of the axial electron density. The latter were calculated using 
values for the mobility of electrons in neon determined by Nielson (1936) ; it 
was assumed that the mean density of electrons in the positive column was 
equal to 0-7 times the axial density. Also shown in Table 3 are the relevant 
values of the parameter H/p,, which is a measure of the energy gained from the 
electric field by an electron between collisions. The results show that a Max- 
wellian distribution is established for smaller values of the electron density as the 
energy gained by an electron during one free path is decreased. 


TABLE 3 
ELECTRON DENSITY BELOW WHICH ELECTRON DISTRIBUTION FUNCTIONS SHOW 
DEPARTURES FROM THE MAXWELLIAN 


Limiting | Calculated Axial 
Do | Current Electron Density E'| po 
(mm Hg) (mA) (em?) |(V em (mm Hg)*) 
9-42 | 4 4 x 101° | ~0:-7 
4-75 | 10 | 7101 1-37 
| 

2-80 30 1-4x 10" 1-93 
0-46 | > 700 >8x10" ~9-0 


Calculations on the interaction of electrons in a plasma (Cahn 1949) show 
that it should be sufficient to maintain a Maxwellian distribution for electron 
densities greater than 101-1012 cm-3, for particular values H=1 V/cm and 
electron mean free path A=10-%cm. This corresponds in the case of neon to 
E/py~0:2 V em~* (mm Hg)-!. The lowest value of H/p, investigated here was 
0-7, for which the critical density was estimated to be 4101°cm-%. In view 
of the approximate nature of this value, it cannot be said that there is wide 
disagreement between these results and Cahn’s theory. The observation that” 
the critical density increased as the energy gained by an electron during one free 
path became larger (Table 3) is in accord with the idea that electrostatic inter- 
action between electrons is primarily responsible for the establishment of a 
Maxwellian distribution. 

We discuss finally the measurements of the effective noise temperature at 
200 Me/s, the results of which are shown in Figures 6 and 7. For discharge 
currents below 1mA the value of 7’ is believed to be accounted for by the 
absence of electron interaction at low electron densities, so that the distribution 
of electron velocities is non-Maxwellian. For values of the discharge current 


above 1mA we shall confine our discussion to the more extensive results of 
Figure 7. 
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The fact that a decrease in the attenuation for externally generated signals 
entering the cavity occurred at a discharge current of approximately 5 mA 
suggests that the increase in 7” at 200 Me/s, observed in the range 1-100 mA, 
may have been due in part to the penetration into the cavity of radiation 
generated at the electrodes. Labrum and Bigg (1952) have shown that the 
cathode of a discharge can act as a generator of radio-frequency noise at a high 
level. The observation of an increase in 7’ as the cathode moved closer to the 
cavity in this case is evidence that 200 Mc/s radiation from the cathode region 
probably played some part in the enhancement of the values of 7’. 


From measurements of the noise in the resistor placed in series with the 
discharge tube it was shown that there were fluctuations in the current in the 
discharge, with a component at 200 Mc/s which increased monotonically in the 
range 20-100mA. This modulation may have originated in the electrode 
regions outside the resonant cavity. If it is assumed that the fluctuations in 
the discharge current at 200 Mc/s interact with the electric field in the cavity 
for the longitudinal position of the tube, the fluctuations will make a contribution 
to the noise level in the cavity. Experiments were carried out with the same 
discharge tube inserted in the cavity in such a position that this interaction was 
reduced, i.e. with the direction of current flow in the discharge normal to the 
electric field vector in the high-field region of the cavity : the noise level was in 
fact found to be reduced (Fig. 7, curve (ii)) by an amount comparable with the 
current noise developed in the series resistance. It is concluded that fluctuations 
in the discharge current at 200 Mc/s also contributed to the enhancement of T’ 
in the range 1-100 mA. 

There remains the possibility that the increase in values of 7’ at 200 Me/s 
above those at 3000 Mc/s, in the range of discharge current 1-100 mA in Figure 7, 
was in part due to an intrinsic contribution to the noise level from the positive 
column; i.e. the plasma within the cavity generated noise in excess of the 
thermal level. This possibility is supported by a re-examination of the results 
at 3000 Mc/s, which show some evidence of a small maximum in the value of T’ 
at a discharge current of 35 mA. This increase in the value of T’ at 3000 Mc/s 
must almost certainly originate within the positive column enclosed by the 
resonant cavity ; using the theory of Rosen (1949) it was calculated that the 
cylindrical tubes surrounding the positive column on either side of the cavity 
acted as waveguides beyond cut-off at 3000 Me/s, for discharge currents less 
than 70 mA. Under this condition noise generated externally did not enter the 
cavity. A similar limiting value of the discharge current (70 mA) was deduced 
from standing wave measurements at 3000 Mc/s with the discharge as load. 
It is assumed that the additional source of noise in the positive column which is 
evident at 3000 Mc/s had a spectrum extending to 200 Mc/s. 


It may be concluded that there are at least three mechanisms which con- 
tribute to the enhanced values of 7’ at 200 Mc/s shown in Figure 7 : 


(i) radiation generated in the vicinity of the electrodes, which may enter 
the cavity by coaxial transmission ; 
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(ii) fluctuations in the discharge current at 200 Mc/s which may contribute 
to the radiation field within the cavity ; and 

(iii) generation by the plasma within the cavity of radiation which is in 
excess of the thermal level. 


The experimental results do not permit us to state quantitatively the relative 
magnitudes of the contributions from these three mechanisms. 
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APPENDIX I ~ 
By L. W. DAVIES 


Radio-frequency Radiation from Non-equilibrium Discharges in Neon 

A discussion is given here of the intensity level of the radio-frequency radia- 
tion from a plasma in which the electrons are assumed to have a distribution of 
energies derived by Druyvesteyn (Chapman and Cowling 1951, Sect. 18.71) ; 
the distribution applies to a plasma in which there is negligible interaction 
between electrons. The problem is approached by deriving the effective 
temperature for radio-frequency radiation of a plasma of infinite optical depth, 
when the radiation (bremsstrahlung) is emitted and absorbed during free-free 
encounters of electrons with positive ions. 
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The equation of transfer of radio-frequency radiation along a ray trajectory 
passing through an ionized medium may be written (Woolley 1947) 


oy 2 
wi as (a3) ae A ag Or hci) Motel fallin chibluetiahic, he (Al) 
where J, is the intensity of radiation in the frequency range ( f,f+df) in the 
direction of the ray, n; is the volume emissivity, AK; the absorption coefficient, 
us the refractive index of the medium, and s the distance measured along a ray 
trajectory. 

Upon the introduction of the optical depth t;, defined by 
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is the ergiebigkeit of the medium for radiation in the frequency range (f, f+df) 
(Smerd and Westfold 1949), and the subscript 0 refers to the zero level for 7;. 


If the ionized medium is uniform in its properties, so that the ergiebigkeit 
F’; is independent of optical depth, it follows from equation (A3) that 


Lys 
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and for a medium of infinite optical depth, 


Hence the intensity of radiation is directly related to the ergiebigkeit for such a 
medium. In the particular case of a medium in thermodynamic equilibrium at 
temperature 7 we have from the Kirchhoff relationship 


where B,(7’) is the intensity of black radiation at temperature 7. Thus in this 
case 


For non-equilibrium conditions we define an effective temperature 7” for the 
emergent radiation by means of the relationship 
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Smerd and Westfold (1949) and Westfold (1950) have calculated 
the ergiebigkeit for an ionized medium in equilibrium from the microscopic 
processes occurring in the plasma; they assumed that the contributions to the 
rf. radiation field arose from the bremsstrahlung emitted by electrons during 
their collisions with positive ions. Making this same assumption, we derive the 
ergiebigkeit, in this case, for an ionized medium in which the electrons have a 
distribution of energies u(y) given by Druyvesteyn, namely, 


ly) = Byte cone sae teres (A10) 


where «=[I(5/4)/I'(3/4)]2, 7 is the mean energy, and from the relationship 
| u(4)dy =, 
0 
where N, is the electron density, it follows that 


B=2N,0?/4/{732T(3/4)}. 


When the motion of the positive ions in the plasma is neglected, the number 
of collisions per unit time per unit volume between ions and electrons such that 
the electron energy 7 lies in the range (yj, 7+dy) and the collision parameter b 
lies in (b, b+-db) is given by (Fowler 1936, Sect. 19.32) 


2y\# 
N 4 < 270d... db (7) u(yn)dy, 


where NV, is the number-density of positive ions, and m is the mass of the electron. 


It follows that the number y of collisions per unit time made by one electron 
with the ions of the medium is 


y ape Srl )\ alnyded All 
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In this expression the upper limit o to the variable b is an effective collision 
distance for the ions. It has been discussed by Smerd and Westfold (1949) and 
Westfold (1953). 


From Smerd and Westfold’s treatment we have 


Ky=4vf2/3cf uy, SP Oe ate ees, 6 (A12) 
where 
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The spontaneous emission per unit volume per unit time is given by 
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where Q,df is the energy radiated in the frequency range (f, f+df) as brems- 
Strahlung during a collision between electron and positive ion. Its value is 
given by Westfold (1950) 


16e? 21 . Lf 
Af= a 
i m {1+(2nb/Ze?)?\’ 
where Ze is the charge on the positive ion. 
We are now in a position to evaluate the ergiebigkeit for arbitrary electron 
energy distribution u(y), and thence the effective temperature 7’ from equations 


(A6) and (A9). We shall do so first for the case of a Maxwellian distribution 
of electron velocities. In this case 


D(H) =2TN ay t(rekT',) 8!" exp (—7H[kT ) oss caterer 2'ew » (A16) 

whence we have from equations (A11) and (A14): 
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that is, 
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where A,(2) is the mean value of the slowly varying logarithmic function 
In{1 +47?o?/Ze*}, and we have made the approximation of replacing this function 
by its mean value in the integral. Smerd and Westfold give 
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From equations (A4), (A12), (A113), (A16), (A17), and (A18) we find 
for the ergiebigkeit 


Thus the effective noise temperature of a plasma, in which the electrons have a 
Maxwellian distribution of energies with temperature 7’, is equal to the electron 
temperature. 

We now calculate the ergiebigkeit for the Druyvesteyn distribution, 
equation (A190). 

From equations (A10) and (A11) we have 


v=nN ,o°Br2/{aN (2m) 8}. oo... eee ae (A20) 
Similarly from equations (A10), (A14), and (A15), 
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where we have again made the approximation of replacing the slowly varying 
logarithmic function by its (constant) mean value. The equivalent relationship 
to equation (A19) is now 
SSAA et 4y,, ee tee ee (A22) 
From equations (A4), (A12),* (A13), (A19), (A20), and (A21) we have for 
the ergiebigkeit 
Fp = 8 (gra) tfnfOe%s, ay eiveiar~ oe wd wea (A23) 


Inserting the value «=[I(5/4)/I'(3/4)]? we find 
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=0-874B/(T,), 
where the electron temperature 7’, is related to the mean energy by 


a2uT) 


Thus the calculated value of effective noise temperature of the plasma in this 
case is 0-874T.. 


* Dr. Westfold has kindly pointed out that the use here of equation (A12) involves the 
assumption that the expression for Ay remains unchanged for a Druyvesteyn distribution. 


THE CHARACTERISTICS OF TRACKS IN NUCLEAR RESEARCH 
EMULSIONS 


By A. J. Herz* and G. Davist 
[Manuscript received September 27, 1954] 


Summary 


Formulae are derived giving the dependence of the blob, grain, and gap densities, 
the total gap length, and the mean gap width in the tracks of charged particles as function 
of the probability of making a silver halide crystal developable. The growth of the 
grains during the development process is taken into account. The expressions found 
are suitable for use in discussions of the effects of changes in emulsion properties, 
and they show clearly the differences between the various methods of determining 
the rate of energy loss from the track characteristics. There is good agreement with 
experiment for both G5 and C2 emulsion. 


I. INTRODUCTION 

In the analysis of tracks of charged particles in nuclear research emulsions, 
the ionizing power of the particles is estimated from the characteristics of the 
tracks. Basically, the probability of making a silver halide crystal developable 
increases with the rate of energy loss by ionization of the particle, and any 
property of the track which depends on this probability can be used as a measure 
of the rate of energy loss. The earliest, and most obvious, of the properties 
thus used was the grain density, i.e. the number of developed grains per unit 
length of track. However, the measurement of grain density is highly subjective 
as soon as the grain density is so great that the grains occur in groups rather than 
as separate units. In addition, the grain density asymptotically approaches a 
maximum value, so that it is not a sensitive measure of the ionizing power when 
the track is a dense one. 

A large number of techniques has been proposed and used by many workers 
in efforts to make the estimation of the rate of energy loss more accurate, more 
objective, and more reliable, and only a few can be mentioned here. For tracks 
of very low density, Voyvodic (1951) suggested the replacement of the grain 
density by the density of unresolved grain groups (“‘ blobs ’’), and this technique 
has become generally accepted. The blob density is, of course, equal to the 
density of the gaps between the blobs. Hodgson (1950) first published the 
method in: which the fraction of track occupied by gaps (that is the gap length 
per unit length of track) is measured. This method is particularly suitable for 
very dense tracks. The measurement of gap density (the number of gaps 
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per unit length of track) has been discussed by O’Ceallaigh (1953) and Tennent 
(1953), and O’Ceallaigh (1953) has suggested the mean gap width as a measure 
of the ionizing power of the particle, whilst Tennant (1953) proposed the counting 
of gaps wider than a certain minimum. 

Apart from these ‘‘ visual’? methods, a number of photometric ones have 
been developed and used (see, for example, von Friesen and Kristiansson 1951 ; 
Cecearelli and Zorn 1952). 

In general, all the track characteristics which are measured depend on the 
probability p that a specified silver halide crystal in the path of the particle be 
rendered developable. In the present paper, we give the relations describing 
the dependence on p of the various quantities observed in the visual methods. 
These relations allow one to discuss quantitatively the merits and ranges of 
usefulness of the different measuring techniques, and they can also be used to 
predict the effects of changes in emulsion properties. 

In general, our approach is similar to that of Della Corte, Ramat, and 
Ronchi (1953), but it is more rigorous, and we have gone further in deriving the 
consequences of our model. 


Il. THe MopEL 
In the derivation of the formulae a model is used in which all the fluctuations 
in the parameters have been neglected. 


PARTICLE TRAJECTORY THE PHYSICAL SITUATION 
(DIAGRAMMATIC) 


: DOIDOOCIOCS 
\a>atijet-wal dacadhuane ghamks inlae teas aleemen 0 
THE MODEL 


Fig. 1.—Comparison between the physical situation and the model. 


It is assumed (see Fig. 1) that the track can be divided up into ‘cells, all of 
equal length «, each containing one silver halide crystal. The probability that 
the crystal in any particular cell be developed is p. When the crystal is developed 
it grows to a size greater than « by a factor y, so that the developed grain size 
(the diameter if the grain is spherical) is yx. Figure 2 shows the effect of this. 
It is clear that with this model blobs can never be less than y« in diameter, but, 
depending on the value of y, much smaller values of the gap width are possible. 
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TI. DERIVATION OF THE FORMULAB 

It is convenient to consider first the formation of the gaps in the tracks, 
for gaps are simple structures consisting only of a series of undeveloped cells 
with a developed one at each end. 

To start with we find the width of the (in theory) smallest possible gap. 
From Figure 2 it is seen that the width of this “ first order ” gap is a(I+1 =), 
where I" denotes the integral part of y, that is, the nearest integer less than or 
equal to y. The width of the next bigger gap, which we call a gap of order t=22, 
is (see Fig. 2) «([+2—vy), and similarly, the width of an ith order gap will be 


UB Oe Beene hs se ig A ae ad votes (1) 


FIRST ORDER GAP SECOND ORDER GAP 


eames ya ale 4" [er a 
a(I+1-y) 


Y=2°5 


Fig. 2.—Details of the model. Small shaded circles represent developable crystals, 
large ones are developed grains. 


The probability of finding an ith order gap starting in a specified cell of the 
track is the probability of getting two developable cells with (I +7 —1) undevelop- 
able ones in between: p2(1—p)!+‘-1. Hence, if the number of cells in track 


length ¢ is T, the expected density of ith order gaps will be 
CB) eat Wa ee laa a ie eae toa (2) 
as long as w;<t. 
The gap density and the blob density are equal, and they are obtained by 
summing n, over all values of 7: 


Ares pySd Cals, ee ys (3) 


The total length of gap in track length ¢ is given by 


a= % winj=t(l eS) ea (4) 
The total length of the blobs in length ¢ will be 
L,=t—e=tti—(1—p)'{1—p(y—T)}], «ee eee (5) 


and, dividing this by the size of the developed grains, yx, we get the grain 
density as customarily defined : 


aes tl —( jy Geo) geal I 1) Cae en (6) 
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A further important quantity is the expected value of the gap width, given 
by the particularly simple expression 


- i 
w=a(>+T—y). She Tap erties. Lepmieacene (7) 


Finally, if only gaps of order greater than or equal to s (i.e. of width >a([+s—y)) 
are counted, we find their density to be 
1ST pyle, A YY (8) 


and the expected value of their width becomes 


ii>y=o( PE Be ) = +a(6—1). al. ea 
IV. EXPERIMENTAL TESTING OF THE RELATIONS 

Of the adjustable parameters, the size of the developed grains, ya, is found 
by plotting a distribution of blob sizes for tracks with a blob density near the 
minimum value. In such tracks, most of the grains will be single, that is, grown 
from single silver halide crystals, and they give a large peak in the distribution. 
We make the reasonable assumption that the distribution of single-grain sizes 
is symmetrical, so that its mean is equal to the mode of the total distribution. 
We thus take the mode as our value of ya. 


TABLE! 
REPRESENTATIVE RESULTS FOR TRACKS IN G5 EMULSION 
“x=0-30 pn, y=2-00, +=100u 


Observed Calculated 
‘Track No. 

| w n (100) ie | P n (100) Lie 

(u) (u) (u) 

1 2-01 36-0 72°5 0-149 36-0 72-4 

2 1-64 42-3 69-4 0-164 40-7 66-8 

3 1-52 42-8 64-6 0-197 42-3 64:5 

4 1-33 46-7 62-0 | 0: 226 45-1 59-9 

5 1-19 47-5 57-0 | 0-250 46-9 56-2 

6 0:64 46-2 29-4 | 0-469 44:1] 28-2 
7 0-60 39-8 23-7 0-503 41:4 7 ot 


The cell size « has to be found by trial and error, using a dense track, as the 
characteristics of dense tracks are most sensitive to changes in the parameters. 
It is known from electron-microscope measurements that the size of the 
undeveloped crystals in Hford G5 emulsion is of the order of 0:3 u (Baroni 
and Castagnoli 1950; George, personal communication 1952; Pickup 1953 ; 
Bradley 1954) and the trial values of « are therefore taken in this region. 

Once a value of « has been found which gives the correct characteristics 
for a dense track in a given plate, it is also satisfactory for all the other tracks 
in that plate. The values of p are in all cases determined from the observed 
mean gap width w and equation 7). Table 1 gives a representative set of 
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results for tracks observed in a G5 plate ; similar agreement has been obtained 
in other plates, both of types G5 and C2, but, of course, with different values of 
Y and « That the values of « and y are critical can be seen from the fact that 
if we assume that «=0-29 » or «=0°-31 v. for track 7 in Table 1, the calculated 
blob densities become 45-7 and 73-2 respectively, and the corresponding gap 
lengths, Lg, are 27-4 u and 43-9 in 100 u of track. Note that there is a 
minimum at «0-30 u. 
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Fig. 3.—Gap size distribution. Histogram, observed ; arrows, calculated, 


Another way of testing the model is to compare the gap size distribution 
obtained from equation (2) with the observed one. A representative example 
is given in Figure 3 where the number of gaps of order 7 is plotted against i. 
The calculated values are derived from equation (2), using the values of 7, 
a, and y which fit all the tracks in the plate. The agreement is very good, 
especially as the histogram has not been normalized to the calculated values 


V. DISCUSSION 


Figure 4 shows an example of the calculated variation with p of the various 
track characteristics in a sample of G5 emulsion. The minimum value of the 
rate of energy loss gives a blob density of the order of 20-25 blobs per 100 u 
and this corresponds to a value of the probability p of order 0-05. The steep 
slope of the blob-density curve in this region confirms the well-known fact 
that for weakly ionizing particles the blob density is a sensitive measure of the 
rate of energy loss. If the ionization loss of the particle rises above about twice 
the minimum, however, the blob density becomes quite insensitive to changes 
in p, and the total and mean gap lengths become preferable. In Figure 5, 
the density of gaps greater than a given size is plotted against p, showing that 
this quantity varies rapidly with p for dense tracks, and that it does not have as 
extensive a plateau at medium values of p as the blob density. If the statistical 
accuracy is sufficient, therefore, this measure can give good discrimination, as 

has been found experimentally by Tennent (1953). 
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How closely our model approaches the real situation depends on the way 
in which the crystals of the undeveloped emulsion are distributed in space, 
and on the size distribution of the crystals. We know from the distributions 
of crystal sizes in Ilford G5 emulsion which have been published (Baroni and 
Castagnoli 1950 ; Pickup 1953) that the variations in crystal size are quite small, 
and it therefore seems reasonable to use a model in which the crystals are assumed 


to be all of the same size. We are left, then, with the question ‘‘ How are the 
crystals distributed in space? ”, and here our model assumes extreme ordering, 


with all cell sizes equal, whilst O’Ceallaigh (1953) postulates complete disorder 
with an exponential distribution of the distances between the crystals. 
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Fig. 4.—Variation of track characteristics with p in a sample of G5 
emulsion (~=0-29 UL, Y=2-24). 


Which of these two basic assumptions is nearer to the truth seems to be a 
question which can only be decided by experiment after the full consequences 
of the assumption of disorder, made by O’Ceallaigh (1953), have been worked 
out, allowing one to compare the numerical predictions of both theories. Mean- 
while we feel that the somewhat amazing agreement between the experimental 
data and the detailed numerical results derived from our model is sufficient to 
show that it must be adequate in most cases of practical importance. 

There is, however, one point where there is considerable disagreement 
between our model and O’Ceallaigh’s. O’Ceallaigh’s gap width distribution is 
a continuous exponential function, whilst ours (equation (2)) is a discrete set of 
values decreasing according to a power law. Now it is easily shown (O’Ceallaigh 
1953) that a continuous exponential distribution would make the mean gap 
width independent of the degree of grain growth (y in our notation), so that w 
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could be used as a measure of the probability p unaffected by physical develop- 
ment. On the other hand, if the distribution is as given in equation (2) then 
there is a dependence on the fractional part of y, ['—y, and this is particularly 
important when p is large, that is, for dense tracks. In view of these uncer- 
tainties we feel that the claim (O’Ceallaigh 1953 ; Johnston and O’Ceallaigh 
1954) that the mean gap width is independent of the amount of grain growth by 
physical development requires experimental proof before it can be accepted. 


100 
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Fig. 5.—Density of gaps in order >s in G5 emulsion («=0-29 yp, 
y=2-24). Broken line: total gap length per 100 u. 
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OBSERVATIONS ON THE PENETRATING COMPONENT OF 
EXTENSIVE AIR SHOWERS 


By VY. C. OFFIcER* and P. J. ECCLES* 
[Manuscript received December 1, 1954] 


Summary 


The variation in the composition of the penetrating component of extensive air 
showers at sea-level has been investigated as a function of shower density. The pro- 
portion of N-particles in the penetrating component was observed to decrease as the 
shower density decreased. It is suggested that this behaviour is due to the filtering 
action of the atmosphere on the more absorbable particles in the nuclear cascade which 
has passed maximum development. 


The zenith angle distribution of the penetrating ~-mesons in air showers has been 
found to be of the form cos® § which is consistent with that expected for shower axes, and 
gives no evidence for the broader distribution reported at mountain altitudes. 


An anomalous deficiency of penetrating u-mesons with zenith angles less than 5° 
has been found in air showers of median density 10 m~*. 


I. INTRODUCTION 

The data on the penetrating component of extensive air showers reported 
in this paper were collected during an experiment in which the penetrating 
component was searched for delayed particles (Officer and Eccles 1954). Analysis 
of hodoscope pictures taken under 15 cm of lead gave information on the com- 
position of the extensive shower penetrating component, the zenith angle 
distribution of the penetrating u-mesons, and the dependence of these on shower 
density. 

Since the early work on the penetrating particles in air showers discussed 
by Broadbent and Janossy (1948), there have been many investigations on this 
subject. These include researches by Cocconi, Cocconi Tongiorgi, and Greisen 
(1949), Mitra and Rosser (1949), Ise and Fretter (1949), Cocconi and Cocconi 
Tongiorgi (1950), McCusker (1950), Greisen, Walker, and Walker (1950), Sitte 
(1950), McCusker and Millar (1951), Sitte (1952), Hodson (1953), and Kasnitz 
and Sitte (1954). There is general agreement that at sea-level about 2 per cent. 
of shower particles can penetrate 20 em of lead, and there seems to be a slow 
increase in this proportion as the shower density decreases. Most of the 
penetrating particles are y-mesons and the remainder called the N-component, 
are nuclear interacting particles such as neutrons, protons, and z-mesons. 
However, the composition of the penetrating component and its abundance as a 
function of distance from the shower core and of shower age, have not been fully 
investigated, as shown by the following apparently conflicting results. Several 
workers (Sitte 1950, 1952 ; Hodson 1953 ; Piccioni and Cool 1953) have reported 
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proportionality between the penetrating particle and electron densities. Recently 
Kasnitz and Sitte (1954) working at an altitude of 3260 m have found the 
abundance of the penetrating component to increase with shower age, due 
mainly to an inerease in the proportion of N-component. The results of the 
present experiment carried out at sea-level show that there is a marked decrease 
in the proportion of N-component as shower density decreases. 

The zenith angle distribution of air shower axes has usually been studied by 
examining the inclination of approximately parallel electron tracks in cloud 
chamber pictures. The direction of the penetrating y-mesons in air showers 
should be close to that of the shower axis, but Brown and McKay (1949) and 
Sitte (1950) working at mountain altitudes found broader zenith angle distribu- 
tions for the penetrating particles than for the shower electrons at the same 
altitudes. The present distribution for the penetrating u-mesons is in agreement 
with that expected for the shower axes as calculated from the altitude dependence 
of air showers by Kraybill (1954). 

The zenith angle distribution for the penetrating u-mesons has been 
examined for three ranges of shower density. An anomalous deficiency of 
zenith angles less than 5° compared with the numbers expected for a cosine 
power law, has been found in the group with a median density of 10 particles/m?. 


II. EXPERIMENTAL ARRANGEMENT 
The showers were detected by a threefold coincidence arrangement consisting 
of trays of Geiger counters at the vertices of a 2 m triangle. One tray, 359 cm? 
in area, was shielded with 15 cm of lead and the other two trays, 450 cm? and 
583 cm? in area, were unshielded. The resolving time was approximately 
1 psec. Immediately above and below the shielded tray were two trays of 
counters connected to a hodoscope, and below these were arranged alternately, 
three 5 cm lead layers and three trays of hodoscope counters. The ends and 
sides of the array were shielded with 10 cm of lead. The remaining five channels 
of the 50 channel hodoscope were connected to a simple form of shower density 
detector consisting of one sensitive area of 500 cm?, three of 90 cm?, and one of 
15 cm?. The apparatus is described in detail by Officer and KEecles (1954). 


III. CoMPosITION OF THE PENETRATING COMPONENT 
(a) Classification of the Hodoscope Pictures 

The hodoscope pictures of shower components penetrating 15 cm of lead 
were divided into four main classes, .-mesons, N-component with range k> 25 cm 
of lead, N-component and electronic event mixture with 15 <k <25 cm of lead, 
and a class containing photons and oblique particles. The criteria used in 
classifying the pictures were as follows. 

(i) Samples of Penetrating Component containing one or more y-Mesons.— 
Most of the pictures in this class showed the track of a single penetrating non- 
interacting particle. The discharge of two or several adjacent counters under 
one of the 5 cm layers of lead was allowed for inclusion in the class, but the 
frequency of these occurrences was consistent with the production of knock-on 
electrons and knock-on showers by p-mesons. There were 240 of these single 
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particle pictures and an additional small group of 11 pictures that could have 
been very oblique particles in the top cavity. A group of 71 pictures, showing 
an otherwise single track accompanied by an apparent knock-on event in the 
top lead cavity immediately below the upper 15 cm lead shield, was included. 
The frequency of these events was such that at least half of them must have 
represented coincidences in the top cavity between y-mesons and other particles 
from the air showers, probably of electronic nature. Also included was a group 
of 31 pictures showing parallel penetrating tracks. One picture showed four 
tracks, two showed three tracks, and the rest had only two parallel tracks. Two 
of these particles were N-particles but the rest were considered to be u-mesons. 

(ii) Samples containing N-component.—Penetration of at least 25 cm of 
lead was required. The pictures usually showed several counters discharged 
in most of the layers traversed, but any particle which gave rise to an interaction 
with penetrating secondaries was included. In addition to 136 events of this 
type 32 events in which most of the counters in each layer were discharged were 
included. In some cases all 45 shielded hodoscope channels registered a hit. 
Samples of penetrating component in this class thus contained one or more 
N-particles and an unknown number of y-mesons. 

(iii) Mixed Samples of N-component and Electronic Events.—This class 
contained 31 events with ranges between 20 and 25 cm of lead or with a lower 
limit of 20 cm due to escape from the side of the array. They resembled N-com- 
ponent pictures but identification was less certain than for the longer-range 
N-component. Also included were 58 pictures showing showers or groups of 
two or more particles in the top cavity only. As the thickness of lead above 
this cavity was only 15 cm they could have been produced by a mixture of 
electronic events and short range N-component. 

(iv) Oblique Particles and Photons.—Pictures in this class of 143 usually 
showed no shielded hodoscope counters discharged at all. A considerable 
number had one counter discharged in the top cavity only, and a few had one 
or two counters discharged anywhere in the array. These events could not 
have been accidental coincidences between a background count in the shielded 
timing tray and a shower striking the.two unshielded trays, as these were 
calculated to have negligible frequency. Also the time interval distribution 
for this class would have been spread uniformly over the 1 usec resolving time 
if they had been accidental coincidences, but it was sharply peaked (Officer and 
Eccles 1954). These events were considered to be a mixture of photons and very 
oblique particles. The photons could have come from burnt-out cascades in 
the 15 cm of top lead, and the oblique particles must have come through the 
10 cm side shielding. If photons were responsible the abundance of the events 
should have increased with shower density since high energy electrons are more 
abundant at high densities, but in fact it decreased. This suggests that oblique 
penetrating particles in low density showers were mainly responsible, and the 
suggestion fits in with the explanation of a few significant time lags in this group 
reported earlier (Officer and Eecles 1954). 

The classification of the penetrating component samples is summarized in 
Table 1. In order to obtain the percentage composition of the penetrating 
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component several corrections to these results would have to be made. As we 
are at present more interested in the variation of the composition with shower 
density, these corrections will not be made in full. Firstly, a correction should 
be made for non-recognition of charged N-particles which do not interact in the 
thickness of lead traversed. As the 25-30 cm of lead is about two mean free 
paths thick for N-particles the correction will not be large. Secondly, only 
those neutrons that interact in the 15 cm upper lead shield will be detected. 
Greisen, Walker, and Walker (1950) give 1-5 as the ratio of charged to neutral 
particles in the air shower N-component at 4260 m. Thirdly, the proportion of 
v.-mesons in the samples containing one or more N-particles is unknown. With 
large enough samples of penetrating component an N-particle would be included 
almost invariably, and the present method of classification would yield 100 per 
cent. N-component. A correction is made for this effect in Section III (bd), 
where it is found to be of importance for only the highest shower density classes 
recorded. 


TABLE 1 
CLASSIFICATION OF PENETRATING SAMPLES 
No. of Percentage of 
Class 
Samples Samples 
One or more u-mesons me ae a Hy: a) 353 21 oe 
N-component (one or more N-particles and unknown | 
u.-meson content) | 168 21-,+1-, 
N-component and electronic event mixture 5 oe 89 11 = 1-, 
Oblique particles and photons ag xe a ie 143 18-1", 
Miscellaneous .. oa 7 Fe As8 es a 17 2-,+0:5 
Total Sa he as oe ee ee 770* 


* The total number of detected showers was 782, but in a few cases there was no hodoscope 
record or the timing record was obscured by a ghost image. 


(b) Variation of the Composition of the Penetrating Component with Shower 
Density 

Each class of penetrating component samples was analysed according to 
the combination of large, medium, and small density detector counters discharged. 
The result of this analysis is shown in Table 2. Rarely discharged density 
detector combinations have been omitted. Calculation showed that accidental 
coincidences between background counts in the density detector counters and 
shower master pulses were insignificant compared with statistical errors in the 
counter combination totals, in spite of the fact that the resolving time was 
20 usec. 

In order to obtain the median shower densities corresponding to the various 
density detector counter combinations, several numerical integrations were 
performed. Firstly, the fraction ¢ of shower particles able to penetrate 15 cm 
of lead was found from 


se | * KA~Y(1—e-S:8)(1—e-S4e)(1 —e-SA)GA hr, 
0 
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where the observed shower rate N =0-50,-+0-01, hr, the values of K and y 
were taken from Singer (1951), S, and S, are the areas of the unshielded trays 
and S, is the area of the shielded tray. K and y were assumed to be independent 
of shower density A. ¢ was found to be 2-8, per cent. and can be compared 
with 2-60 per cent. found by Cocconi, Cocconi Tongiorgi, and Greisen (1949) 
under 17-8 cm of lead at an altitude of 260m. The present higher value could 
be due to some electronic component penetrating 15 cm of lead. 


TABLE 2 
ANALYSIS OF SAMPLE CLASSES ACCORDING TO DENSITY DETECTOR COUNTER COMBINATIONS 
DISCHARGED 
Counter Combination 
to) L LM L2M L3M L3MS 
u.-Mesons a8 a ae 65 64 64 4] 38 21 
N-component or ae at - 1] 17 29 29 25 29 
N-component and _ electronic event 
mixture 13 8 17 10 12 8 
Oblique particles and photons. . ae 30 24 19 21 10 6 
Miscellaneous ne a or “8 2 4 5 2 3 — 
Totals .. a He te 121 Hh 134 106 88 64 


Secondly, the frequency of discharge of each counter combination by 
detected showers was calculated as a function of shower density. The frequency 
of discharge of a given combination at a density A is given by the product of the 
integrand in the expression for N and the probability of discharging that com- 
bination in a shower of density A. The probability of discharging the com- 
bination L3M is, for example, 


(1 —e-Sz4)(1 —e-SmA)3e—S3A, 


where S,, S,,, and S,; are the areas of the large, medium, and small density 
detector counters. For each combination the median density was found as the 
bisector of the area under the frequency of discharge versus density curve. 


It is known that both y and ¢ vary slowly with density (Cocconi and Cocconi* 
Tongiorgi 1949 ; Cocconi, Cocconi Tongiorgi, and Greisen 1949). The median 
densities calculated as described will therefore be in error, but this will not upset 
the main conclusions of this experiment as the exact values of median density 
are not important. However, these uncertainties do make it difficult to express 
the results as the variation of the absolute abundance of the various penetrating 
constituents with density. The variation with density of the percentage 
composition of the penetrating component is therefore presented. 


The data of Table 2 concerning penetrating samples are shown in Figure 1 
as percentage composition plotted against median shower density. The increase 
in the proportion of N-component with increasing density is striking, but part 
of this rise is due to the inclusion of u-mesons in the N-component samples. 
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If it is assumed that uw-mesons and N-particles are both distributed at 
random in the plane of the detector a simple correction can be applied. The 
assumption of random mixing of the particles should be valid except for those 
produced close to the apparatus. If é, and c, are the absolute abundances of 
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Fig. 1.—Composition of the penetrating component 


(uncorrected data). 


u-mesons and N-particles at a shower density A, the fraction 6 of penetrating 
samples observed to contain one or more N-particles will be 


af ps3 = SNex 
g=-—— 


{ eshte +2,)’ 


where S is 1200 em? ,the area of the hodoscope trays. With the total abundance 
of penetrating component assumed independent of A and given the value 2-8, 
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per cent. deduced earlier, ¢,+¢, can be found from Figure 1 for each A and 
corrected values of ¢c, and ¢, computed. Besides correcting for y-mesons 
included in the N-component samples this procedure also corrects for the fact 
that the u-meson samples may contain one or more particles. Figure 2 shows 
the corrected results for u-mesons and N-component only. The increase in the 
proportion of N-component with increasing density is reduced but it is still 
marked, being a factor of ~3 in the density range 10-710 m~°. 
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Fig. 2.—Variation with shower density of the percentage of 
u-mesons and N-particles in the air shower component penetrating 
15 em of lead (corrected data). 


(c) Discussion 

As the shower density is reduced, contributions to the counting rate of 
the present apparatus will come from showers of greater age, and also from 
points at greater distances from the core in showers that are not necessarily 
older. It can be shown (Ise and Fretter 1949 ; Singer 1951) that any shower 
arrangement which is triggered predominantly by showers in a narrow density 
range will detect mostly showers whose cores strike nearby. This should apply 
to the present arrangement which includes a shielded tray, unless there is a 
marked increase in the abundance of penetrating component as distance from 
the core increases. As other workers have found no evidence for such an increase 
in the present density range, it is plausible to consider that in Figure 2 decreasing 
shower density means decreasing shower size (i.e. total number of particles) 
and thus increasing shower age. 
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This brings the present results into apparent conflict with those of Kasnitz 
and Sitte (1954), who found when working at an altitude of 3260 m that the 
proportion of N-component increased slowly with shower age. They deduced 
that the nuclear cascade reaches maximum development somewhat later than 
the electron cascade. They made special efforts to detect low energy N-com- 
ponent, and they suggested that this could continue to multiply after it had 
ceased to feed energy into the electron cascade via the production of 7°-mesons. 
At sea-level, however, both cascades will have passed maximum development 
and it is probable that we are observing the progressive filtering of the products 
by the atmosphere as shower age increases. If the process is continued to 
completion, the low density showers composed chiefly of u-mesons observed by 
McCusker and Millar (1951) should be obtained by the absorption of all the less 
penetrating particles. The present results probably represent an intermediate 
stage in the process. 


IV. THE ZENITH ANGLE DISTRIBUTION OF THE PENETRATING u-MESONS 
The zenith angles projected on a vertical plane perpendicular to the hodoscope 
counters were measured for the single penetrating non-interacting particles 
in the air showers. The projected zenith angle could usually be determined 
from the hodoscope record to +3° and occasionally much more accurately when 
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Fig. 3 (a).—Zenith angle distribution of single penetrating ,z-mesons in air showers, 
corrected for geometrical bias of the hodoscope array, but not corrected to a spherical 
detector. 

Fig. 3 (b)—Hodoscope zenith angle sensitivity. 


a track passed between two counters in a layer. A few tracks which passed 
through the top lead cavity only had errors in their zenith angles up to -[5°, 
but statistical errors provided the main uncertainties in the distribution. 

Figure 3 (a) shows a logarithmic plot of the data corrected for a geometrical 
bias of the hodoscope array favouring small projected zenith angles. In Figure 
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3 (b) the weight given by the hedoscope array to each angle is shown. This 
weight distribution was obtained by the summation of the angular sensitivities, 
found from the geometry, for tracks passing through each of the small nickel 
timing counters, a hit on the timing tray being essential for the triggering of 
the apparatus. The errors shown in Figure 3 (a) are those of statistical origin 
only. It can be seen that a straight line representing a cos*-°¢ law is consistent 
with the corrected data. 

As shown by Brown, McKay, and Palmatier (1949) a zenith angle distribution 
which can be represented tolerably well by a cos” 0 law gives rise to a projected 
angle distribution which is still a cosine power law of the same power but with a 
new multiplying constant depending on n. Consequently it can be stated that 
the results are consistent with a zenith angle distribution of the form cos%* 0. 
This applies to showers detected by event-selecting trays which can be represented 
approximately by three unequal horizontal areas arranged at the vertices of a 
2 m triangle and discharged by one or more hits on each. The effect of 15 em of 
lead over one tray and the selection of single penetrating particles through it by 
means of the hodoscope can be regarded as an approximate 100-fold reduction 
in its area. 

It is usual to state the zenith angle distribution with reference to a spherical 
detector, and a theorem given by Cocconi, Loverdo, and Tongiorgi (1946) enables 
this to be done. They showed that, for shower trays of equal area connected 
in coincidence, reduction of the tray areas by a factor f results in a shower rate 
reduced by a factor fY—!, where —vy is the power of the differential shower 
density distribution. The theorem can be shown to hold also in the present 
case where trays of unequal area all have the same effective area reduction 
factor, cos 0, as the zenith angle is increased. The zenith angle distribution 
that would be observed with a spherical detector is thus of the form cos® 6 
since y=2-5. 


(a) Discussion 

It is to be expected that most of the penetrating u-mesons observed in 
extensive air showers at sea-level will travel close to the direction of the shower 
axis. There will be little scattering of these mesons on account of their high 
average energy, in the vicinity of several kMeV, and most of them will have 
been produced at high altitudes such as 5-20km. Since they are detected 
amongst the electrons within tens of metres from the shower core, few of 
them can have large angular deviations from the direction of the shower axis. 
Kraybill (1954) has calculated the zenith angle distribution of shower axes at 
sea-level using experimental data on the altitude dependence of air showers. 
He obtained a cosine power law with the power n=7-5, and his result agrees 
with direct measurements on the electrons at sea-level by Deutschmann (1947). 
The present value of n=8 is consistent with these results. 


However, two previous determinations of the zenith angle distribution of 
penetrating particles in air showers have been carried out at mountain altitudes, 
and these are not in agreement with the shower axis distributions expected at 
those altitudes. Brown and McKay (1949) working at an altitude of 3260 m 


| 
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found n=3 for all penetrating particles under 15 cm of lead, except those which 
appeared to have been generated in the lead shield. They found n=5 for the 
electron component and Kraybill (1954) has calculated n=5-5 at 3500 m for 
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Fig. 4.—Penetrating u-meson zenith angle histograms for three ranges of 
shower density. 


the shower axes. They suspected that local production of penetrating particles 
in the lead shield may have broadened the distribution. Sitte (1950), who 


' worked at the same altitude, found the zenith angle distribution for penetrating 


non-interacting particles only. He found n=3°8. 


J 
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The present results do not agree readily with a value of n less than the 
sea-level shower axis value of 7-5. This is probably accounted for by the 
present method of observation being insensitive to penetrating particles produced 
in the lead shielding. Only tracks which appeared single under 15 cm of lead 
were used, and they frequently penetrated one to three additional 5 cm layers, 
always without noticeable scattering. It is also possible that at the mountain 
altitudes, where the nuclear cascade is still developing, there are more wide angle 
penetrating particles arising from local production in the air than would be 
expected at sea-level. 

It should be noted that Bassi, Clark, and Rossi (1953) have recently obtained 
a value of n that does not agree with Kraybill’s calculated result. They found 
n=15+1-2 by a new method in which the inclination of shower fronts was 
found by timing methods. 


(b) Dependence of the Zenith Angle Distribution on Shower Density 

Figure 4 shows the zenith angle observations grouped according to shower 
density. The combinations of density detector counters discharged are: 
zero in Figure 4 (a) ; Land LM in Figure 4 (b) ; and L2M, L2MS, L3M, and L3MS 
in Figure 4 (c). The main feature of interest is the small number of observations 
falling in the 0-5° class in the lowest density group (Fig. 4 (a)). This group 
has a median density of 10m-*. The difference between this class and its 
neighbour of 14+4-8 is 2-9 times its standard error and could be regarded as 
significant, but more experimental evidence would be desirable. Two other 
teams, Cresti, Loria, and Zago (1953) and Hazen, Williams, and Randall (1954), 
have investigated the zenith angle distribution of shower electrons for different 
densities or shower sizes. They have not reported an anomaly of this kind, but 
their observations were not restricted to such a narrow range of low densities. 
Hazen and co-workers were not able to measure zenith angles for shower densities 
<200 m~? because the spread in the directions of the individual electron tracks 
observed in the cloud chamber was too great. 


V. u-MESON RESIDUAL RANGE DATA 
Only 32 mesons appeared to stop in the three 5 em layers of lead arranged 
below the 15 cm upper layer. After corrections for particles escaping at the 
ends and sides of the array, the data were consistent with a uniform distribution 
of residual ranges in the interval 170-339 g/cm? of lead, as found by Sitte (1959) 
at an altitude of 3260 m in the interval 280-680 g/cm? of lead. 


VI. CoNCLUSIONS 
The observed decrease in the proportion of N-particles in the penetrating 
component of air showers at sea-level as shower density decreases is probably 
the result of progressive filtering of the products of the almost spent nuclear 
cascade by the atmosphere, leaving the less strongly interacting particles. 
The zenith angle distribution of penetrating »-mesons in air showers at 
sea-level is consistent with that expected for the shower axes, and gives no 


evidence of a broader distribution as found at mountain altitudes by other 
workers. 
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RADIO ECHO OBSERVATIONS OF METEORS IN THE SOUTHERN 
HEMISPHERE 


By A. A. WEISS* 


[Manuscript received September 20, 1954] 


Summary 


The results of a radio survey of meteor activity at Adelaide are presented. The 
radiants and activities of six major meteor showers (Geminids, day-time Arietids, 
t-Perseids, 5-Aquarids, Corona Australids, Orionids) have been measured by methods 
which are described, and the mass distributions in three of these showers are discussed. 
Seasonal and diurnal variations in the background activity of sporadic meteors are 
examined in relation to the radiation patterns of the aerialsystems. Height distributions 
for meteors of three showers (Geminids, day-time Arietids, C-Perseids) are given. 
Diurnal variations in the height distribution of sporadic meteors do not conform to 
those expected from the motion of the apex of the Earth’s way. 


I. INTRODUCTION 

The successful application, at the Jodrell Bank Experimental Station of 
the University of Manchester, of radio echo techniques to the continuous 
monitoring of meteor activity in the northern hemisphere, prompted the initiation 
of a complementary survey in the southern hemisphere. Up to the time of 
commencement of this survey lists of southern hemisphere visual observations 
had been published by McIntosh and by Hoffmeister, and McIntosh (1935) 
had compiled ‘‘ An Index to Southern Meteor Showers ”’ which lists 320 radiants 
visible at mid-southern latitudes. These visual observations have since been 
supplemented by radio echo observations on the 5-Aquarid shower by Hawkins 
and Almond (1952) and by Lindblad (1952). 

Although it is certain that all major southern night-time showers have 
been detected by the visual workers, the cover in the months September to 
March is not altogether satisfactory (McIntosh 1935). The chief objects of 
the southern hemisphere survey were therefore to determine radiants and 
activities of the known night-time showers, to search for day-time showers, and 
to measure the hourly rate of sporadic meteors. 

This paper presents results obtained from June 1952 to December 1953. 
The survey was not completed during this period, portions of the first half of 
the year not being covered. The radiants and activities of the major meteor 
showers visible from Adelaide have been measured using two different radio 
equipments.. No major day-time showers have been discovered. Seasonal and 
diurnal variations in the rate of sporadic meteors have been determined and an 
attempt is made to relate these variations to the polar diagrams of the aerial 
systems of the respective equipments. The heights of occurrence of a large 
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number of echoes from sporadic meteors have been examined for seasonal 
and diurnal variations. 

The records also furnish the rate of decay of meteor echoes. As the decay 
rate is of physical rather than astronomical importance, this topic is reserved 
for a subsequent paper. 


Il. THE EQUIPMENT 

Two different types of equipment have been used at Adelaide, lat. —34° 45’. 
Of these, one (the radiant equipment) is designed for the measurement of shower 
radiants and activity, whilst the other (the wind equipment) is intended primarily 
for measurement of upper atmosphere winds using meteor trails as drifting test 
bodies, and the astronomical information is obtained incidentally. 

The radiant equipment is essentially similar to the radio echo apparatus 
described by Aspinall, Clegg, and Hawkins (1951). In the installation at 
Adelaide two identical beamed aerial arrays are used, directed at low elevation 
along azimuths 35-5°S. of E. and 14° N. of E. Each array is adapted for 
common transmission and reception by means of a TR device. The transmitter 
delivers into each aerial about 3 kW peak power in double pulses 30 usec wide 
and 150 usec apart, at a pulse repetition frequency of 47 ¢/s and at a frequency 
of 67 Mc/s. The minimum signal detectable at the receiver input is 10-4 W. 
Amplified echoes from each aerial are fed to an intensity modulated cathode-ray 
tube and are photographed on film moving in a direction perpendicular to the 
time-base sweep. Range markers at intervals of 200 km, and time signals at 
10-min intervals, are placed on the film at the same time. Film speed is 12 em/hr. 

Each aerial array consists of six Yagi aerials mounted at horizontal distances 
1-2} apart and at a height of 1-5 2% above ground. The beams are directed at 
_ elevation 9° and have half-power widths -+3-5° in azimuth and +4:-5° in 
elevation. 

The time of occurrence and the range of each echo detected with the radiant 
equipment are measured. 

The wind equipment was constructed by and has been fully described by 
Robertson, Liddy, and Elford (1953), but the following equipment parameters 
are relevant here. The transmitter delivers 250 Wc.w. at a frequency of 
26-8 Mc/s, and the minimum detectable signal at the receiver is 3x10-™ W. 
The overall gain of the aerial system is 25. The direction of maximum gain 
points to the zenith, the first zero occurs at a zenith angle of about 45°, and 
there is a further minor lobe of low gain at low elevation. 

The time of occurrence of each echo detected by the wind equipment is 
measured. In addition, the direction of the reflection point and the slant range 
are measured for selected echoes. The remaining echo characteristics measurable 
with this equipment, namely, line-of-sight drift velocity and rate of decay of the 
meteor trail, have no astronomical significance. 

For echo counting purposes, the sensitivities of the respective equipments 
- are continually monitored, either by metering or by injection of test signals. 
E Despite the double pulses of the radiant equipment and the insertion in the video 
_ stages of the receiver of a discriminator unit of the type used by Davies and 
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Ellyett (1949), interference by noise impulses remains a problem. This form of 
interference is eliminated by the narrow bandwidth and high film speed of the 
wind equipment. 

Using the equipment parameters listed above, and the scattering formula 
of Lovell and Clegg (1948), the line density of electrons in the meteor trail 
detected at limiting sensitivity on the axis of the aerial beam is readily found. 
These limiting sensitivities are: radiant equipment, 3 x 101° electrons/em ; 
wind equipment, 110" electrons/em. In other directions the limiting line 
densities are of course higher. 


Ill. THE DETERMINATION OF METEOR SHOWER RADIANTS 

The methods of radiant determination applicable to either equipment 
rest on the property of the meteor trail of specular reflection (Hey and Stewart 
1947; Lovell, Banwell, and Clegg 1947). When the Earth passes through an 
active meteor stream, radio echoes observed on high frequencies proceed from a 
narrow zone of the atmosphere of limited depth, which lies in a plane passing 
through the observing station and perpendicular to the position of the radiant. 
The rate of occurrence and ranges of the echoes, and the directions of possible 
reflection points, depend upon the orientation of this plane relative to the aerial 
coverage, and vary with time as the radiant moves across the sky. The different 
radiation patterns of the aerial systems of the two equipments result in quite 
different responses to the same shower. 
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Fig. 1.—Curves for (a) declination, (b) time of transit of a radiant 
from the times of appearance of echoes of 700 km range in the two 
aerials (N and 8) of the radiant equipment. 


For the radiant equipment, the method of radiant determination has been 
fully described by Clegg (1948) and by Aspinall, Clegg, and Hawkins (1951), 
and elaboration is unnecessary. By fitting computed range-time envelopes 
to observed echoes, the time of occurrence of echoes of 700 km range is determined 
for each aerial. From these times the coordinates of the radiant may be read 
off immediately from Figure 1, which has been prepared for a mean height of 
reflection points of 90km. The N aerial is directed at azimuth 35-5° 8. of E., 
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the S aerial at 14° N. of E. These curves may be readily extended to north 
declinations. For radiants more southerly than Dec. —60° echoes do not appear 
at all in the N aerial, but are detected by the S aerial for many hours and con- 
tinually if the radiant lies sufficiently close to the south pole of the celestial 
Sphere. Comparison of the theoretical with the experimental range-time 
envelopes for a given radiant also leads to an estimate of the effective diameter 
of the radiant area. 

A method of radiant measurement, applicable to a wide aperture aerial 
system, which depends on the variation of the most probable range with time, 
has been described by McKinley and Millman (1949). This method cannot be 
applied to the wind equipment because of the small number of suitable echoes. 
An alternative method which makes use of the known directions of reflection 
points has therefore been developed for the wind equipment. 


Fig. 2.—Geometry for the determination of radiants by the 
wind equipment. 


In Figure 2, O is the observing station, R the radiant, Z the local zenith, 
OP the celestial polar axis, and NESW the observer’s horizon. Let the direction 
cosines of the radiant R with respect to the axis system OP, OH, OT be L,M,N ; 
and those of the reflection point (not shown in the diagram) with respect to 
these same axes be 1l,m,n”. Then from the condition of specular reflection the 
equation of the plane containing the observer, the reflection point, and the 
radiant is 7 

ILt+mM +nN =0. 


If H is the hour angle of the radiant, measured westwards from transit, and $ 
the declination, then 
L=sin 3, 
M=-—cos § sin H, 
N=cos 6 cos H, 
and 
. pampoe= Gall GCOS, (@ SEIT), ore ounis onto senate GD (1) 


where /=cos a, m/n=tan 9. 
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Putting H,—hour angle of the radiant at midnight, and t=time of observation 
in minutes after midnight ((=—0), then H=H,-++t/4 and (1) becomes 

1 

}. 


tan $=tan « cos {H,+(9 +t/4) 


This is the polar equation of a straight line in the variables tan «=(1 —I?)3/l 
and (9+t/4)=are tan (m/n)41t/4, from which the constants tan & and Hp, 
which are related to the declination and Right Ascension of the radiant, may be 
determined. 

The direction of the reflection point is actually measured in the axis system 
NS, EW,OZ. Let these observed direction cosines be l,, m4, n,. The required 
l,m, are then found from the observed l,, m,, n, by a simple rotation of axes 
about HW, thus: 

I=1, cos A-+n, 8in A, 
M—=™M 4; 
n= —l, sin A-+n, COS 2. 


Here A is the latitude of the observing station. 

In the course of radiant determination by this method echoes are grouped 
into the two categories, shower and sporadic. This grouping is often desirable 
for such special studies as heights and rates of decay. 

Both equipments afford a complete coverage of the visible hemisphere. 
The accuracy and sensitivity of the radiant equipment are highest for a radiant 
which transits close to the zenith. On the other hand, an analysis of the echoes 
indicates that a radiant is most favourably placed for detection by the wind 
equipment when its elevation is about 30°, so that the sensitivity of this equip- 
ment is highest for radiants which transit at this elevation, corresponding to 
declinations +25° and —8&5°. The discrimination, as between showers and 
sporadic echoes, of the wind equipment is inferior to that of the radiant 
equipment. 

With equipments of the wind type, shower activity is readily surveyed by 
assessing the background (sporadic) rate over periods of shower activity. The 
shower activity is symmetrical about the time of transit; and, as it has been 
found that echoes are received from a radiant at very low elevation, the 
declination 3 of the radiant may be found from the relation 


cos (7'/8)=tan A tan 3, 


where 7 is the total time in minutes between onset and cessation of activity 
and A the observer’s latitude. Radiants determined in this manner do not attain 
the high accuracy inherent in the two other methods described above but, 
except in the case of minor showers of short duration, the integration of activity 
results in a reasonably accurate mean radiant over the duration of the shower. 


IV. RADIANTS AND ACTIVITIES OF SHOWERS 
‘ (a) Geminids 
Radio observations (Hawkins and Almond 1952) show that the radiant 
diameter does not exceed 4°, and the mean radiant and the peak activity remain 


constant from year to year. This radiant has therefore been used in the ealibra- 
tion of the Adelaide equipments. 
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Although the Geminid radiant is not favourably situated for observation 
with the Adelaide radiant equipment, this equipment gave a radiant position 
for December 14, 1953. of 113+2°, +31+2°. The agreement of this radiant 
with the weighted mean radiant found at the Jodrell Bank Experimental Station 
for the nights of December 13-15, namely 113-6+1-2°, +31-1 15°, con- 
stitutes an assurance that the error in radiant coordinates due to aerial orientation 
at Adelaide will not exceed 1°. Uncorrected hourly echo rates, based on the 
echoes falling within the range-time envelopes, are shown in Figure 3 (a). 
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Fig. 3.—Echo rates for the Geminid shower. (a) Rate of shower echoes for each day, averaged 

over the period 22—06 hr, wind equipment, 1952, -——— 1953. Rate of echoes, for each 

day, falling within range-time envelopes, radiant equipment, ---- 1953. (b) Percentage of all 

echoes (background+shower) whose duration exceeds 2 sec. (c) Hourly rate, for each 

hour, of shower echoes averaged over December 11-14, 1952 and 1953, wind equipment. 
©----© visual half-hourly rates, 1952. 


The shower echo rate as a function of the time of day (00 hr=midnight) 
for December 11-14 inclusive, as recorded by the wind equipment, is illustrated 
in Figure 3 (c), in which data for 1952 and 1953 are combined. These rates 
lead to a radiant position 110°, +30°. Day-to-day radiant coordinates found 
~ in 1952 by the more rigorous method are as follows : 


December 11 isi ey ig 
ies Meal d eo. 
9 13 113°, +29° 
$s 14 115°, +29° 


The activity observed on each day, which is the shower activity averaged over 
the 8 hr from 2200 to 0600 inclusive, is shown in Figure 3 (a). The peak of the 
activity falls between © =260° and © =261-5°, which is to be compared with 
other determinations by Hawkins, 261-1°, and Hoffmeister, 261-5° (Hawkins 
and Almond 1952). 
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Figure 3 (b) indicates the percentage of echoes whose duration exceeds 
2 sec. This information is relevant to the study of the structure of the Geminid 
stream and is considered in this context in Section V. 


TABLE | 
RADIANTS OF DAY-TIME SHOWERS 1953 


Arietids C-Perseids 
Date : 
R.A. Dec. R.A. Dec. 
| 
June 5 46° | Bie. 5 | 65° | +21-5° 
6 3/5 Low ajctivity | 62° +23° 
ff Not re|solvable | Not rejsolvable 
8 | 42° | 422° 68° | 423 
9 44° | +23-5° | 66° 4-22-5° 
10 45° +24° 69° +21° 
11 48° +19° Low alctivity 
12 47° +22° 66° } +26° 


(b) June Day-tume Showers 
These showers have been observed during 1952 and 1953 with the wind 
equipment. The hourly echo rates are given in Figure 4 (c); after noon gaps 
appear in the records for some days and the descending portions of the curves 
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Fig. 4.—Echo rates for the June day-time showers. (a) Rate of shower echoes for each day 

averaged over the period 05-16 hr, wind equipment, ——-—-— 1952, 1953. Rate of 

echoes, for each day, falling within range-time envelopes, Jodrell Bank radiant equipment, 

* 1952. (b) Percentage of all echoes whose duration exceeds 2 sec, 1953, wind equipment. 

(c) Hourly rate, for each hour, of shower echoes averaged over the following periods : curve A, 

June 1-16, 1952; curve B, June 28—July 3, 1952; curve O, June 4-18, 1953 ; curve D, 
June 20-28, 1953. 


are not considered to be as reliable as the ascending portions. The Shape of 
the rates curves may also be influenced by the diffuse background (Lovell and 
Clegg 1952, p. 95). The Arietid and C-Perseid radiants cannot be resolved by 
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this analysis. The activity from June 28 to J uly 3, 1952 proceeds from the 
6-Taurid radiant. Day-to-day radiant positions for the two main showers 
during 1953 are given in Table 1. 

The day-to-day activity on the wind equipment, averaged over a period of 
11 hr, is shown in Figure 4 (a). For comparison, the sum of the activities of the 
Arietids and ¢-Perseids for 1952, as measured at Jodrell Bank by Almond, 
Bullough, and Hawkins (1952) over the same days, using an equipment of the 
radiant type, is reproduced. Further investigation is necessary before ascribing 
the very decided differences between these two measures of the activity to real 
(and large) short-period irregularities in the activities of these streams, rather 
than to different instrumental techniques. 


TABLE 2 
RADIANTS OF 6-AQUARID SHOWER 1953 


| 
No. of 
Date | R.A. Dec. | Hourly Type of Radiant* Echoes 
Rate | > 600 km 
Ps 
July 21 336° —17° | 18 Df? Second radiant at 0 
22 | 336° —l7° | 19 C -\: 342°, —18° 3 
23 (337° —l7° — — 
24 338° —17° 33 D Second centre 3 
25 338° —17° 4] C 4 
26 339° —17° 52 D; Se; Second centre 3 
rail 340° —17° 54 C; Se; <3” 5 
28 340° 1, le ale 64 PD; Se; 8" 0 
29 340° =—[8* 48 C; Se; <a" y) 
30 342° —16° 32 D 3 
31 343° —16° 44 D;_ Se; 6 
Aug. 1 344° —16° 43 Cy Sev <3" 0 
2) 345° SHI 50 Vey a3 8 
3 346° —15° 26 | -D 6 
4 347° —14° 21 C 0 
5 348° —14° 33 VD 8 
6 348° —14° 21 D 4 
7 348° —15° 18 D 2 
8 BY Ui —17° 12 C 1 


* C=compact, a well-defined radiant with little activity outside the envelope ; D=diffuse, 
considerable activity on either side of the main radiant ; Se=strong concentration, a concentra- 
tion of echoes to the theoretical envelope which implies a rather small radiant area. 


(c) d-Aquarids 

The visual workers have established that the period from the beginning of 
July to the middle of August is one of high meteor activity in the southern 
hemisphere. The principal shower is the 5-Aquarids, but McIntosh (1935) lists 
no less than 43 minor radiants in the range of Right Ascension from 300° to 11°, 
and of declination from —8° to —33°, during this period. The most active of 
these minor streams are the C-Aquarids, 5-Capricornids, and «-Pisces Australis. 
In view of the low resolution of the radio equipments, as opposed to visual 
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methods, it is not to be expected that these minor streams will be resolvable 
by the radiant equipment, and this has in fact been confirmed. 

The position, activity, and nature of the 5-Aquarid radiant for 1953, as 
measured with the radiant equipment, are listed in Table 2. The hourly echo 
rate is an average over the number of echoes falling within fitted range-time 
envelopes. The column headed “ Type of Radiant” lists the nature of the 
activity, thus: C—compact, a well-defined radiant with little activity outside 
the envelope; D—diffuse, considerable activity on either side of the main 
radiant ; Se—strong concentration, a concentration of echoes to the theoretical 
envelope which implies a rather small radiant area. This method of dealing 
with the problem of the size of the radiant is forced by the presence of the diffuse 
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Fig. 5.—Observed echoes (-) and fitted theoretical range-time envelopes 
(-—--) for radiant equipment, $-Aquarids 1953. (a) July 26, N aerial ; 
(b) July 27, S aerial. 


activity, but when the diameter of the radiant area could be determined it 
appears in Table 2. Finally, the number of echoes whose range exceeds 600 km 
is an index of the reliability of the radiant, a large number of long-range echoes — 
implying an accurate radiant. Two experimental range-time plots with fitted 
envelopes are drawn in Figure 5 to illustrate the nature of the classification 
problem. 

These radiant positions agree closely with earlier visual determinations by 
McIntosh (1935) and Hoffmeister (1948). Radar determinations in the northern 
hemisphere (Hawkins and Almond 1952; Lindblad 1952), which give too 
northerly declinations, are apparently influenced by the diffuseness of the 
radiant and its low elevation. 

At the edges of the 5-Aquarid stream, i.e. for several days prior to July 21 
and after August 8, the activity was confused. It was spread more or less 
uniformly over a period of several hours each night and the radiant was diffuse 
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and ill-defined. Whilst the radiant had contracted by July 21, over the next 
few days subsidiary active centres appeared, with a possible radiant at 342°, —18° 
active on July 21-22. Over the peak of the activity, from J uly 27 to August 2, 
the 5-Aquarid radiant proper was compact, its diameter usually being less 
than 3°. The diffuse activity attributed to the minor streams appears inter- 
mittently throughout the duration of the main shower. Its importance is 
well brought out in Figure 6, which compares the hourly rate of activity attributed 
to the $-Aquarid radiant proper with the total number of echoes detected each 
day over a period of 3 hr centred on the times of peak activity in the respective 
aerials. 


NUMBER OF ECHOES 


PILY 12 18 24 30 AUG 5 W 
DATE 


Fig. 6.—Echo rates for §-Aquarids 1953, radiant equipment. Curve 7, 

total number of echoes detected each day in the 3-hr intervals from 

01 to 04 hr N aerial, and from 02 to 05 hr § aerial; curve H, hourly 
rate of §-Aquarid echoes for each day. 


(d) Corona Australids 

Figure 7 depicts the echo rates for this shower as recorded by the wind 
equipment in 1953. 

The radiant position, estimated as 250°, —50°, cannot be fixed precisely 
because of the low activity and also because of the marked deficiency of large 
meteors in this stream (Section V). As the radiant culminates after sunrise, 
very few visual observations are available. McIntosh (1935) lists five radiants 
falling between 272°, —40° and 283°, —38°. 

Clearly an accurate radar fix on this radiant is essential. 


(e) Orionids 
The Orionids 1952 appeared on the wind equipment with peak activity 
20/hr on October 25. No shower was detected during 1953. Similar variability 
has been reported by Hawkins and Almond (1952). 


(f) Other Showers 
Two minor showers have been detected at the limit of resolution of the 
radiant equipment. The first, giving an echo rate of 7/hr, was active over 
August 26-29, 1953, at a radiant position 03°, —14°; the second over September 
6-7, 1953, at 02°, —53° with an activity of 11/hr. 
At the end of May and the beginning of July 1953 the radiant equipment 
operated intermittently on one aerial only. Two radiants were active over the 
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period May 26-31, giving echoes in the S aerial at 04 and 12 hr respectively, but 
unfortunately the range-time plots were too confused for even approximate 
radiant positions to be deduced with the single aerial. No visual activity 
during this period has been listed. 

Day-time activity was observed on the 8 aerial on J uly 9, 10, and 13 between 
07 and 10 hr, and again on the N aerial on July 16 from 08 to 11 hr, the rate 
being about 10/hr. However, the gaps in the records are too wide to justify the 
assumption that this activity proceeds from only one radiant. 

As already mentioned, no major day-time showers active in the southern 
hemisphere have yet been detected. 


ter at, 
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Fig. 7.—Kcho rates for Corona Australids 1953, wind equipment. The 

rate of shower echoes for each day is an average over the period from 

00 to ll hr. Curve A, all shower echoes ; curve B, echoes used in wind 

measurement. The hourly rate, for each hour, of shower echoes is an 
average over March 15-20, 1953. 


V. THE MAss DISTRIBUTIONS OF METEOR STREAMS 
(a) Rate of Detection of Meteors ~ 
After making due allowance for the striking variability in the activity of a 
given shower from day to day and from year to year, the activities observed at 
different latitudes, or using different techniques, are not the same. Some 
interesting information regarding the structure of meteor streams emerges from 
an attempt to reconcile these various rates. 
The visual activity of a shower depends of course upon the incident flux of 
the meteors and their mass distribution. In addition, the observed visual rate 
is a function of the zenith angle z of the radiant, the relation being 


W,=1 “007, cos (¢--6'°b ee ee (2) 
where N, is the zenithal rate (Olivier 1925, p. 195). 
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The radio echo rates are influenced by factors other than the mags distribu- 
tion and the ionizing efficiency. These are (i) the collecting area of the aerial 
system, which may vary widely with radiant position; and (ii) the limiting 
sensitivity of the equipment, which usually corresponds to meteors lying below 
the visual limit. 


Starting with the mass distribution 
WSU MAIS Te PUN ok wing srt ses aus 8 +e (3) 


Kaiser (1953) has calculated the observed echo rate in terms of the properties 
of the incident meteor flux and the radio equipment parameters. Applying 
his formula to the radiant equipments at Adelaide and at Jodrell Bank, whose 
main aerial lobes are almost axially symmetrical, the dependence of the echo 
rate upon the zenith angle is found to be approximately 


Dey FO ioe sips, Abie tckoauark aroha (4) 


for radiants for which z<70°. The function #(p) depends upon the equipment 
parameters, which are constant for a given equipment. 

The expression (4) is not applicable to the wide aperture aerial system of the 
wind equipment. For low radiant elevations shower meteors are collected 
near the zenith, where aerial gain and collecting area are relatively insensitive 
to zenith angle, and the shower rate for the wind equipment will follow a law of 
the form 

fi), , -RCOUBENCOS Leah a. ZFS Seer, aaeel. 46 8 (5) 


where the exponent is close to unity. Actual values found for n range from 0-8 
to 1-1. The close correspondence between the relations (2) and (5) is well 
brought out by some visual observations at Adelaide on the Geminid shower 
1952. These observations, made on December 13 and 15, are shown in Figure 
3 (ce). Individual points represent half-hourly rates for the whole of the visible 
hemisphere, watched by four observers. 


Activities of the major showers observed visually in the northern hemisphere, 
by the radiant equipment at Jodrell Bank, and by the two Adelaide equipments, 
have been freed from the influence of zenith angle by use of (2), (4), and (5). 
The values of p found by Kaiser (1953) were adopted. Any differences remaining 
between the four sets of activities for individual showers must then be the result 
of different incident fluxes, which in turn are determined by the mass distribution 
(3) as well as by the limiting sensitivities of the equipments. 

Consistent zenithal rates were found for the Geminids (p=1-7) and the 
Perseids (p=1-6). The Adelaide wind rates were much less than the Jodrell 
Bank radiant rates for the June day-time showers, which appears to confirm 
the deficiency of meteor particles of larger masses implied by the value of p=2-25 
for the Arietid stream. The radiant equipment rates for the d-Aquarid shower 
exceed the visual rate by a factor of 3, which again may imply a large value of p. 
This is suggestive in view of the proposal by Almond (1952) that the 5-Aquarid 
and the day-time Arietid showers are produced by one extended meteor stream. 
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(b) Durations of Echoes 
According to Kaiser (1953), the distribution of durations of echoes of the 
long-enduring type, observed with a sufficiently sensitive equipment, is 
y ect ASPs ees aes Ae. eee (6) 


where ¢ is the duration of an individual echo, and vy, is the number of echoes per 
duration increment St. The mass distribution may thus be found from an 
analysis of the durations of individual echoes, and the wind equipment records 
have been examined to this end. Distributions have been determined for the 
Geminids 1952 and 1953, and the June day-time showers 1953. Assuming that 
the observed distributions may be represented by the power law 


ViOCtes, 
the values of s are: 
Geminids .. Shower 1952 2-14 
Shower 1953 1°44 
Background 2-09 
June showers .. Shower 1953 2-54 
Background 1-73 


For sporadic meteors p=2-0 and (3p+1)/4=1-75. The agreement between 
this value and the values of s given above for background echoes is satisfactory, 
in view of the undoubted admixture, into the echoes used in deriving these 
values of s, of a number of short, decay type, echoes. 

The high value of s for the June day-time showers is consistent with the 
deficiency of large meteors already inferred. Figure 4 (b), in which the per- 
centage of all echoes whose duration exceeds 2 sec is plotted over the duration 
of the two principal showers, indicates that the structure of these streams is 
uniform in cross section. 

The value of s=1-44 for the Geminids 1953, and Figure 3 (b), indicate the 
existence of an asymmetrical core of heavy meteors within this stream, a con- 
clusion already reached by Hawkins and Almond (1952). However, there is no 
evidence for such a core in 1952. 

Finally, Figure 7 (a) shows the day-to-day activity over the duration of the 
Corona Australids, as assessed by the numbers of echoes actually used in wind 
measurement. Although selection of echoes is involved, this sample is thought 
to afford a reliable indication of the incidence of echoes whose duration exceeds. 
48sec. Although at the peak of the activity the total number of shower echoes 
detected exceeds the background rate, there are evidently very few shower 
echoes of the long-enduring type. This is confirmed by calculation of the hourly 
rates for the same group of echoes used in wind measurement ; the total hourly 
rate averaged over shower days differs from that for the non-shower days by 
0-1-£0°8. The Corona Australid stream is apparently quite deficient in large 
meteors. 


VI. THE BACKGROUND ECHOES 
The background echoes represent the sum of true sporadic meteors and the 


minor showers which are not resolvable by the radio equipments. The following 
discussion is based on over 36,000 echoes. 
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Typical diurnal rates of background echoes are illustrated in Figure 8, for 
the month of December 1953. Figure 10 shows the seasonal variation of the 
mean monthly hourly rates, normalized to December. The higher background 
rate of the wind equipment, despite its lower sensitivity, is due to the much 
larger collecting area of its aerial system. 

Detailed examination of the available material suggests that the seasonal 
change in the background rate for the wind equipment is simply an alteration 
in the scale of the diurnal rate. Neither the ratio of maximum to minimum 
diurnal rate, nor the times of these maxima and minima, depend significantly 
upon the season. For the radiant equipment, the extent of the diurnal variation 
and the mean monthly hourly rate appear to be almost independent of season. 
The diurnal variation in the background rate for the radiant equipment is 
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Fig. 8.—Diurnal variation in background rates, December 1953. 
Curve FR, radiant equipment; curve W, wind equipment. 


almost twice that for the wind equipment, the respective ratios of maximum to 
minimum being 8-3 and 4-4. It should be remembered that the radiant equip- 
‘ment observations are confined to the latter half of the year. The shapes of the 
diurnal curves for the two equipments are dissimilar ; for the wind equipment 
there is a tendency to sharp maxima near 06 hr and flat minima near 18 hr, 
whilst for the radiant equipment the maxima are flat and the minima much 
sharper. The explanation of these facts lies in the different radiation patterns 
of the two aerial systems. 

The geocentric velocity and the apparent radiant of any meteor are the 
result of compounding the true (heliocentric) velocity of the meteor with the 
velocity of the Earth, which is directed towards the apex of the Harth’s way. 
If a uniform distribution of radiants and activity of background meteors is 
assumed and the dependence of luminous and ionizing efficiency on zenith 
angle is ignored, the seasonal and diurnal variations in the background rate may 
be evaluated without difficulty. The method of calculation of these rates for 
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the visible hemisphere has been given in detail by Davidson (1914). These 
calculations are readily extended to meet the case of the more limited collecting 
areas of the radio equipments. 

An analysis of the directions of the reflection points for echoes detected by 
the wind equipment shows that the very great majority of the echoes proceeds 
from zenith angles between 20 and 40° and that there is no seasonal variation. 
For this equipment, therefore, the apparent radiants may be taken to lie in a 
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Fig. 9.—Diurnal variation in the rate of background echoes at the ii 
equinoxes and the solstices, for various collecting areas, 30° 
spherical cap ; — ——— strip comprising elevations 20-40°; ------ strip 


comprising elevations 0-20°. 


narrow strip of the visible hemisphere lying between elevations 20 and 40°. 
For the radiant equipment the majority of apparent radiants are located near 
the zenith, and a spherical cap of radius 30° is a reasonable first approximation 
to the zone of apparent radiants. The diurnal variations in activity associated 
with these two areas of the sky are shown in Figure 9 for the latitude of Adelaide, 


at the equinoxes and the solstices, on the assumption of parabolic velocities for 
meteors. Pe 
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It will be seen that the characteristic shapes of the observed diurnal varia- 
tions for the two equipments are reproduced by these two geometries, as is also: 
the greater diurnal range for the radiant equipment over the latter half of the 
year. The small seasonal variation in the ratio of maximum to minimum diurnal 
rate is also predicted by the model for the wind equipment, but in view of the 
assumptions made in the derivation of the theoretical curves it would not be 
wise to press such comparisons. 

Seasonal variations in the mean monthly hourly rate expected on the two 
geometries, along with the observed values, are shown in Figure 10. Incidental 
calculations suggest that a strong seasonal variation is not to be expected with 
a collecting area of any shape. The increase in activity observed from June 
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Fig. 10.—Seasonal variation in the relative mean monthly hourly rate 

of background echoes. (a) Wind equipment 1952 (-) and 1953 (x) ; 

(6) Radiant equipment 1953 (x). Expected variations are shown 
by full lines. 


to December, for the wind equipment, occurred in both 1952 and 1953, and 
appears to be due to a real increase in background activity towards the end of the 
year. However, this is not confirmed by the limited observations with the 
radiant equipment, nor by visual observations of McIntosh (Hoffmeister 1937, 
p. 60) in the southern hemisphere, although according to Olivier (1925) the real 
visual background activity in the northern hemisphere increases towards the. 
end of the year. The visual observations contain ample evidence of discrepancies 
from observer to observer, and further sampling by radio techniques is necessary. 

The diurnal variation of activity expected from apparent radiants lying 
between elevations of 0 and 20° is shown in Figure 9. Although no allowance 
has been made here for the rapid falling off of ionizing efficiency at very low 
elevations, it appears that a valuable contribution to this problem may be made 
by special radio equipments designed for the purpose of counting sporadic, 


rather than shower, meteors. 
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VII. HEIGHTS OF REFLECTION POINTS 
The heights of reflection points of over 3000 echoes detected with the wind 
equipment have been computed from measured directions and slant ranges. 
Individual heights are accurate to +2 km. 


(a) Showers 

The height distribution of approximately 100 Geminid echoes is shown in 
Figure 11 (c). This distribution was determined by a statistical method ; 
but a smaller sample of echoes, known by the sorting method described in 
Section III to belong to Geminid meteors, gave an identical distribution. 

The height distributions of Figures 11 (a) and (b) refer to the C-Perseids 
and the day-time Arietids. The most probable height of 89 km for the Arietids 
is much higher than the height of 80 km found by Clegg and Davidson (1950), 
but less than the more recent value of 92-5 km derived from decay times (Kaiser 
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Fig. 11.—Height distributions of shower echoes. (a) C-Perseids 1953 (47 echoes) ; 
(b) day-time Arietids 1953 (69 echoes); (c) Geminids 1952 (100 echoes). 


1953). The height of maximum ionization of a meteor trail depends on the 
zenith angle y of the meteor path, the relation being approximately 
h—h)=6 In cos?/?y. The height change corresponding to a change of zenith 
angle from e.g. 60 to 30° is 2km. This will be reflected in a dependence of the 
height of the reflection point upon y, but as the zenith angles for the Jodrell 
Bank echoes are not known the correction cannot be assessed. 


(b) Sporadic Meteors 

Background echoes observed during March, June, September, and December 
1953 have been analysed in 6-hourly groups centred on 00, 06, 12, and 18 hr. > 

The diurnal variations in most probable heights are shown in Figure 12. 
Furthermore, the height distribution is much sharper at 12 hr than at 00 hr, 
whilst at 06 and 18 hr the distribution is intermediate. No seasonal effects 
were found, either in most probable heights or in the shapes of the distributions. 
The general nature of the height distributions is sufficiently illustrated by those 
for some other months already given by Elford and Robertson (1953). 

Meteor heights are strongly influenced by the geocentric velocity, which 
depends on the elongation of the apparent radiant, i.e. the angular distance of 
the apparent radiant from the apex of the Earth’s way. In March at Adelaide 
the apex reaches an elevation of 79°, whilst in September the maximum elevation 
is only 33°. Height distributions taken near 06 hr in March and 18 hr in 
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September would be expected to be sharper than those taken at 18 hr in March 
and 06 hr in September. On this simple picture, also, maximum heights are 
expected at 06 hr and minimum heights at 18 hr, whilst the distributions at 
00 and 12 hr should be identical. These expectations are not confirmed by the 
observed distributions. 

The selection of echoes used in this analysis is partly conditioned by the 
_ Wind pattern in the meteor zone, but no relation between wind velocity and 
measured heights (other than the wind gradient) could be found. There are 
no marked diurnal or seasonal changes in the zenith angles of reflection points. 
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Fig. 12.—Diurnal variation of the most probable height of background 
March ; —=——— June; —++-—+++ September ; 
2 December. 


echoes. 


In any case the occurrence of the maximum diurnal echo rate at 06 hr and of 
the minimum at 18 hr renders any explanation in terms of zenith angles improb- 
able. Nevertheless the distinctive features of the height distribution are thought 
to be real and probably astronomical in origin, although the possibility of atmos- 
pheric influence cannot be ruled out. 
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THE GRAVITATIONAL COMPRESSION OF AN ELASTIC SPHERE 
By A. KEANE* 
[Manuseript received August 19, 1954] 


Summary 


On considering a sphere in hydrostatic gravitational equilibrium, composed of a 
homogeneous elastic material for which the variation of incompressibility x with pressure 
p is given by dx/dp=n, a constant, we find that there is an upper bound to the radius R 
of the sphere provided n<2, and that for all values of n there is a lower bound to the 
value of J/MR?, where I is the moment of inertia about a diameter and M is the mass 
of the sphere. 


For a sphere composed of material for which dx/dp is a decreasing function of 
pressure and dx/dp—5/3 as poo, it emerges that 0:40>//MR?>0-23 and that the 
maximum radius is of the order of 104 km. 


I. INTRODUCTION 

Seventy years ago the major planets were either regarded as ‘“ water 
planets ” or else they were thought to consist of a core of terrestrial material 
surrounded by a gaseous atmosphere. The acceptance of these hypotheses 
was due to the lack of knowledge on the compressibility of solid and liquid 
materials, and, although both hypotheses are now known to be incorrect, the 
effect of compression is still not completely known. 

The theories of quantum mechanics and finite elastic strain, together with 
the high pressure experiments of Bridgman, have yielded results which should 
ultimately lead to the exact solution of the density distribution throughout a 
self-compressed elastic sphere. The analytical solution of the problem is fore- 
stalled by the lack of an exact solution of the Lane-Emden equation, but certain 
indicative results will be obtained in this paper by making use of the few cases 
in which the Lane-Emden equation has an analytical solution. 

Using the results of quantum mechanical calculations and solving the 
Lane-Emden equation by numerical integration, Ramsey (1950) has solved the 
problem of the density distribution throughout a hydrogen planet. Larlier 
Birch (1939) used finite elasticity theory combined with numerical integration to 
determine the density distribution throughout a homogeneous layer of the 
Earth. 

The model with which this paper is concerned is a homogeneous sphere 
composed of material for which dx/dp is constant, and emphasis is placed on 
determining the lower bound of the ratio Z/MR? and the upper bound of the 
radius. In the discussion at the end of this paper it is pointed out that the 
results can be applied to a sphere of material for which dx/dp is a monotonic 


decreasing function of pressure. 
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Il. THE DIFFERENTIAL EQUATION FOR DENSITY 
Using the equation defining incompressibility, namely, x= p(dp/do), 
where p is the density at pressure p, together with the relation x=% +p, 
where x, is the incompressibility at zero pressure, we obtain the pressure-density 
relation 


where we have used o, to denote the density at zero pressure. 
Combining (1) with the equation for hydrostatic equilibrium of a sphere, 


namely, 
ide fraidp 
———— — “21ST Ve « se © 0 we 8 le 6) eye 6 6 6 8 6 2 
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where G denotes the gravitation constant and r is distance from the centre of 
the sphere, we obtain the differential equation 

1d (4d 1) 4nGob(n—1) 
Tr dr Car j Xo 
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III. THE DENSITY DISTRIBUTION FOR n=2 
On denoting 4nG@o?/x, by 6? and making the substitution p= /r we find 
that the general solution of (3) is p=C sin (@r—3)/r where C and 6 are arbitrary 
constants of integration. Since density is to be finite at the origin we have 
5=0, and, on considering the surface values of a sphere of radius R, 


R 
Since the mass of the sphere M= | A4nr*o(r)dr we have on substituting 
0 


from equation (4) and integrating, that 


Lt Pyonel vig) COb BE (5) 
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where ¢ is the mean density given by M=47rR*9/3. Similarly, from the formula 


where J is the moment of inertia of the sphere about a diameter, combined with 
equation (4), we deduce that 
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where a is given by I=aMR?, and on substituting in this equation from (5) 
we obtain 


2 4 4 
a= +3 —6R nae BR) BeR* Sava ucke 6) Skcss (6) 
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IV. APPROXIMATE SOLUTION OF EQUATION (3) FOR ARBITRARY dx/dp 

As a first approximation to the density throughout the Sphere we take 
e=p, where ¢ is the mean density of the self-compressed sphere. On solving 
equation (3) and remembering that 9 must be finite at the origin, we obtain as 
a second approximation to the density 

. DEES 0S a ec a OP a (7) 

where A=1+BR?, B=? rGp90/xox, and «=1/(n—1). 

On determining the mass and moment of inertia as in the previous section, 
we obtain the results 


i ap Ds 5 Br ig 
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where F{a, b; c; z} is the hypergeometric function. 

It is necessary at this stage to give some idea of the range of validity of the 
equations (7), (8), and (9). 

On substituting the approximate solution (7) into the differential equation 
(3) we find that the left side is constant while the right side varies by the fraction 
(A —BR?/A)* of itself as r varies from 0 tok. Since (A —BR?/A)*=1/A%= 9/0, 
it follows that the solution (7) will be a valid approximation only if the density 
variation throughout the sphere is not large, so that p/p, is approximately 
unity. We use pe, to denote central density. 

From this argument it appears to follow that equations (8) and (9) are not 
valid for large compression because of their dependence on (7). This, however, 
is not the case since equations (8) and (9) are obtained from (7) by a further 
use of the equations of hydrostatic equilibrium and are therefore true to a higher 
order of approximation. 

Let us consider the derivation of (8) as follows. 

The equations of hydrostatic equilibrium are 

dp GM(r) dM(r) 
ar oe dr 


where M(r) is the mass within the sphere of radius 7, and on using (1) we can 
derive the differential equation for the mass M(r) as 


=4rro, 
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To solve this differential equation we take as a first approximation that 
M(r)=4zxr*9/3 where p is the mean density of the whole sphere of radius R. 
Substituting this value of M(r) in the second member and integrating we obtain 
as a second approximation that 


(10) 


3 ( Deoa A 


which gives equation (8) and no longer depends on the validity of (7). 
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Substituting back into the differential equation (10) we find that the left 
side is constant while the right side varies by a fraction F{—a, 3/2; 5/2; BR?/A} 
of itself as r varies from 0 to R. This variation is seen to be equal to 9/p,. 


Now 


the lower bound being attained in the limit as poo. Thus we see that, pro- 
vided F{—a, 3/2; 5/2; 1} does not differ greatly from unity, the approximate 
solution (8) is valid for all values of o. But 


1(5/2)T(1 
P{—o, 3/2; 5/25 Y=-EE EE), 


which is precisely unity when «0 and then decreases as « increases. Thus for « 
not too large the equation (8) is valid no matter how great is the variation of 
density throughout the sphere. 


Combining (10) with the equation 
3 dl(r) dM(r) 


or? dr dy’ 


where J(r) is the moment of inertia of the sphere of radius r, we easily derive 
the integro-differential equation 
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and, on solving approximately by taking I(r)=8zxr°9/15 in the second member, 
we find that 
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which gives equation (9). On substituting back into the integro-differential 
equation we find that the left side is constant while the right side varies by the 
fraction F{—a, 3/2; 5/2; BR?/A} of itself as r varies from 0 to R and so (9) 
is valid under the same conditions as (8). 


V. AN ALTERNATE METHOD OF SOLUTION OF EQUATION (3) 

As an alternative to the approximate method of Section IV we may take 
e=H —K?r° as a first approximation to the density in the second member of 
equation (3). On integrating and inserting the boundary conditions that e 18 
finite at the origin, and p=o, when r—R we have 
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and substitute (11) back into the differential equation (3) we find that both 
sides of the equation vary from pe, to 9, as r varies from 0 to R so that the solution 
(11) with the values of H and K given by (12) should be a valid approximation 
for compression of any magnitude. 

Substituting the values of H and K given by equation (12) into (11) we 
see that, if po, is large, then the density throughout the sphere is given 
asymptotically by 


AnG py et le ar i 
Pcl 6G 20R? }\ ° 
VI. THE Exact SOLUTION OF EQUATION (3) FOR dx/dp=—6/5 
When n=6/5 the equation (3) permits of an exact solution (Chandrasekhar 
1939), namely, 


4 noite 80% 
ae % (+0)? 
where C is an arbitrary constant. Inserting the boundary conditions p=, 
when r=F and p=o, when r=0 we obtain the relation between o, and R 


, 6/5, 4/5 2/5 
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15% 


VII. DEDUCTIONS 
(a) From the equation A=1-+BR? combined with (8) we have 


ee es A p 


B =3| (are 3/2 ; 
so that in the limit as p increases indefinitely, we see that R? behaves like p”~?. 


Hence in the limit as p—oo we have that for n>2, Roo and for n<2, R-0. 
Thus the case n—2 divides discontinuously the two types of behaviour. 


When n=2, equation (15) reduces to 


R2 


1/a 
See ee 
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so that on taking the limit as p—oo we find that 
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On considering the exact solution (5) for n=2, we see that p>oo as BR-—n, 
so that the exact value for the upper bound of the radius is given by 


In Section IV the validity of the approximate equation (8) in the case of 
large p was shown to depend on «, so that the discrepancy between the exact 
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and approximate values of Rmax. for «=1, found in this section, gives an idea of 
the error involved. 

As an alternative to the above we see from (13) that as p,+0, pe, behaves 
like p,%R2%, or R2% behaves like p,1~%. - Hence the results deduced from Section 
IV are supported by the solution of Section V. 

(b) On combining equations (8) and (9) we obtain 

2 F{—a, 5/2; 7/2; BR?/A} 
3B F{—a, 3/2; 5/2; BR?/Ay’ 
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so that as poo we see that 
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From the exact solution (6) in the case dx/dp=2 we see that, since BR-x 
as p—>0o0, 


It emerges therefore that the ratio 1/ Mk? has a lower limit as the mean density 
of the sphere increases indefinitely and the approximate value amin, =2/(2%+5) 
is not far in error. 

Using equation (13) and the integrals for mass and moment of inertia 
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where we have made the substitution w=r/R. 
Towards solving the integral 


1 
\ u4(1 —u?)“(7 —3u?)%du 
0 
we make the substitution uw?=«, so that it reduces to 
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which can be evaluated by expanding the last term in the integrand by the 
binomial theorem. On integrating term by term, the resulting series can be 
shown to be equal to 


a +1)P(5/2) 


ral ( 
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Similarly the integral 
1 
| u?(1 —u?)*(7 —3u?)“du 
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can be shown to equal 
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Hence 


lim axe Fine 5/23 T/2@+a5 3/7} 
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which, when «=1, is seen to be very close to the exact value of equation (17). 
It would appear from this agreement that the equation (18) gives a slightly 
better approximation to the value of lim a, for large «, than does equation (16). 


Pe? 2 
In the case «=3/2, corresponding to dx/dp=5/3, which is of importance, 
the equation (16) gives lim a=0-25, while the equation (18) gives lim a=0-23. 


Per Pe 

We thus take a=0-23 to be the lower bound of the ratio // MR? for a homo- 

geneous sphere when dzx/dp=5/3, but note that the simple equation (16) gives 
a reasonably accurate approximation. 

(c) Using equation (15) we can express the mass of the sphere in the form 


Aa i) 1/o ‘ 3/2 
m= 5% pal (sr, 3/25 8/2; Brea) | 


so that in the limit as 9 increases indefinitely we see that M behaves like p3"/?—2, 
and thus M tends to a finite limit as poo if n=4/3. 

This behaviour of M can also be deduced from equation (13) since for 
large values of the central density 
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or, on making the substitution w=r/Rk, 
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Hence as 9,00, M behaves like 9,%~R?%*%. 
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On making use of the results of deduction (a) we see that for large central 
density M behaves like 9,3”/2—? and so M is finite if n=Al3. 

This result agrees with that of Chandrasekhar (1939) who found an upper 
limit to the mass of a polytrope in the case where the pressure-density relation 
is of the form p—Aop*!? corresponding to a completely degenerate electron 
gas when relativistic effects are taken into account. 

It also follows from Chandrasekhar’s treatment that values of n<4/3 are 
physically impossible ; and it would appear that on the Thomas-Fermi theory 
no sphere could have an infinite mass since the ultimate pressure density relation 
for all substances is p=Ao?*/?. 

(d) The exact solution (14) for the case dx/dp 6/5 bears out the previous 
result that R—0 as 9,00 if dx/dp<2. In this case we can find the maximum 
radius which, since it corresponds to dR/de,—0, is 


= 15x, 
Rmax.= (ieee) 


which occurs when (p,/()?/>=2. 


(e) Taking R as half its limiting value, i.e. BR=47 in the exact solution for 
dx/dp=2, we obtain from equations (5), (6), (4), and (1) that 
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where p, and p, are the central values of the density and pressure respectively. 
It is to be noted that a sphere of this radius shows very little compression. 

(f) Birch (1952) and Keane (1954) have shown that, at least for the alkali 
metals, dx/dp is a decreasing function of pressure, so that, on assuming its 
universal applicability and in view of the quantum mechanical result for a 
completely degenerate electron gas (neglecting relativistic effects) that dx/dp—5/3 

as poo, it emerges from the foregoing results that no homogeneous elastic ~. 
sphere can have the ratio [/MR? less than approximately 0-23, this value being 
approached as the mean density tends to infinity. 

It is also evident from the previous results that, since dx/dp—+5/3 as poo, 
then there is an upper limit to the radius of the sphere of the order of \/(%9/G@o,2). 
On taking x»=10! dyn/em? and e,=1 g/em® this upper limit is of the order of 
104 km. 

(g) Considering 9—oo is a mathematical idealism and overlooks possible 
large-scale changes of interaction between’ the individual atoms. Clearly an 
infinite density is impossible and so some mechanism of destruction must be 
brought into operation before the limit is reached. It follows that the lower 
bound for the ratio Z/ MR? is unattainable. 
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(h) For the major planets the empirical values of I /MR? are all close to the 
minimum, 0-23, being, according to Ramsey (1951), for Jupiter 0-25, Saturn 
0-22, Uranus 0-24, and Neptune 0-27. These low values Suggest a certain 
amount of central concentration of heavy material, especially in Saturn, and 
also indicate that the radii of the major planets, all of the order of 104 km, are 
near the maximum for the particular materials of which they are composed. 


(1) Ramsey (1951) has calculated the density distribution for Jupiter and 
Saturn on the assumption that they are composed of a homogeneous mixture of 
hydrogen and helium. From these caleulations it was found that a=0-28 for 
Jupiter and has a slightly higher value for Saturn. These values are within the 
limits, for a homogeneous sphere, imposed by this paper but are so close to the 
lower limit as to suggest very forcibly that Jupiter is nearly the largest planet 
possible. In this connexion it should be borne in mind that, since we are 
considering dx/dp—5/3 as p—>oo, the lower limit of a does not correspond to 
the maximum radius, but to the zero radius which is attained on shrinking of 
the sphere after the maximum radius has been reached. Hence the maximum 
radius corresponds to a value of a greater than 0-23. 


It is difficult to ascertain po) and x for hydrogen since for a sphere of any 
size the hydrogen atoms are likely to form a metallic lattice. However, the 
value of 85,000 km shown by Ramsey (1950), using quantum mechanical 
calculations, to be the maximum radius of a hydrogen planet is not in conflict 
with the upper bound found in this paper. 
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STRESS RELAXATION OF WOOL FIBRES IN WATER AT 
STRAINS OF 5-20 PER CENT. 


By B. J. Riepy* 


[Manuscript received July 5, 1954] 


Summary 


A study has been made of the stress relaxation at fixed longitudinal strains of 
wool fibres immersed in water, in the post-yield region of their load-strain curves. 
The fibres were extended at controlled rates up to predetermined strains, particular 
attention being paid to the first few minutes of the subsequent stress relaxation. It 
was found that the relaxation curves so obtained could be represented by a sum of one, 
two, or three negative exponentials, which could, in general, be simplified into two 
main processes, (a) a relatively fast relaxation of stress occurring in about the first 
60 sec and (6) a much slower relaxation. The activation energy of the fast process 
was found to be approximately 5 kcal/mol. Attempts to calculate activation energies 
for the slow process showed that the term corresponding to the energy was temperature 
dependent. Over the range 10-50 °C, the values of this term were found to increase 
from about 22 to 27 kcal/mol. The fast and slow processes are respectively ascribed 
to the breakdown of weaker and stronger types of cross-linking bonds in the keratin. 


I. INTRODUCTION 

When a keratin fibre is held at a fixed elongation under constant atmospheric 
conditions the stress decays, appearing to approach an asymptotic value. 

According to the generally accepted picture of keratin, it is made up of 
polypeptide chains joined by a number of different cross-links. The cross-links 
in keratin include the strong cystine links, involving covalent disulphide bonds, 
and much weaker links involving hydrogen bonds, van der Waals forces, and 
electrostatic salt bonds. Speakman and Shah (1941) have attributed stress 
relaxation in keratin fibres to the breakdown of these cross-links under large 
strains. 

Many conditions affect the rate and amount of stress relaxation, and a 
number of workers (Speakman 1928; Speakman and Shah 1941; Bull 1945. 3 
Katz and Tobolsky 1950) have examined the effect of some of these such as 
relative humidity, fibre extension, and temperature. Chemical pretreatment 
aimed at destroying disulphide bonds before relaxation has been carried out 
(Speakman 1928; Speakman and Shah 1941; Katz and Tobolsky 1950). 
Further, Katz and Tobolsky (1950) allowed the relaxation rate of an untreated 
fibre in water to become relatively slow before adding chemicals reagents to 
break these bonds. 

The results of all these studies seem to indicate that the rate of relaxation 
is accelerated by any process which facilitates bond breakdown. 


* Wool Textile Research Laboratories, C.S.I.R.O., Physics and Engineering Unit, Ryde, 
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No general equation has been found to fit the experimental curves, although 
a number of stress-time relationships have been reported which describe parts 
of them. Little work seems to have been done on the first few minutes of the 
stress decay, during which time there is a relatively rapid relaxation. 

It appears in all of the published work that very rapid strain rates have 
been employed. The aim seems to have been to extend the fibres as rapidly as 
possible so as to minimize the relaxation taking place during the straining 
operation. No stress-strain curves at these high rates seem to have been 
recorded. Thus, strains, as reported in previous work, cannot be correlated as 
yet with the well-known regions of the stress-strain diagram, viz. ‘‘ Hookean ”, 
‘* post-yield ”’, etc. It was thought that useful information could be obtained 
by examining the phenomenon of stress relaxation in terms of these well-defined 
regions. 

The strains in this work correspond to the post-yield region of the curve, 
with approximate limits of 5 and 20 per cent. in water. These strains were 
produced by known strain rates, which then became another parameter, not 
considered in previous work. Further, the effects of the magnitude of strain and 
temperature have been investigated with particular reference to the first minute 
of the relaxation process. 


II. EXPERIMENTAL 

In previous work various methods have been adopted to allow for the 
statistical distribution encountered in the measurement of fibre properties. 
Bull (1945), for example, used test specimens made up from about 20 fibres. 
Speakman and Shah (1941) and Katz and Tobolsky (1950) employed half- 
tension times and relative tensions in order to get a good degree of fibre to fibre 
reproducibility. 

The procedure which has been used in this work is to obtain measurements 
on a single fibre subjected to various experimental conditions. This was done by 
immersing the fibre in water at 52 °C for 60 min, after which repetitive relaxation 
curves could be obtained. The experimental set-up consisted of a Cambridge 
extensometer as an agent for producing various strains and rates of strain and a 
Statham electrical resistance strain gauge, galvanometer, lamp, and scale for 
measuring load. The period of the galvanometer was approximately 2 sec ; 
and it was found possible to read load correct to 0-04 g wt. in the early part of 
the relaxation, while for the slower portion the load readings were much more 
accurate. An examination shows that these limitations do not significantly 
affect the general results given in this paper. The strains were controlled by an 
automatic switch which could be preset at any desired value. 

All the tests were carried out using wool from Corriedale sheep, hand fed 
for uniform growth. The coefficient of variation of the cross-sectional area 
along individual fibres was about 5 per cent., the average unstretched diameter, 
in water, being about 50 y. A typical curve is illustrated in Figure 1 which 
shows the initial load-strain curve (obtained at 10 per cent./min) together with 
the subsequent relaxation of stress from a fixed strain of 20 per cent. The 
quantity, rate of straining, has been used in this work rather than “ time of 
straining’. The decrimped fibre length was standardized at 40 mm. 


L 
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Most of the data are for a time range up to 200 see (not including the time 
taken to extend the fibre), although some tests had time ranges up to 10 min. 
All the experiments were carried out with the fibre immersed in distilled water, 
the temperature of which was maintained constant to within +0-1 °C. 
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Fig. 1.—A typical curve, showing the initial load-strain curve (obtained at 
10 per cent./min) together with the subsequent relaxation of stress from a 
fixed strain of 20 per cent. 


III. RESULTS 

Typical experimental results showing the effect of variation in each of three 
parameters are given in Figures 2, 3, and 4. 

Each of these sets represents the effect upon the relaxation curve of the varia- 
tion of only one parameter on a particular fibre. At least five different fibres 
were examined with each parameter, similar results being obtained for each. 
The range for each of the variables was as follows : 

Strain, 5-20 per cent. 

Strain rate, 0-75-250 per cent./min 

Temperature, 5-50 °C ~ 


Analysis of the relaxation curves obtained, over the time range 0-200 see, 
showed that the curves could be represented by a sum of one, two, or three 
exponential terms, the number depending upon the particular experimental 
conditions, that is 

can exp +94) sb Sap a). .uihiwess. ak g(il) 


where S,=stress at time t, S.»=asymptotic stress, S8;,g, are functions of the 
parameters, +=1, 2, or 3. 

It should be pointed out that it is not known, in analysing into exponentials, 
whether the expansion is unique, and also that over limited ranges one mathe- 
matical expression often closely approximates another. For example, in the 
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present instance each relaxation curve could be closely fitted by a rectangular 
hyperbolic law for about the first 60 sec. For these reasons it was not considered 
advisable to determine each S; and g, for a given curve. A significant feature 
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Fig. 2.—A typical set, showing the effect of the variation of 
temperature on the stress relaxation of a fibre which has been 
strained at a rate of 55 per cent./min to an extension of 20 per 
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Fig. 3.—A typical set, showing the effect of the variation of 
strain rate upon stress relaxation. The temperature and total 
strain were maintained at 20 °C and 12-5 per cent. respectively. 


of the present results, which will be discussed fully later, was that it was found 
possible to separate each curve into a rapid process of decay lasting about. 
40-60 sec followed by a considerably slower one (see Figs. 2, 3, and 4). 
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The effect of each parameter (the other two being kept constant) on the 
properties of the relaxation curve was as follows. 


(a) Relaxation as a Function of Initial Strain 
Examination of Figure 4, a typical set of curves, shows that : 
(i) Increasing the initial strain brought about a proportional increase in 
the initial stress. 
(ii) The relaxation curves were identical in shape, i.e. for any given period 
of time the stress decayed by the same amount. 


STRESS (ARBITRARY UNITS) 
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TIME (SEC) 
Fig. 4.—A set of curves showing the effect of the variation of 
total strain on the subsequent stress relaxation. The strain rate 
was 10 per cent./min and the temperature 19 °C, 


(b) Relaxation as a Function of Strain Rate 
(i) Referring to Figures 3 and 4, both the initial stress S, and S,—S, were 
found to vary linearly with In e where 0 is the rate of straining up to the fixed 
strain (see Fig. 5). 
Son p--Ci.y pete aoe ae (2) 
SoS =O noe C see. ones tee es eee (3) 


(ii) The slope a of the lines (2) and (3) has a value in agreement with that 
predicted by a recent theory of viscoelasticity by Burte and Halsey (1947). 

(iii) Analysis of one set of curves (Fig. 3) into exponentials, showed that 
the curve produced by the slowest rate of straining (0-75 per cent./min) reduced 
to a single exponential term. The curves due to the higher rates appeared to 
have this basic component plus others. 


(c) Relaxation as a Function of Temperature (see Fig. 2) 


(i) The initial stress Sy was found to decrease almost uniformly with an 
increase in temperature. 
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(ii) As mentioned earlier, the r 


elaxation curves can be Separated into an 


initial rapid process, followed by a much slower one. Activation energies were 


calculated for each of these processes in 
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Fig. 5.—A plot of the initial stress § 
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o, against the logarithm of the strain rate, with the 


temperature and total strain held at 20°C and 12-5 per cent. respectively. 


Fig. 6.—A plot of logyo{(So—S59)/T} against 1/f.~ The slope of this line is a measure of 
the activation energy of the fast relaxation process (see text). 


The fast process.—It was assumed that the amount of Stress decay in a 
given time was proportional to the specific rate constant (k’) for the process ; 


ni 
ae 


that is, 


exp (—H,/RT), 


S,—S,T exp (—E,/RT), 
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where S, and S, are defined above, 7 is the absolute temperature, k is Boltzmann’s 
constant, h is Planck’s constant, H, is the activation energy for the process, 
R is the universal gas constant. 

Thus a plot of In {(S,—S,)/7} against 1/7 should give a straight line, with 
a slope equal to H,/R. Five fibres were studied in the temperature range 5-50 mt 
and straight lines were in fact obtained. A typical plot is shown in Figure 6. 
These straight lines were plotted for values of time up to 50 sec since the fast 
process is practically completed by this time. The value of H, calculated from 
these lines varied from 4 to 7 keal/mol, the average value being 5 kcal/mol. 

The slow process.—The stress decay over a long period of time is pre- 
dominantly due to the slower process, and in this case the time t’ taken for the 
stress to fall to a given value should be inversely proportional to the rate constant 
(k’). 

Thus t'T cexp (—H,/RT) where EH, is the activation energy for the process. 

A plot of In (¢’7) against 1/7 should give a straight line with a slope equal 
to E,/R. Seven fibres were studied over the range 10-50 °C, but the value of 
E, was found to be temperature dependent, varying from 22 to 27 kcal/mol. 


IV. DIscussION OF RESULTS AND CONCLUSIONS 

Most of the results can be interpreted using a simple extension of a suggestion 
made by Speakman and Shah (1941). They suggested that the breaking of 
cross-linking bonds in keratin followed by molecular rearrangement is responsible 
for stress relaxation. An equation of the form (1) could, for instance, be reasoned 
in the following manner. Suppose that after a longitudinal strain has been 
produced on a fibre there will be a certain number of cross-links in a strained 
state. Some may have broken, and re-formed during the straining period— 
this number will depend upon the rate of straining, but whatever has happened 
during the extension it should only affect the amounts of stress decay and the 
initial stress in the stress relaxation test. This very simple picture explains 
the form of the relaxation curves by only requiring that at the completion of 
any fibre extension there are a number of strained cross-links. It seems reason- 
able to assume that the total stress energy which can relax will be proportional 
to the number of these strained bonds. These bonds will immediately begin to 
revert to their stable energy state and this energy decrease will be manifested 
by a stress relaxation. Now, if these bonds revert with a rate which is pro- 
portional to the total number m strained at any time, thus 


dn 
dt 


then, in view of the statement that the number is proportional to the stress 
which can relax, we get upon integration, 


= UN, 


S,=const. x exp (—gt). 


If there are a number of distinct cross-links, each having its own value of 9; 
then 
S,=28; exp (—g{t). 
1) 
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In the equation given earlier, viz. 
S,=2S; exp (—gt) +8 0, 
v 
S would represent the stress energy contained in the main chains. 

This exponential equation explains why the relaxation curves with strain 
as the only parameter are identical in shape but displaced along the stress axis. 
Bull (1945) shows this effect quite clearly graphically. 

When the rate or time of straining is varied this simple theory would require 
that the amount of relaxable stress should increase with the strain rate 9. This 
is verified by the data summarized in equations (2) and (3), but it would be 
difficult to derive equation (2) from the theory discussed above, because the 
stress S, is determined by other factors as well as the relaxation which occurs 
during straining. 

Figure 3 is interesting for in this particular fibre it appears as though the 
slow process has been isolated. The bottom curve in this set can be represented 
by a single exponential term and, since it was obtained after a very slow rate of 
straining, it seems probable that the weak bond breakdown (which would give 
other exponential terms) has been in equilibrium with the molecular adjustments 
due to straining at all times. Further it will be noticed that the curve 
representing this slow process is parallel to the other three curves, after about 
25 sec; indeed, analysis shows it to be a component of each of the four curves. 

Because of the dependence upon temperature of H, there is strictly no 
justification in calling it an activation energy. However, the large difference 
between EH, and FE, supports the contention that the fast and slow processes are 
due to weaker and stronger bonds respectively. It may be noted that the value 
of 5 kcal/mol for H, could be ascribed to hydrogen bonds. 
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A PROPOSED MODIFICATION TO THE C.S.1.R.O. MARK I 
COMPUTER* 


By B. E. SwIREt 


The order code of the C.8.I.R.O. Mark I computer, as described by Pearcey 
and Hill in their recent papers (1953a, 1953b, 1954), is already more extensive 
and flexible than that of any other machine of which a description has been 
published. It still offers some scope for expansion, however, and it is the purpose 
of this note to put forward one particular suggestion for the addition of an 
entirely new type of order. ‘‘ General purpose ”? computers, so-called, are at 
present by no means so general in their application as users would desire, and 
broadly speaking there are two types of attack on this problem. On the one 
hand one can incorporate in the order code more and more special functions 
so as to increase the number of types of work with which the computer can 
directly deal. On the other hand one can seek new types of order which tend 
to increase the flexibility of a machine without special reference to any particular 
application. The suggestion put forward here is in line with this latter approach, 
which is believed to be the more valuable of the two. 

The importance of flexibility has been recognized in the logical design of 
C.S.I.R.O. Mark I computer, and noteworthy success has been achieved by the 
use of an arithmetical unit containing a multiplicity of registers having addition, 
subtraction, and discrimination facilities (Beard and Pearcey 1952), and by the 
adoption of an order code in which each order is expressed as a transfer from a 
“source” to a “ destination” each of which is separately and independently 
specified by a five-digit code. Programmes expressed in this code are very 
considerably shorter than programmes expressed in a more conventional one- 
address code such as that of the EDSAC. Nevertheless it has been found 
necessary to use interpretive programming techniques when it is desired to, 
work to multiple-word accuracy, in floating-point arithmetic, or with complex 
numbers. 

The interpretive programmes, or “‘ hyper-programmes ”’, as described by 
Pearcey and Hill, consist of a mixture of two types of command, namely, 
commands coded as ordinary machine commands and commands requiring 
interpretation ; but for each command, whether it is one requiring interpretation 
or not, the interpretation routine of some 20 or 30 commands must be traversed. 
It is, in fact, the interpretation routine which distinguishes between a command 
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coded as a machine command, and a command labelled by the use of the null 
destination Z to indicate that it requires interpretation. 

With this interpretive system, as with similar systems used on other 
machines, a gain in flexibility and convenience is achieved at a considerable 
cost in speed. But suppose now that a facility be built into the machine for 
distinguishing between machine commands and interpretive or “ hyper ”’ 
commands, in such a way that the former are performed directly, while, when 
one of the latter is encountered, control is directed to the head of the inter- 
pretation routine with simultaneous storage of the link datum to enable return 
of control to the next programme command after performance of the hyper- 
function. If such a facility were available the interpretation routine would 
be considerably shortened and furthermore would be used only when strictly 
necessary. A considerable gain in speed over the interpretive system described 
by Pearcey and Hill would be achieved. In fact, this facility, if available, would 
become the normal method of calling in sub-routines, and the distinction between 
direct and interpretive programming would vanish. 

Not enough is known of the detailed design of existing overseas machines 
to say whether the proposed facility could be readily added to any of them. 
The design of the C.S.I.R.O. Mark I machine is, however, such as to allow its 
ready inclusion. As mentioned above, hyper-commands. as at present used 
on the C.S8.I.R.O. machine are labelled by the use of the Z destination code. 
If this Z code appears in a normal machine command, a null command results 
since no gates are opened. Suppose now that a small addition were made to the 
machine so that this Z destination did control certain gates so as to perform the 
following functions : 

(a) read out the content of the sequence register in digit positions 11-20, 
leaving the sequence register clear ; 

(b) read out the content of the lower half of the interpreter register in digit 
positions 1-10, leaving the address digits in the upper half of the interpreter 
undisturbed (as is the case with the A+ destination) ; 

(c) open the read-in gate to register B so that the full word assembled in 
(a) and (b) is placed in register B. 


Since the sequence register has been cleared, the next command executed 
would be that in location zero, which would be the head location of the inter- 
pretation routine. The first command in this routine would be 0—H,, where- 
upon the address digits previously left in the interpreter would be placed in the 
H register. All the data required are then available: the function code in 
digit positions 6-10 of B ; the address in H ; and the link datum in digit positions 
11-20 of B. It would be a simple matter to design an interpretation routine 
to direct control via a directory to the appropriate sub-routine. The inter- 
pretation routine should preferably not use register B ; then each sub-routine 
could commence with the command (B)—-#, where « is a store location allocated 
within each sub-routine to hold the link datum. Each sub-routine would then 
conclude with the command (x#)—S to return control to the next programme 
command (the single command (B)—S at the end would suffice for linking if 
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the sub-routine did not require to make use of register B). The present practice 
of using some of the D registers for holding link data would then be avoided, 
and these registers freed for other purposes. 

The facility just proposed is not available on any existing computer, nor, 
so far as the author is aware, has it been previously suggested. There have 
been previous suggestions for calling in sub-routines by means of a single order. 
The Circle computer (Greig 1953), for example, includes what is known as the 
‘‘ Function Table” order; this does enable a sub-routine to be called in by a 
single command, but this command does not, and cannot, include an address 
or other parameter for use by the sub-routine called in. The function table 
order therefore does not have the character of a true hyper-command such as is 
possessed by the new type of order that has been here described. 
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MULTIPLE IMAGES IN REFLECTING MICROSCOPES* 
By W. H. STEELt 


Introduction 


The normal image of a reflecting microscope is formed by a single reflection 
at each mirror surface. However, other images are possible; higher order 
images formed by two or more reflections at each surface, and a zero order 
‘image ”’ which is the object itself, if there is an unobstructed light path through 
the system. In a mirror system possessing central obscuration of the pupil, 
this unwanted light usually does not reach the axial image point, but it may 
give rise to a spread of light across the outer parts of the field, so reducing the 
contrast. The effects of these extra images are most noticeable when the 
objective is used in reverse as a condenser. 


* Manuscript received July 1, 1954. 
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These false images have been indicated by Norris, Seeds, and Wilkins (1951) 
and they have shown stops placed to eliminate them. In the present paper, 
methods of choosing the position of these stops are discussed in more detail, 
reference being made to the consequent vignetting of the primary image ; 
this follows a demonstration that it is impossible to secure a corrected secondary 
image having any advantages over the primary image. 


Correction of the Secondary Image 

The secondary image, formed by two reflections at each mirror, is studied 
by the approximate method used by the author (Steel 1953) for investi- 
gating the primary image of a monocentric mirror pair. The objective is 
considered in reverse so that its magnification —g, where U,=—gu,, is the 
reciprocal of the magnification when used as a microscope objective. 

The third order spherical aberration XW, is corrected when 


— 11 —109 +119? + (1 +9) +/(21 —229 +2197) 
ov 2(5 —6g +59?) 


where o is the ratio of the radii of the two mirrors, 


S11) o- 


The two ‘“ geometrical’ obscurations, as defined by the above article, 
are 
91= (0 +590 —4g)/(2—oc—2g+3 gc), .......... (2) 


Ge a6 Pie ee 7 Pago)" ...!. eT... (3) 


Object at Infinity—The case of a microscope objective of high magnification 
can be studied approximately by considering 1/g to be infinite. Equation (1) 
then gives oc=(11+1/21)/10. 

As in the case of the primary image, the larger root, corresponding to a 
Cassegrain type objective, is of little practical interest as the image point is 
virtual. The smaller root, o=0-6417, corresponds to a Schwarzchild type 
objective for which ¢,=0-284, g,=1-417. The physical obscuration p is given 
by 1/q, and is 0-706 ; for the primary image it is 0-447. 

The fifth order spherical aberration is also found to be less favourable 
being 1-27 times that for the primary image at the same numerical aperture. 

Finite Object.—The closest that the object can conveniently be placed to the 
objective is at the pole of the concave mirror. Then q,=0 and it is found that 
1/g=3 and p=0-6. For the object at the same position, the primary image 
gives 1/g=5, p=0-333. 

Hence, for a given magnification, the secondary image has a higher obscura- 
tion than the primary image and its quality is therefore inferior. 


Elimination of the Secondary Image 
- We now consider the elimination of the secondary image in a monocentric 
mirror pair, corrected for an object at infinity. The methods used are applicable 


to other types of reflecting systems. 
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Avial Rays.—The paths of the axial rays from infinity that form each 
image are shown in Figure 1, this figure corresponding to that given by Norris, 
Seeds, and Wilkins (1951). The rays forming the primary image are shown above 
the optical axis and those forming the secondary image below. When the 
system is used in the reverse sense as an objective, no axial rays from the object 
can form a secondary image. 

In a monocentric objective, the obscuration for the secondary ray is 0-644 
and it contains 0-146 of the light in the primary image. The secondary focal 
length is one-half the primary focal length and the secondary rays cross the 
primary field at angles above 0-288u, where wu is the numerical aperture of the 
objective. A field stop should therefore be used to limit the object to half this 
size. 


= 
SEES SS SEX 
O ZERO ORDER RAYS 


> 
1 
PRIMARY RAYS 


Fig. 1.—Axial rays forming primary and secondary images. 


If no field stop can be used, or if a field greater than 0-144wu is required, 
the secondary rays should be blocked completely. At their first reflection at 
both mirrors and also in the final image space, the axial rays forming the 
secondary and higher order images all lie inside the primary rays and so a central 
stop placed at any of these positions will eliminate them. Oblique rays, however, 
require further consideration. 


Oblique Rays.—Zero order image. This effect is caused by direct light from 
the object reaching the image plane. It can occur in both directions, either 
when the system is used as an objective or as a condenser. However, in both 
cases, this light can be kept outside the primary image provided a field stop is i 
used at the object or the image, in combination with a suitable choice of the size 
of the hole in the coneave mirror. 

For a monocentric system, it is found that the angular semi-field should be 
limited by a stop to a value less than 0-224u. For non-concentric systems with 
obscuration p, the field would be wp/2. 


Secondary image. The effect on oblique rays of stops at the various positions 
suggested for axial rays can be seen in Figure 2. This shows the various apertures 
and obstructions presented by the system to an object at infinity, the scale 
being for a numerical aperture of 0:5. The stops for the primary rays are 
Shown above the optical axis and those for the secondary rays below. The 
lines at A and B represent the positions of the concave and convex mirrors 
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respectively, at A’ and B’ their first images and at A” and B” their second images 
in the whole system. 

The full line at A and at its images represents the reflecting part of the 
concave mirror and the broken line the minimum size of the hole, both eal- 
culated for axial rays. To prevent vignetting for a field of semi-angle e, the 
radii of the hole and of the outer edge of the mirror should both be increased by 
3-24ef’. The radius of the inside limit of the reflecting surface should be 
decreased by the same amount except when this edge is used as a stop to cut out 
secondary rays. An upper limit can be placed on the size of the hole if it is 
to block the zero order image, so in general the hole should be smaller than the 
inside limit of the reflecting surface, the intervening portion being blackened. 


1 
1 
— 


AXIAL PRIMARY RAYS 


= 
OPTICAL A 
AXIS 


AXIALTSECONDARY RAYS 
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ete 


Fig. 2.—Obstructions and apertures for object at infinity. 


The convex mirror cannot be increased in diameter beyond the value chosen 
for axial rays without increasing the obscuration. It acts as an aperture for 
primary rays at B and as an obscuration at B’. For secondary rays, B’ acts 
as an aperture and rays that pass through it continue on to form the secondary 
image. 

The primary image plane as seen by rays forming the secondary image is at 
Fi, the size shown being the maximum as indicated above. If a larger field is 
desired, no rays should be allowed to pass through the aperture at Bb’ and this 
may be done by a central stop either at A’ or B and another at C, the centre of 
curvature. 

A single stop at the focus of the secondary rays is also effective. Its image 
for primary rays is at Fs and the stop should be small enough not to vignette 
these rays. 

Vignetting of the primary image. Provided that the hole and the outside 
edge of the concave mirror are made larger than the size demanded for axial 
rays by the amount indicated above, there is no vignetting at the edge of the 
pupil. But, if a central stop is used at the centre of curvature in combination 
with one at either of the mirrors to eliminate secondary rays, there are obstruc- 
tions at CO and B’ and either at A’ or B and some vignetting at the edge of the 
obstruction ; it is smaller if the second stop is at the concave mirror. 
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If a stop at the secondary focus is used, there is no vignetting nor any light 
due to a secondary image for angular semi-fields less than 0-175u. A stop in 
this position, however, would reduce the working distance of the microscope, 
and the gain in field size would be small. 


Conclusions 

The detailed discussion above has been based on paraxial optics and an 
object at infinity, but the author has obtained similar results for particular cases 
treated by trigonometrical ray traces. Similar considerations would also 
apply to non-concentric objectives and to objectives made of more than two 
mirrors, although in this latter case the treatment becomes more complicated, 
for every pair of mirrors can give rise to multiple reflections. 

Thus it is most important to use a field stop at the object or image of all 
mirror systems. Auxiliary central stops are also advantageous in eliminating 
the light due to false images. 


The author wishes to thank Mr. W. R. Blevin, of the Division of Physics, 
C.S.1.R.0., for drawing his attention to this problem. 
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COSMIC RAYS AND ATR MASS EFFECTS AT MACQUARIE ISLAND* 
By R. M. JACKLYNT 


In a recent paper (Jacklyn 1954) it was shown that the barometer coefficient 
for cosmic rays at Macquarie Island varied consistently according to the type 
of air mass present over the station. This was found to be due to the different 
average values of 5H/5B (the rate of change of the height of the assumed pro- 
duction level for mesons with surface pressure) in the two air mass types con- 
sidered. For temperate air 5H/SB was practically zero (+0-0002 per cent./mb) 


TABLE 1 
REGRESSION OF HEIGHT ON SURFACE PRESSURE 
Pressure level (mb) ai: Bs 800 600 400 200 100 
Polar air $H/8B (km/mb x10?) .. | +0-85 +0:975 +1-128 +1-189 +1-341 
rayhs he as as 0-992 0-963 0-917 0-904 0-833 
Temperate air 5H/8B (km/mb x 10?) | +0-762 +0-701 +0-640 | +0-366 0 
rae ee Ae, A 0-958 0:875 0-686 0-330 | 0-106 


* Manuscript received August 30, 1954. 
+ Physics Department, University of Tasmania. 
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and for polar air had the value +0-1028 per cent./mb. Since then, an analysis 
of these air mass types has shown why one should expect the ratio to vary in the 
way it does. 

For each type of air mass the total regression of height H on surface pressure 
B was calculated for the following pressure levels : 100, 200, 400, 600, and 
800 mb, using data obtained from the daily radiosonde flights at Macquarie 


Island. The regression and correlation coefficients are set out in Table 1. 
1°35 


0-30 


POLAR AIR 


TEMPERATE AIR 


4H/4B (KM/MB x 10%) 


0-30 


800 600 400 200 100 
PRESSURE LEVEL (MB) 


Fig. 1.—Variation of height H of pressure level per 

millibar increase of surface pressure B, for the series of 

pressure levels 800, 600, 400, 200, 100 mb, under polar 
and temperate air mass conditions. 


From these, and from Figure 1, it can be seen that 3H/3B progressively increases 
aS one proceeds upwards in polar air, and in temperate air it progressively 
decreases. In other words, there is a tendency for polar air to expand at all 
levels, and for temperate air to contract, as surface pressure increases. 

If then, the height of production, H, of mesons, is considered as a function 
of the mean atmospheric temperature 0 and the surface pressure B, and we 
oe dH /aH\ a0, (aH 

aB=( 20 i. dB (52), 
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it seems that d6/dB, the rate of expansion with surface pressure, would be positive 
in polar air and negative in temperate air. As a measure of the mean atmos- 
pheric temperature 0, the thickness of the atmosphere between 100 and 1000 mb 
was taken, and the regression coefficient d6,/dB and d0,/dB were found, the 
suffixes P and T referring to polar and temperate air respectively. The values 
were 

tee +0-521 x10-? km/mb 

dB f : 


or = —0-808 x 10-2 km/mb. 


A check on the consistency of the figures can be made if it is assumed that 
(0H/00), and (0H/0B)p are constants ; then 


SH, SH, (32) ee om) 
B 


Se ieee dB dB 


Knowing the values of 5H,/5B (approximately +1-:34x10-*km/mb) and 
5H,/d5B (approximately 0 km/mb) arrived at from the radiosonde data inde- 
pendently of the temperature coefficients, (0H/00), is found to be 1-01, close 
to the expected value of unity (i.e. the method of measurement of 6 implies 
that 3H and 50 may each be considered as a measure of the variation of the depth 
of the atmosphere between 100 and 1000 mb at constant surface pressure). 

It seems that these effects are characteristic of the pattern of weather 
associated with the passage of cold fronts at. Macquarie Island during winter ; 
that is, general atmospheric warming of temperate air precedes the arrival of 
the low, and is followed again by atmospheric warming of polar air accompanied 
by increasing surface pressures, after the front has passed. Presumably, this 
is true of other places where marked increases of cosmic ray intensities, ‘‘ cor- 
rected ’’ for pressure, have followed the passage of cold fronts. Since the 
Macquarie Island measurements agree substantially with those found by Lough- 
ridge and Gast (1940), using a shielded ionization chamber at sea off the west 
coast of North America, a similar maritime weather pattern probably held 
there. But Nishina eé al. (1940), using an ionization chamber at Tokyo, found 
no significant effect for cold fronts, and this may have been due to the modifying 
effect of the neighbouring land on the atmospheric temperature characteristics 
of the air masses. 


The author would like to thank Professor A. L. MeAulay, Dr. A. G. Fenton, 
and Mr. N. R. Parsons for several helpful discussions, and Mrs. P. James for her 
assistance with the computations. The data used were obtained from the 
records of the Australian National Antarctic Research Expedition. 
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THE SAMPLING DISTRIBUTIONS OF STATISTICS DERIVED FROM 
THE MULTIVARIATE ¢-DISTRIBUTION 


By E. A. CornisH* 
[Manuscript received November 30, 1954] 


Summary 


The sampling distributions of the more important statistical derivates from the 
multivariate ¢-distribution are established. 


I. INTRODUCTION 

A multivariate generalization of Student’s ¢-distribution has been considered 
by Dunnett and Sobel (1954) in connexion with certain multiple decision problems 
concerned with the ranking, according to their mean values, of normal populations 
having a common unknown variance. These authors studied the probability 
integral of the bivariate population in detail, giving exact and asymptotic 
expressions, and tables for certain special cases. The particular applications 
to which they refer have been discussed by Bechhofer, Dunnett, and Sobel 
(1954). The same general distribution was derived, and its principal properties 
established independently by the author (Cornish 1954), when considering the 
pretreatment to be given to certain types of replicated experimental observations, 
before applying tests of normality. This distribution possesses properties 
which make it suitable as a basis for exact tests of significance in various problems, 
and Dunnett and Sobel have taken the first step towards its use in practice by 
providing tables of the probability integral. In this paper, we shall be concerned 
with sampling distributions of statistics derived from the multivariate t-distribu- 
tion. The general sampling distribution of the means and sums of squares and 
products of the variates is first established, and from it, the sampling distributions - 
of the more important statistical derivates are obtained. 


Il. GENERAL DISTRIBUTION OF MEANS AND SUMS OF SQUARES AND PRODUCTS 
Suppose #, %, ..., #, are distributed in a non-singular multivariate 
normal distribution having a null vector of means and variance-covariance 
matrix o2R. In the class of cases to be considered, the symmetric correlation 
matrix R=[e,;] is known, but the variance o” is unknown. If s? is an estimate 
of o?, based on v degrees of freedom and distributed independently of 
Wy, @q,. - +) Lp, then, as indicated above, it has been shown that the variates 


t,=2,/8, ‘==, 2, or yen cae PD; airs 6, 610]. (6 (0) celiel etvete) ja (1) 


* Division of Mathematical Statistics, C.S.I.R.O., Adelaide. 
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have the distribution 


R |-?03(v+ ’ 
eae +t R-'t/v)—+4+)dt, ose, We tee Ge dwie e (2) 
where t’ is the row vector [t,t,. . .t,]- 


If nm samples are taken from the multivariate normal distribution yielding 
the variate values 
Vixy 1=1, 2,.. ., Dp, 
YA Ba Ge ie 


Lip =O Bat = oes ee ree ee ee ee (3) 
is 
(LRIAP20 +2)" F 


Ce yy fg Ate R Ahly etodt. 2. (4) 


The means and sums of squares and products of deviations of these t-variates 
are defined respectively by the relations 


aaa L tiny $12,550) 


k 
: | (5) 
T= ~ (tin —by) Ge —t;), %,j=1,2,.. .,p. 


Formally, the distribution function of the new variates given by the relations (5) 
can be derived from the distribution (4), but it is much more simply obtained 
from the known corresponding result for normally distributed quantities. 

The sample means of the normal variates are defined by 


Set ee : 
Cs aoe t=1,2,.. ., p. 
Denoting the matrix 
[v;,—2;], val, 2, 2. 5D; 
WTF 2, sy He 
by X, and writing 
XX’=C=[C;,], 


the distribution of the means and sums of squares and products (Wishart 1928) 
iS 
ora sh 


aad RR 
n Pl Magte Notes rs 
Aw of (2a) 


| o2R|-#"—D| C]4@-P-2) exp oe Tr (R21)! 


x 


Dp Rabie 
2Qin(n—l ivy —1) J] T'3(n—i) t<j 
i=1 
where x’ is the row vector [#,%,... & py). 
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From (3) and (5) 


and the jacobian of (7) is s+). Substitute in (6), using the relations (7), 
multiply by the distribution of s and integrate for s from 0 to oo, and the distribu- 
tion of the 7; and 7, takes the form 


| 
[=R al ‘THoy-tpn) | RJ-¥e-0 | T pimp» 


(av)? Thy Tre P(P —1)y3n(n—1) it T3(n —1) 
dt Il a7, 
ea. peal sg. eee ee (8) 


where T is the matrix [7;;]. The limiting form of the distribution (8), as 
yoo, is the Wishart distribution. 


III. MARGINAL DISTRIBUTION OF THE 7; 

To obtain the marginal distribution of the means, integration of (8) with 
respect to the 7; will be made following a method similar to that used by Cramer 
(1946, Section 29. 5). Since R- is positive definite, it may be reduced by an 
orthogonal matrix H, so that 

BRS HA, 


where A is diagonal, its diagonal elements A; being the latent roots of R-?. The 
same transformation applied to the matrix T yields 


HUH SY, BAY, 2 20s sine eer ee (9) 


transforming the 4p(p+1) variates in T to 4p(p+1) new variates in Y. The 
relation (9) represents a linear transformation of the variables whose determinant 
(the jacobian required) is a power of the determinant | H| (MacDuffee 1943 ; 
James 1954). As H is orthogonal, the jacobian is unity, and, omitting the 
constant, (8) becomes 
ee Sele adams Dat Il dy, 
id ge Leone (10) 


ry we 4(v-+pn) 
i(4R) t+Tr (AY) 


v 


—@ 


Next, for 17, let 
JL SOR GAIA EEL SORE (11) 


tg gf? 


“al denote the diagonal matrix, whose ith diagonal element is VY;,, by D. 
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The jacobian of the transformation (11) i 


8 (Yir Yao: - »Y,,)#@-) and 
(Yoe=| DZD leave, eee 
where 
L=1 “12 Zp 
fy 1 Zon 
EZ: Bye mes ad 


The expression (10) thus changes to 


(Y. SY geet 


{ i(in) mae ar (ay)] Perey 
ie | 


Integration of (12) over the domain where Z is positive definite yields the 
factor 


p89 | Z [eo—v— dt fi adY,;; [1 dez,, 


icp 


12) 


qa p(y —1) Dp ¢ 
THe ay 3") 


BP 


and integration over the range 0 to oo for each of the Y,, gives 


vip —DF DT 2(n —1) TD 3 (vy +p) 
PA \Re—OPY(v-pn) 


leaving the marginal distribution of the #; in the form 


1. |-3 
| ae | D3(v-+p) ai 7" 
(tv)?? Phy c ( y = Tal =i. ) 02s ( ) 
42x) t/v \ 


which is the multivariate t-distribution, characterized by the matrix {(1/n)R}—. 


The variance-covariance matrix of the Z; is thus (1/7) Ywi(v v—2)}R, and the marginal 
distribution of any variate Z, is 


mTd(v+1) iene u 
moore 


(Cornish loc. cit.). The variate By. n is then distributed in Students distribution 
with v degrees of freedom. 
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IV. MARGINAL DISTRIBUTION OF THE tT; 
F yl ae 
Since (78) 18 a positive definite symmetric matrix, the distribution (8) 


may be integrated easily over the range —oo to oo for each of the variables 
in t, yielding the numerical factor 


ey 


| 
R| ( rv) PD S[v+p(n—1)} 
T3(v-+pn) 


| 


and hence the marginal distribution of the T;; is 


4(n—1) rk Le Po3) th dT; 
WSs PS hae Cat 5) = (1A) 


mare Dylon DP 4y fi Bees) {1+Tr(R?T Wo EEL Dy 
i=1 


The substitutions (n—1)s;=7,, and (n —l)w;,=T;; in (14) then give the 
simultaneous marginal distribution of the variances and covariances. 


From (14) the marginal distribution of 7,;, is 


DP3(v-+n—1) LT ,A°—90T,, 
ODT FT Hn 1) (1D foo 


which is equivalent to the distribution of Fisher’s 2 with (n—1) and v degrees 
of freedom. The y? distribution, as the distribution of the sum of the squares of 
independent normal variates in standard measure, is thus replaced by the 
distribution of ¢ as the sum of the squares of uncorrelated but dependent 
t-variates. 

Writing 7 ;,=(n —1)s7 in (15) will give the marginal distribution of the 
variance, and from this the distribution of the average conditional variance 
of any admissible order (partial variance in Bartlett’s (1933) terminology) can 
be obtained by appropriately adjusting the degrees of freedom involving the 
sample number n. 


V. MARGINAL DISTRIBUTIONS OF CORRELATION AND REGRESSION 
COEFFICIENTS 
Since regression and correlation coefficients, both total and partial, and the 
multiple correlation coefficient are essentially ratios of quantities involving the 
t-variates, in which the standardizing variate, the estimated standard deviation, 
cancels out, their distributions are identical with those of their counterparts 
relating to normally distributed quantities. These distributions may, however, 
be obtained directly, and as an illustration we give the derivation of the distribu- 
tion of the regression coefficient, from the marginal distribution (14) when 


p=—2s 
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With this value of p, (14) reduces to 


Dely +2(n—1)] 7; 
riy™—D(] —92)3@—D TP Sy T3(n —1)P3(n —2) 


| in —4) 
| a 72 | dT ,,dT, AT o> 
( eax ya er ee 
e Tees! 207s» +P ae) 
Substitute 
Py2=ba Ty 


in (16), and take the integral with respect to 7,, and 7,5. Hence 


Tee (Las —b5, 7 1) —9dT AT god 21 
i 3[v+2(n—1)] 
[! yd apa) eet T,(1 2eba)}| 


has to be taken over the region defined by the inequality 

T 99—b5,T 1150. 
Change the variable to ol BR 1 eh AP ie and integrate with respect to both a 
and T,, from 0 to oo, and the distribution of b,, takes the form 


(1—p?)Ke-DTP4n 


Py ee 
~ iT 3(n —1) (1 —2 9b, +bo,)— "dbo, 


as first found for normally distributed variates by Pearson (1926) and 
Romanovsky (1926). 


VI. MARGINAL DISTRIBUTION OF THE COVARIANCE 
As the starting point for the derivation of the marginal distribution of the 
covariance, we use the result for normally distributed quantities (Pearson, 
Jeffery, and Elderton 1929; Wishart and Bartlett 1932). With the notation 
of Section II, and taking p=2, the distribution of (C,, is 


(1 —p8)K"-9 exp {00s2/0%(1—p)*}(_| Cra] "2, 
 eho?2Ke—2D TE (m —1) ( o°(1 —p?) j ee 
sie Sa Wa eR tees eee (17) ™ 
where the vertical bars now designate the modulus, and K,,(#) is the Bessel 
function of the second kind with imaginary argument. 
For a fixed value of s?, make the substitution 0,,—s?7,, in (17), multiply 
by the distribution of s?, and integrate with respect to s? from 0 to 0, obtaining 
v(l—p2)K-OaT,, fr Ge ie a 
ATS AT PT | (s*)#Y exp ( it T =] 5 
Ce (#1 Poel) args 
} o(1 —p?) ( Kyn—2y o(1 = 954 i 


x 
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A second substitution 
3 | Tis Py» | 
o#(1 —p9?) 


reduces the integral in this expression to 


Y= 


e Bs — 20T 
| 4 yy + nm —2) exp og 5 | ype (» Tay (Kym any Ay, 


and this may be evaluated using the result given by Watson (1922, p. 388 (7)), 
yielding 
(27)*D3(y+2)PE[v +2(n —1)]Pgess”—P (cosh «) eats) 
(sinh q)¥+"—1) —— 


where cosh «=v(1 —p?) —2e7';,/(2 | T,,.|) and Pi(a) is the associated Legendre 
function of the first kind. 

Multiplying (19) by the constant from (18) and substituting for the hyper- 
bolic functions reduces the distribution of T,, to the form 


vHV+2T Ly +2(n—1)] (1—p2)Kvtm—1) | 7, |—3) 
21 3(n —1) (fd —p%) —2eT,,)? 4 | TOD 


v(1 —07)—2 
x PA hogn- »| ui erps) zee ; ) eu aT 


The change of variable 7,,=—(n—1)w,,. will give the marginal distribution of 
the covariance, and from this the distribution of the partial covariance of any 
admissible order can be obtained by appropriately adjusting the degrees of 
freedom involving the sample number n. 
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CHORD CONSTRUCTION FOR CORRECTING AERIAL SMOOTHING 
By R. N. BRACEWELL* 


[Manuscript recewed January 28, 1955 | 


Summary 


A graphical method is given for correcting the smoothing effect which arises when 
a celestial distribution of brightness temperature is scanned with an aeriai beam. The 
method is much simpler to apply than previous methods which have been used and 
is no less accurate. 


LI. INTRODUCTION 
The general problem of aerial smoothing in radio astronomy has been 
discussed by Bracewell and Roberts (1954) with a view to clarifying the situation. 
In that paper current practice as regards the correction of smoothing was 
critically examined. In the present communication a new method of correction 
is proposed which has the merits of being quick to apply and accurate. 


Il. GRAPHICAL METHOD OF CORRECTION 
The correction is carried out graphically as follows. 
In Figure 1 let 7,(9) be an observed temperature distribution which it is 
desired to correct. Let T(¢) be the true distribution and A(g) the response 


of the aerial to a point source. Then the integral equation connecting these 
functions is 


T(9)= | A(@—u)E(u)du. 
It has been shown (Bracewell 1955) that a solution of this equation, given 7',(¢) 
and A(@), can be expressed in the form 


T,(¢) +Xb,A"L,(9), 


where A” signifies the operation of taking nth-order finite differences over an 
interval a. When A(9) is symmetrical about ¢=0, n ranges over the positive 
even integers. If only two terms of the solution are retained we have 


Ti (oy tb AP Tie) eae eae ae (1) 


This expression may be readily evaluated graphically, provided v. and a are 
stated. Thus Figure 1 shows a chord of span 2a drawn across an observed 
curve 7’,. The mid point of the chord falls below the curve by an amount 
proportional to A?T,(¢). Hence, provided |, is known, the value T,+,A27, 
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may be plotted. This is a particularly simple construction, especially as, in 
general, it is possible to arrange that ),——}. Then the amount of the correc- 
tion is exactly equal to the intercept between the chord and the curve, thus 
eliminating any multiplication from the construction. 

The necessary quantities |), and a have to be determined from A(g), and 
prove to be independent of ~. It has been shown (Bracewell 1955) that in cases 
arising in optics one may take /,—=—4 and a=o where ois the standard deviation. 
of the instrumental profile. This possibility vanishes when the instrumental 
profile is an aerial pattern, for the following reason. The aerial aperture distribu- 
tion, being necessarily finite, in general falls discontinuously to zero at the 


CORRECTED VALUE © 


OBSERVED VALUE-7 


Fig. 1.—Details of the chord construction. 


extremes of the aerial. The Fourier transform of such a distribution will behave 
asymptotically as 9-1 when o-oo. The aerial pattern A(¢), which is the 
square of this transform, will behave as 9~?. Consequently the second moment 
of the distribution A(g) about g=0 will not, in general, exist. This circumstance 
necessitates a special approach to the case of aerial smoothing as distinct from 
other types of instrumental broadening. 


By the convolution theorem, 
T,(s)=A(s)T(s), 


_ where the bars indicate Fourier transforms, and therefore 


- at = 
Ts) =7.,(s) alae -1) 26 deny em ds oe eM LE (2) 


for values of s such that A(s)40. Now if we compare the right-hand side of 
(2) with the Fourier transform of (1), namely, 


T (s)—(4v, sin? nas)T,(s), 
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it will be seen that the determination of ), and a reduces to arranging the best 
fit between 4, sin? xas and [A(s)]-!—1, and this may be done graphically as 
in the examples that follow. 


(a) Example 1: Uniform Aperture Distribution 

In this common case we have 
__, (sin mo/b\? 
A(o)=0( mo ) 


and therefore 


A(s)=1—bs, ORS ee ee eee (3) 


In Figure 2 we see [A(s)]-1—1 and 2 sin? }xbs compared. The agreement is 
good for values of bs as large as $. Hence excellent correction may be expected 


[Aw] “a 


Fig. 2.—Showing the good agreement between [A(s)]7—1 and 
2 sin*3rbs. 


for Fourier components such that 0<s<4b-1, where b+ is the cut-off value of s 
(see Bracewell and Roberts 1954), and partial correction may be expected for 
components of higher spatial frequency up to 6-1. As shown by Bracewell 
and Roberts 7,(¢) will not contain Fourier components with more than 6-1 
waves per unit of 9 
For this case, then, we find 
be a 3; 
a=. 


Lol 


It is useful to note that the chord span 2a is equal to half the beam width between ° 
ZETOS. 

Other ways of choosing Y, and a are open, and in special circumstances 
they may have value. For example, the curve 8 sin? 4xbs is shown by a dot-dash 
line in Figure 2. In this case the chord span is one-half the former value but 
the factor |, is four times larger. Probably this would not be as convenient 
in practice in most cases. 
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(b) HKxample 2: Tapered Distribution 
The distribution in the aperture plane of a paraboloidal reflector normally 
falls off towards the rim and we may take for an example the aperture distribution 
of Figure 3, namely, 
Bie) =2 =o, M0 <eali2 


The function A(s), which is proportional to the autocorrelation function 
of H(x), is readily calculated. Although in the present case the integral can be 
performed without difficulty, it will be found much quicker to calculate A(s) 
numerically (Fig. 3 (b)). The resulting curve of [A(s)]-1—1 is compared with 
the uniform case in Figure 3 (c). The agreement is seen to be rather close, 
and further examination shows that 2 sin? }xbs is as good a match for the 
tapered as for the uniform case. 


[As] _, 


E(x) 


A (s) 


is 
Ls s 
(a) (b) (c) 
Fig. 3 (a)—Tapered aperture distribution. 
cs Fig. 3 (b).—Corresponding A(s). 
Fig. 3 (c). [A(s)]4—1 for the uniform and tapered aperture distributions. 


It therefore appears that moderate tapering of the aperture distribution 
does not seriously affect J, and a. However, in a particular case this matter 
could always be studied very easily by the method indicated, with a view to 
modifying Y, and a to obtain a best fit over the range of s considered most 
appropriate to the nature of 7,(¢). 


III. COMPARISON WITH THE METHOD OF SUCCESSIVE SUBSTITUTIONS 

The method of correcting aerial smoothing which has been most widely 
adopted in radio astronomy (Bolton and Westfold 1950 ; Bracewell and Roberts 
1954) is referred to as the method of successive substitutions. In this method 
one tests an approximate solution by subjecting it to aerial smoothing and 
compares the result with 7,(~). The discrepancy is then applied as a correction 
to the approximate solution, and the process repeated. This method engenders 
confidence, because it is self-checking, and is quite popular in fields other than 
radio astronomy (van Cittert 1931). One or two stages are usually found to 
bring the discrepancy within the observational error. 

In the uniform aperture case, the spectrum of 7, bears a ratio to that of T 
which is the function of s shown in curve A of Figure 4 (see equation (3)). After 
one stage of correction this spectral factor is brought closer to unity (curve B) 
and after two and three stages the effect is as represented by the dotted curves. 
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Curve D represents the effect of a very large number of stages, i.e. full restoration. 
The equation of the n-stage curve may be shown to be 
y —] —(bs)"+1, 
With the chord construction here described, the degree of restoration jumps 
straight to the high values of curve C whose equation is 
y =(1—bs)(1 +2 sin? 4xbs). 


This impressive result shows that the simple chord construction is as good as 
several stages of successive substitutions. Evidently the series of finite differences 
converges more rapidly than the series on which the method of successive 
substitutions is based. 


Ss 


Fig. 4.—Spectral content of various distributions relative 
to that of T(). 


It should not be forgotten, however, that the precise nature of T (9) also = 
enters into a comparison between methods. Thus for small values of s it will 
be noticed that, although the corrections are small, nevertheless successive 
substitutions give them better than the chord method. Therefore, to take an 
extreme case, if 7',(¢) contains strong components for s<0-2, and weak com- 
ponents for s>0-2, then better results might be obtained by successive sub- 
stitutions. 

As a comparative illustration we may take the stripwise distribution across 
the quiet Sun at 21 cm observed by Christiansen and Warburton (1953). Figure 5 
shows T,(9), A(), and the chord used for correction. Curve (a), shown dis- 
placed, is the result of correcting by the chord construction, and curve (b) shows 
for comparison the known result of full restoration calculated by Bracewell and 
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Roberts. The present result is, for most purposes, as good as the full restoration, 
and better than the result of one stage of successive substitutions. In. this 
example the low values of s are present in considerable strength since the dis- 
tribution is wide compared with the aerial beam width. The effect discussed 
in the previous paragraph therefore appears and its magnitude will be looked 
into. The effect is to give zero correction over the flat top of T (9), and this 
leads to values about 2 per cent. too low in this range of o. Thus the effect is 


Fig. 5.—Stripwise distribution of brightness across the quiet Sun at 
21 em; (a) corrected by chord construction, (6) accurate solution. 


unimportant, being within the limits of error. Furthermore, it has no effect 
on the shape of the distribution. It therefore seems likely that experience 
with the chord construction will show it to be very generally satisfactory in 
accuracy as well as in speed. 
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THE TRANSPORT OF HEAT THROUGH NARROW CHANNELS 
BY LIQUID HELIUM II 


By P. G. KLEMENS* 
[Manuscript received December 17, 1954] 


Summary 
In narrow channels (~10-4 cm) the observed heat transport is considerably larger 
than calculated by the internal convection theory. It is suggested that, because of 
the anisotropy of the distribution of phonons in the channel walls resulting from the 
temperature gradient, the normal fluid in the immediate vicinity of the walls is not at 
rest but flows towards the colder region. ‘The magnitude of the resulting heat transport 
is in reasonable agreement with the observed discrepancy. 


I. INTRODUCTION 
Heat transport in liquid helium IT is considered to be an internal convection 
process (London and Zilsel 1948 ; Gorter and Mellink 1949). A temperature 
gradient gives rise to a fountain pressure gradient 


STad*p==p8 Pradel, Wl... cere eee = (1) 


where oe is the total density of the fluid and S its entropy per unit mass. The 
fountain pressure drives the normal fluid towards the cold region, and there is 
an equal return flow of superfluid. In narrow channels and for small temper- 
ature gradients this flow is limited by the viscous friction of the normal fluid. 
We shall not consider here cases of wide channels and large temperature gradients, 
where the mutual friction between the normal fluid and the superfluid becomes. 
important, leading to a non-linear dependence of flow on grad 7 (Gorter and 
Mellink 1949). The flow (volume per unit time) through a slit of unit breadth 
and width d due to the fountain pressure is 


where 7 is the coefficient of viscosity of the normal fluid. Since the returning 
superfluid has no entropy, this circulation mechanism gives rise to a heat current 


op, ~, Ve s2fae 
Q=peSTV =— 12a OU ANS ns os ou SE Sh (3) 
leading to an apparent thermal conductivity x=—Q/(d grad 1), which varies 


with temperature and is proportional to d?. 
When comparing the heat flow measured by Keesom and Duyckaerts 
(1947) and by Meyer and Mellink (1947) against (3), as was done by London’ 
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and Zilsel (1948), it is found that the observed heat flow exceeds the values 
calculated from (3) for slit widths of order 10-4em or less, the relative dis- 
crepancy becoming larger for small slit widths and low temperatures (see Table i 
column 5). 

Gorter and Mellink (1949) have suggested that this discrepancy arises 
because the slit width d is less than the mean free path 1, of those excitations in 
the fluid which determine the bulk viscosity, and the heat flow is increased by a 
factor of order /,/d. However, the observed thermal conductivities do not 
seem to vary as d, as required by this explanation. 

An alternative explanation of this discrepancy is suggested here. In the 
derivation of (2) the assumption has been made that the normal fluid in the 
immediate vicinity of the channel walls is at rest. This will only be so if the 
walls are isothermal, for, if the normal fluid exchanges momentum with the 
phonon gas at the walls, an anisotropic phonon distribution will tend to induce 
in the normal fluid a bulk flow tangential to the walls in the opposite direction 
to the temperature gradient which causes the phonon anisotropy. This additional 
flow is again compensated by a return flow of superfluid, and the additional 
heat transport can account for the discrepancies between the observed flow and 
equation (3). 


II. QUASI-EQUILIBRIUM BETWEEN THE FLUID AND THE PHONONS OF 
THE WALL 
It can be shown (Klemens 1951) that the distribution of phonons in a 
temperature gradient is of the form 


Ny=[e%o-A- kK —1 JA [eto —1] 1+). ke%[er —1]-2, 1... (4) 


where WN is the average occupation of the normal mode of frequency w and 
wave-vector k, and «=h/2xKT. The vector A characterizes the anisotropy 
of the distribution, and is given by 


Le 
— —PT¢ gee ee ae Ube ios Oe 5 
hee ETT i ORT e) 
where / is the phonon mean free path and ¢ the velocity of sound. 
The distribution function of the bosons which describe the fluid is of the 


form. 
Wy [eS BREAK BY ee eee (6) 


where F is the energy and k the wave-vector of the boson state considered, 
and EH, is a parameter. If the fluid is at rest relative to the observer, ‘oag lt 
leading to the normal Planck distribution. In general, (6) is the distribution 
of a fluid moving relative to the frame of reference with a bulk velocity v given. 


by 


(e.g. Dingle 1952, p. 137). 
If in a system of interacting bosons energy is conserved for each inter- 
action process, it is easily seen that equation (6), with A’ =0, describes a stationary 
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state ; if two subsystems interact so as to conserve energy, they will tend to a 
mutual equilibrium with a common value of 7 in their distribution functions. 
Similarly, if both energy and momentum (that is, k) are conserved in individual 
interactions, (6) will be a stationary distribution for any set of parameters fis 
and 2’, and two subsystems, conserving energy and momentum in each inter- 
action process, will tend to a quasi-equilibrium with common values of T and r 
in their distribution functions. 

If the interactions of the bosons of the fluid with the phonons of the wall 
conserve the tangential component of k, then these will be in mutual equilibrium 
if A=2’ in their distribution functions (6) and (4) and if the component of A 
normal to the wall vanishes. Under isothermal conditions 7=0, hence A’=—0 
tor the normal fluid in the immediate vicinity of the walls, and it is therefore 
at rest. But in the presence of a temperature gradient 740, and, to satisfy 
r=, the bulk velocity of the normal fluid near the wall will, from (5) and (7), 
be given by 


With (8) as boundary condition instead of v—0, there will be an additional 
flow through the slit given by 


and thus an additional heat flow given by 
== SEY S—eldoS grad Ty > 2s5..0<20. (10) 
which corresponds to an additional thermal conductivity 
Ot IS GO) eh. a iciahea ks Wonk eee (11) 


which is independent of the cross section of the channel. 


IIT. COMPARISON WITH OBSERVATIONS 

In Figure 1 are plotted differences between the thermal conductivities 
observed for various slit widths (x)) and the conductivities calculated from (3) 
(x3)). According to the above theory this difference should be independent of 
slit width, and a function of temperature only. Considering the uncertainties 
of the observations of Q and d, the observed points could well fall on a single 
curve, though the scatter for high temperatures is considerable. In any case 
the plotted points do not reveal any systematic dependence of x’ on slit width, 
so that an equation of the form (11) could account for the discrepancies. 


To calculate the additional heat flow from (11), the velocity and the mean 
free path of the phonons in the walls must be known. In the experiments of 
Keesom and Duyckaerts (1947) and of Meyer and Mellink (1947) the slits were 
formed between two optically flat surfaces of glass. One can take for glass 
c~2x10° cm/sec. The mean free path for phonons in quartz glass is known from 
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measurements of the thermal conductivity at low temperatures (Berman 1951) 
and the theory of Klemens (1951). Thus, for longitudinal phonons of wave 
number k, 1~3-6 X10°k-2 cm. The mean free path of transverse phonons is 
probably smaller by a factor of about 50. 

Since 4 is not a constant, 4’ must be equated to some average value of A. 
There arises a difficulty because the appropriate averaging procedure depends 
upon the nature of the interactions between, the phonons of the wall and the 
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Fig. 1.—Difference between the observed conductivities 
and conductivities calculated from equation (3). Full 
line shows x’ calculated from equation (11). 


bosons of the normal fluid. If one takes for this average, admittedly{somewhat 
arbitrarily, the mean free path for the frequency 27KT/h, averaged over the 
three polarizations, one obtains 1=2+8 x10-37'-? cm. 

Values of x’ calculated from (11), using the above values of / and c, and 
values of S taken from Kramers, Wasscher, and Gorter (1952), are plotted as a 
function of temperature in Figure 1. Although the ratio %9/(%3)+~’), given 
in Table 1, clearly does not depart from unity to the extent that )/x) does, 
there is considerable lack of agreement between x’ and the experimental points. 
This is of such a form as to indicate that /is not as strongly temperature dependent 
as one would expect. This may be due to a difference between the phonon 


B 
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mean free paths near a polished surface and in the interior, or it may be due 
to the role of the phonons of different polarizations changing with temperature. 
It should also be remembered that the experimental results are uncertain, 
particularly just below the A-point, and that the mean free paths of phonons 
differ significantly from glass to glass. It is significant that x’ appears to be a 


TABLE | 
APPARENT HEAT CONDUCTIVITY OF HELIUM Il THROUGH SLITS OF WIDTH d 
%» values observed by Keesom and Duyckaerts (1947)—K.D., and by Meyer and Mellink (1947)— 
M.M.: x(3) theoretical values calculated from equation (3) (London and Zilsel 1948); x’ cor- 
rection calculated from equation (11) 


d . | xo x3) | Ho 0 
(1052 cm) (Gls@) (cal deg-t em~! sec) %(3) %(3)4%*' 
1-75 1-960 17-2 10-2 1-69 1-18 
(K.D.) | 1-705 3°5 1-86 | 1-88 0-80 

1-476 0-61 0:32 1-92 0-32 
1-223 0-066 0-032 2-05 0-09 
1-15 2-170 24 15-5 1-55 1-18 
(K.D.) 1-989 17-1 5-28 3-25 | 1-74 
1-799 35 1-55 3-45 1-14 
1-0 2-159 31 10-8 2-9 | Loui 
(M.M.) 1-948 21-4 3-06 7:0 2-9 
1-802 12-4 1-19 10-4 2:8 
1-411 1-05 0-060 Ug Sts | 0-75 

0-75 2-097 30-2 4-3 7:0 2- 
(K.D.) 1-600 1:85 0-156 11-8 0-82 
1-403 0:39 0-031 2-5 0:27 
0-5 1-659 2-48 0-108 23 0-99 
(M.M.) 1-315 0:354 0: 0064 55 0-35 
1-274 0:277 0-0043 64 0-31 
1-086 0-124 0- 0006 202 0:28 
0-3 1-652 1:92 0-0365 54 0-82 
(M.M.) 1-558 1-35 0-018 75 0-69 
1:358 0:48 0: 0034 140 0:42 
1-226 0-25 0:00097 | 260 0-33 


function of temperature independent of slit width, and that the present theory 
gives the observed order of magnitude of the heat flow in all cases, while equation 
(3) fails to do go. 

It would be interesting to observe the heat flow through slits formed of 
materials with a different phonon mean free path, such as crystalline quartz, 


diamond, or artificial sapphire ; the heat transport through these slits should be 
considerably enhanced. 
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A DIFFERENTIAL REFRACTOMETER OF HIGH SENSITIVITY 
By P. G. GUEST* 
[Manuscript received November 10, 1954] 


Summary 
The refractometer is of the Jamin type. The positions of the main and fiduciary 
fringes are determined by means of a pair of photomultiplier tubes, the outputs of which 
are fed to a balanced amplifier. A change in optical path of 1/15,000th of a fringe can 
be detected, and the instrument is stable to within 1/5000th of a fringe over 30 min 
periods. Examples are given of its use in the measurement of small differences in 
refractive index for liquids and gases. 


I. INTRODUCTION 

The invention of the photomultiplier tube has greatly extended the range 
of light intensities which can be detected with the aid of relatively simple 
equipment. In particular the intensity in the various regions of the fringe 
systems produced by interference methods can be readily measured. In the 
present paper a description will be given of a highly sensitive interference 
refractometer using these tubes as detectors. 

The Jamin refractometer appears to be the most suitable type for this 
purpose because a relatively large source can be used and the fringe spacing 
can be easily varied. With the simpler Rayleigh refractometer the source 
slit is very narrow, giving rather faint fringes, and the fringes are very close 
together. Because of changes in the intensity of the source and drifts in the 
positions of the fringes with time it is essential to provide a fiduciary system 
of fringes with which the main system can be compared. It is still quite com- 
monly claimed that such a system is a prerogative of the Rayleigh refractometer, 
but in point of fact a fiduciary system is readily obtained with the Jamin refracto- 
meter (Guest and Simmons 1953). Attention should also be drawn to a, 
refractometer employing quite different principles designed by Ingelstam (1953), 
in which the cell containing the fluids is imaged in phase contrast. This 
instrument also employs photomultiplier tubes as detectors, and an accuracy 
of 1/1000th of a fringe is obtained. 

Up to the present the refractometer described here has only been used 
for the measurement of small differences in refractive index—mainly those due 
to impurities in water samples. Such measurements can be undertaken in an 
ordinary laboratory provided the room temperature does not fluctuate very 
rapidly, In measuring large differences in refractive index it would be necessary 
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to maintain the temperature very accurately constant. The cell length must 
also be known very accurately. Unfortunately, because of lack of funds, it has 
not been possible to extend the range of the instrument so that large differences 
in refractive index can be measured. 

The drift of the refractometer over the period necessary to complete a 
reading is less than 1/5000th of a fringe. The accuracy obtainable in the refractive 
index difference Ay for the two substances being compared is about 1 x10-8 for 
water samples, using a cell of length 1-3 em. For gases a sensitivity of 1 x10-° 
is obtained with a cell of length 20cm. The accuracy for the intercomparison 
of air and a gas such as oxygen is lower by a factor of 50 because of the difficulty 
in measuring and maintaining constant the pressure and the temperature. 


II. DESCRIPTION OF THE REFRACTOMETER 
A schematic diagram of the refractometer is given in Figure 1. The two 
Jamin plates J, and J, are 1 em thick, and the spacing between the two inter- 
fering beams is therefore also about 1 em. A small value of plate thickness and 
beam separation reduces the effect of temperature gradients in the refractometer. 
However, a slightly greater plate thickness (perhaps up to 2 em) would permit 


Fig. 1.—Schematiec diagram of the refractometer. Components marked 
with a prime superscript are in the lower beam only, those with a double 
prime in the upper beam only, 


a wider separation of the cells 0; and C3, which would simplify the problem of 
isolating the two cells from one another. Screws are provided for tilting the 
plates about horizontal and vertical axes. The plates are spaced 50 cm apart 
to allow cells of various lengths to be used. The entire path traversed by the 
interfering beams is shielded by a wooden cover to eliminate air currents, the 
light entering and leaving by the windows W, and Ws. 

The source slit S, in the focal plane of the lens LZ,, is a few millimetres: 
square. Its size is limited by the necessity for preventing the beam from 
spreading too much in its passage through the refractometer. The lenses Ly 
and L, both have a focal length of 25 cm. A, and A, are vertical slits when 
block off multiply reflected beams. The apertures, of diameter 2mm, In the 


214 P. G. GUEST 


opaque screen A select the four beams, the lower pair passing through the cells 
and the upper pair being used to produce a fiduciary fringe system. 

Immediately behind the lens LZ, is a prism P”, whose angle is about 20°. 
This prism is only in the upper beam, and it deviates this beam on to the mirror 
M". The lower beam falls on the mirror M’. S’ and S” are horizontal slits of 
adjustable width in the focal plane of the lens L,, where the fringe systems are 
formed. Portions of each fringe system pass through the slits and fall on the 
cathodes of the photomultiplier tubes, which are enclosed in light-tight holders. 

Two pairs of fringe-shifting plates, # and F’, are shown in the diagram. 
Both are of the Jamin type, the two plates having a constant angle of separation 
and rotating together on a common shaft. The plates F are in both the upper 
and lower beams, and are employed to test whether the two systems of fringes 
are coincident (see Section IV below). The plates F’ are in the lower beams 
and hence move only the main set of fringes, leaving the fiduciary system 
unaltered. These plates are turned by a micrometer screw at the end of a 
pivoted bar, so that small rotations can be accurately measured. The pitch of 
the screw is 0-5 mm, and the length of the bar 30cm. A drum fitted to the 
head of the screw is divided into 100 divisions, and the angle between the plates 
is chosen so that one division corresponds to a fringe movement of about 1/4000th 
of the fringe spacing. 

B is a shutter which can be used to block off one or other of the pairs of 
beams, so that the intensities of the upper and lower beams reflected from the 
front of J,, or from the back of J,, can be compared. This provides a check 
on the stability of the equipment. 

The cells C, and C, contain the fluids being compared. For liquids a 
stainless steel block 1-3 em thick was ground and polished so that its surfaces 
were flat and parallel. Grooves were cut for the cells, and the ends were closed 
with optical flats which were wrung to the steel. This design is simple, and is 
satisfactory for the comparison of very dilute water solutions, but it is not 
certain that the two cells are completely isolated from one another. For gases, 
glass tubes 20 cm long have been used, the end windows being cemented to the 
glass. 

A white light source may be used when the refractive index difference is 
very small and the dispersion is not important. However, a monochromatic 
source is much more suitable. A standard high pressure mercury lamp of the 
type used for street lighting is very convenient, the green mercury line being 
isolated by a monochromator and a gelatin filter. With such a high intensity 
source the photomultiplier voltages can be kept quite low (60-70 V per stage), 
and this reduces the random fluctuation in the output current. The only 
disadvantage of such a source is the breadth of the line, which limits the optical 
path difference to a small number of wavelengths. It is quite possible to use a 
laboratory type “ Osira’’ lamp at somewhat higher values of photomultiplier 
gain (with voltages of about 90 per stage) in cases where the broadening effect 
might be important. With weaker sources the fringe spacing is made very wide 


and the slits 8’ and S” are opened so that all the light in the image falls on the 
photomultiplier cathode. 
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II. THE ELEcTRONIC Crrcurts 

The photomultiplier tubes are of the 931A type. Figure 2 shows the circuit 
for the photomultiplier power supply. The rectifier uses two 5R4GY tubes and 
a transformer with a 385—0-385 V secondary in what might be described as a 
*‘ voltage one-and-a-halfer ” circuit giving 1500 V D.C. output. This circuit 
was used because a commercial radio transformer of this type was readily 
available, but a simple circuit using a 1000 V transformer would be equally 
satisfactory. This D.C. voltage is applied to a conventional electronic regulating 
circuit. The screen voltage of the 6J7G tube is obtained from a divider across 
the unregulated side of the supply, and by adjustment of this divider the regula- 
tion may be made perfect for changes in the mains input voltage. 


PINS ‘8 9: tI — PINS 8 9 11 
PM TUBE | PM TUBE 2 


Fig. 2.—Photomultiplier power supply. 


The positive side of the regulated output is earthed. The voltages for the 
dynodes are obtained from a series of 50,000 Q resistors between pins 11 (cathode) 
and 9 (final dynode). These resistors are mounted in the 931A tube holders 
and are not shown in the diagram. The resistance & between pin 11 and the 
negative side of the supply consists of a switch for inserting resistances and a 
variable 50,000 © wire-wound rheostat. These provide the coarse and fine 
controls for adjusting the ‘“‘ volts per stage ” for the 931A tubes. 


The current from the network supplying the dynode voltages is applied 
through a switch to a calibrated meter on which the volts per stage for either 
tube may be read. The network is completed by a 75,000 Q resistance to 
-eround, and the final anode is returned to ground through the amplifier load 
resistance. This connection is by means of a separate shielded lead clipped 
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directly on to the pin, the corresponding lug on the tube socket being removed 
to minimize leakage currents. 

The D.C. amplifier shown in Figure 3 is based on a circuit described by 
Scroggie (1952). As used here it is completely symmetrical. The photo- 
multiplier currents are fed through 10 MQ load resistances connected to the 
grids of the EF37A tubes, and they return to earth through the small resistances 
in the EF55 cathode circuits. The two EF37A tubes have a common cathode 
resistance and the circuit behaves as a balanced amplifier. The output meter 
is connected between the cathodes of the two EF55 cathode followers. The 
BF37A may be replaced by the more modern EF86, while the two EF55 tubes 
may be replaced by a single 12AT7 or ECC81 double triode. 


INPUT FROM 
PM TUBE 1 


INPUT FROM 
PM TUBE 2 
O 


METER RANGE SWITCH ‘ on 
TOTAL RESISTANCE (k@) 
POSN R_ POSN R 


i] 50 4 S 
2 20 5 2 
3 10 6 1 


Fig. 3.—Balanced D.C. amplifier. 


The range switch inserts resistances in series with the meter, which has a 
1mA movement. The centre point of the meter circuit is earthed. The meter 
zero position is adjusted by a 500 Q rheostat in the cathode of one EF55 tube. 
The output current is a measure of the difference between the currents in the 
two photomultipliers. Terminals are provided for a galvanometer (sensitivity 
about 2 cm/uA) to measure the current flowing in one of the photomultipliers. 


The electronic equipment has been in operation for a period of more than 
two years. During that time the only trouble encountered was a change in the 
zero setting of the balanced amplifier, due to aging of the 1 MQ resistors coupling 
the plate of the EF37A tube to the grid of the EF55. These resistors should 
preferably be of the high stability type. 


IV. ADJUSTMENT OF FRINGES TO COINCIDENCE 
The galvanometer is used to measure the current produced by the fiduciary 


fringe system. The gain of the photomultiplier tube is adjusted till the current 
at the fringe maximum is 2:5 yA. 
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In Figure 4 are drawn typical curves of current against fringe position for 
the two systems as the fringes are moved across the photomultiplier tubes by 
the fringe-shifting plates F. In Figure 4 (b) the minima are coincident and the 
differences in amplitude—and hence the currents in the balanced amplifier— 
at positicns such as those labelled 1 and 2 are the same. In Figure 4 (a) the 
minima are slightly displaced and the amplifier current is greater at position 1 
than at position 2. In Figure 4 (¢) the minima are displaced slightly in the 
opposite sense and the amplifier current is greater at position 2. This then 
provides a method for detecting when the main system of fringes is coincident 
with the fiduciary system, the main system being moved by means of the fringe- 
shifting plates F’ until the amplifier currents in positions 1 and 2 are the same. 


NaN an /; 


(a) (b) 


Fig. 4.—Curves of photomultiplier current against fringe position. Solid curves 
refer to the fiduciary system, dotted curves to the main system. In diagram (b) 
the minima are coincident, in the other two diagrams they are displaced. 


The test positions 1 and 2 are located by moving the plates # until the 
galvanometer current reaches a definite value—say 1 wA. Clearly the magnitude 
of the main fringe current will not affect the equality at positions 1 and 2 in. 
Figure 4 (b). However, it is an advantage to have the current difference at 
these positions close to that at the minimum, for then the current difference 
will not vary greatly as the plates F are rotated and it will not be necessary to 
set the galvanometer current accurately to 1 vA. 

The procedure for determining the setting of F’ for which the fringe systems 
are coincident is then as follows. The fringe systems are moved by F' from a 
position corresponding to a fiduciary current of 1 yA through the minimum 
till the current is again 1 uA. The difference between the balanced amplifier 
currents at these two positions is noted. This difference is reduced to zero by 
rotating F’. When the fringes are coincident the gain of the photomultiplier 
tube in the main fringe system may be varied till the current at the minimum 
is the same as at the two test positions 1 and 2. The adjustment of the gain 
is not at all critical and need only be performed occasionally. 

Because of screw backlash it is not easy to set the fringe-shifting plates /” 
exactly on the coincident position. It has been found best to move the screw 
through intervals of one division at a time, observing the amplifier current 
difference for positions 1 and 2 and stopping when this difference changes sign. 
The correct setting can then be found by interpolation. 

This method of setting to coincidence is not affected by absorption in the 
fluids. A second method of measurement has been used occasionally when the 
difference in absorption of the standard and unknown fluids is very small. 


218 P. G. GUEST 


The fringes are set in some position such as 2 in Figure 4 (6) and the gains and 
the plates F’ adjusted till a movement of the fringe systems about this position 
leaves the amplifier current unaltered. The two curves have then the same 
slope in the region about position 2, and the amplifier current is unaffected by 
simultaneous drifts of the two sets of fringes. It is, however, affected by changes 
in the photomultiplier sensitivities and by zero drift in the amplifier, and these 
must be allowed for. If the pair of beams reflected from the front of the plate 
J, is blocked off by the shutter B, the pair reflected from the back of the plate 
will provide an indication of the changes mentioned above. The intensity of 
the current due to a single beam is about one-quarter of the peak fringe intensity, 
and, if the single beams are to be used as a reference, it is desirable that the 
fringe currents at the working position should also be of this order of magnitude. 
The change in the amplifier current when the unknown fluid is substituted for 
the standard can then be corrected by subtracting the corresponding change 
with one pair of the beams blocked off by the shutter. It is clear that this 
method cannot be used if the fluids differ appreciably in absorption. The 
change in amplifier current can be calibrated to read directly small shifts of the 
fringes, an advantage if the refractive index is varying rapidly. 

It should be mentioned that the presence of the plates F’ in the lower beam 
causes the distance between neighbouring fringes in the focal plane of the lens 
I, to be slightly different in the two systems. For the very small angular 
separation of the plates F’ used here this effect is barely noticeable. Both the 
methods of measurement described above ensure that the difference in fringe 
spacing has no effect on the readings. For visual observations, however, the 
plates F” will usually be at a larger angle and the difference in the fringe spacing 
may be quite marked. This difference in spacing may be eliminated by placing 
in the upper beam a pair of plates similar to the pair F’ in the lower beam. 


V. PERFORMANCE OF THE REFRACTOMETER 
(a) Calibration of the Jamin Compensator 
It is first necessary to determine the displacement of the fringes produced 
by the fringe-shifting plates F’. The displacement for a Jamin compensator 
is not strictly proportional to the angle of incidence i, but varies according to 
the expression (Hansen 1930) 


sin aft ee | Gee ne yt dare (1) 


(u2—sin? 4)! 


where y. is the refractive index of the glass. Thus as i increases the rotation of 
the compensator plates required to produce a given fringe-shift decreases. 
In the present equipment the rotation is produced by a micrometer tangent 
screw bearing against a pivoted bar, and xo, if # is the screw setting and D the 
length of the bar, the rotation is equal to tantv/L. A maximum shift of a little 
more than one-half of a fringe in each direction is provided, the integral part of 
the fringe-shift being assumed known from less accurate measurements. 

It is preferable to calibrate the compensator rather than to rely on expression 
(1). The shaft carrying the plates is arranged so that it can be rotated 
independently of the tangent screw. Thus the rotation necessary to shift through 


DIFFERENTIAL REFRACTOMETER OF HIGH SENSITIVITY 219 


one fringe (e.g. from one minimum to the next) can be determined for the four 
fringes surrounding the working position, and, using finite differences, a formula 
can then be found for the fringe-shift in terms of the rotation. This can then be 
converted into a formula giving the fractional shift f in terms of the screw 
movement #. Fortunately, the non-linearity introduced by the expression (1) 
largely cancels that introduced by the inverse tangent term. The final expression 
for the fractional fringe-shift f is found in the present apparatus to be 
wL 

15-683 
Since # can be read to better than 0-003, the sensitivity is better than 1/15,000th 
of a fringe. 

This expression was determined at a temperature of 23 °C, most of the 
measurements being made in the vicinity of this temperature. If a is large 
and great accuracy is required, it may be necessary to recalibrate the screw at 
the working temperature. For measurements on gases the pressure may be 
adjusted so that x is always small. 

The screw may also be calibrated by varying the pressure in a short air cell. 


f= files C0017 OV seo ieea pus ck Seta: (2) 


(b) Stability 
A stability of better than 1/5000th of a fringe over a period of 20-30 min 
is claimed for the instrument. Table 1 shows a typical series of readings of the 
setting x of the tangent screw at which the fringes coincide. These were taken 
with liquid cells containing water, 1-3 ¢m in length, in the interfering beams. 


TABLE | 


| Drift Between Readings 
Time | Tangent Screw | -- - —— ——— - 
Reading, a |. Az(x 103) Af < 104)* 
1420 | 0-437 
1440 | 0-443 +6 -1-3 
1500 | 0-447 +4 | -0-9 
1520 | 0-440 a7 = eS 
1540 | 0-443 | +% | +0-7 
1600 | 0-436 7 | = 5 
1620 | 0-430 =f 13 
1640 | 0-437 49 -1:5 
1700 (0-436 a=] =0-2 
1720 | 0-428 ==8 108 
1740 | 0-430 +2 Oe 


* Calculated from equation (2), Section V (a). 


For the readings in Table 1 the maximum deviation from the mean of the 
set (0-437) over the period of 200 min corresponds to a change in 7 OL 202 10-* 
‘The long-term stability is not always as good as this if the room temperature 
is varying rapidly. 
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(c) Reproducibility of Measurements with Liquids 

The design of the refractometer is not ideally suited to the measurement 
of liquid indices. The lid of the box shielding the refractometer from draughts 
has to be removed and then the cell cover, when the liquid is being changed. 
The liquids are inserted and removed by a dropper. It is necessary to wait for 
a period of 10-20 min to allow the system to return to temperature equilibrium. 
A separate refractometer for liquids with much shorter beam paths would 
probably give better results. 

It appears that the readings of x are reproducible to better than 1/2000th 
of a fringe. Table 2 shows a set of successive values of 2 obtained by removing 
the liquid from the cell and inserting fresh liquid from the same sample. 


TABLE 2 
DRIFT ON REPLACING LIQUID 


| Drift 

Time | Tangent Screw —_——___— — 

Reading, 7 ANG 110%) Af( x 10*)* 
1750 | 0-884 | 
1805 0-880 4 —0-9 
1820 | 0-883 | a: +0-7 
1835 0-887 / +4 40-9 
1850 | 0-904 | ey SER Ca 
1905 | 0-912 L8 +1-8 


(d) Refractive Index Differences for Liquids 
The refractive index difference Av is given by (A/t)Af, where ’ is the wave- 
length and ¢ the cell thickness. On substituting the values 4 —0-54623 «10-4 em 
and t=1-3080 em, and using equation (2), 


Aii==01,-4 sl Os pig 97 ae eee (3) 


It is usually best to take a set of three readings—standard, unknown, 
standard—the central reading being then subtracted from the mean of the other 
two. This guards against possible errors due to disturbance of the apparatus. 
or contamination of the liquids, and also compensates for drifts of the fringes 
which may occur if there are large temperature gradients present. To obtain 
greater accuracy a more extended set of readings may be taken. Table 3 shows 
a typical set for two samples of water (labelled A and B). 

The successive differences are not independent, but the mean is the most 
easily calculated estimate and appears to be reasonably efficient. An estimate: 
s,, Of the standard error of the mean can be found from the residuals », the 


formula being 
oe oe ee) Sy? 
m |6n? —52n? +148n —136 


where » is the original number of readings. A discussion of the statistics would 
be out of place here. 
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A good check on the reliability of the measurements is afforded by the 
mutual intercomparison of three liquids. For three water samples identified 
as A, B, and ©, the following differences, were obtained : 


A-B, 108Au=28-7+0-3; 
B-C, 10®Au=24-8+0-7; 
C-A, 10%Au= 3-540°8. 


The general experience has been that the error in a single determination 
of refractive index difference of this magnitude is almost always less than 
2 x10~8, while a more extended set of observations enables the difference to be 
determined to at least 110-8. 


TABLE 3 


REFRACTIVE INDEX DIFFERENCE FOR LIQUIDS A AND B 


Time | Liquid | Tangent Screw | Mean of | Nn 02)) | Au( x 108)* 
Reading, x Adjoining « 
1650 A 0-533 
1705 B 0-230 0-545 31-5 28-8 
17205 1° A 0-557 0-240 aia 29-0 
1735 B 0-250 0-563 31°3 28-6 
1750 A 0-569 0-261 30-8 28-2 
1805 | B 0-272 0-590 31:8 29-1 
1820 A 0-61 
Mean =f 3 se os 2% sits 31-4 28-7 
Standard error me ic 2 ae nc a 0-3 0-3 
Maximum deviation from mean .. eps oe ce || 0-6 0-5 


* Calculated from equation (3), Section V (d). 


(e) The Refractometer for Gases 
The cell length is 20-74 cm, and so for the mercury green line 


Nt == 263.74 LO -PAL. con ohe an oe Beene (4) 
In terms of the change in the scale reading «a, 
Det ct ea NGS, ahaa Aiuslata sey eiurns eels (5) 


(f) Changes in Atmospheric Pressure 
The refractometer will give a direct indication of short-time variations 
in the atmospheric pressure. If the refractive index is » at the pressure p, 


—1 
‘og p P 
For standard dry air at ¢ °C, 


10°Ap =(149-4+0-55t)An, 


the pressure change being measured in millimetres of mercury. Assuming a 
limit of 0-01 for Ax, the limit of reading for the pressure change is about 2 
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microns. I high accuracy is required the humidity of the air should be allowed 
for. The values obtained for Ap agree with those given by an oil manometer 
to the limit of reading of the latter. (about 10 microns). 

The refractometer will also follow very rapid changes in pressure. Its 
use as a microphone, with a speaking tube attached to one of the cells, provides 
an interesting novelty. When the EF55 cathode voltage is fed through a power 
amplifier to a loudspeaker quite good reproduction is obtained, although the 
noise from the photomultiplier tubes is rather high. 


(g) Measurement of Refractive Indices of Gases 


Since it is possible to set the scale reading x to well within 0-01, it should 
be possible to read the refractive index of a gas to within 5 x10°-1°. However, 
such an accuracy certainly cannot be obtained outside a standards laboratory, 
since it requires a very accurate knowledge of the pressure and temperature 
and of the cell length. Even the dispersion equations for air obtained by the 
principal standards laboratories give values of refractive index differing by up 
to 1 x10~-? (Barrell 1951). 


TABLE 4 
REFRACTIVE INDEX DIFFERENCE FOR AIR AND COMMERCIAL OXYGEN 


ited 


Mean temperature, 23-0 °C; mean pressure, 757-5 mm Hg 


| 
Time Difference in Screw | Difference in Refractive 
Reading, Aa Index, Au( x 10°)* 
1345 —3:0l1 18-61 
1425 —0-90 | 18-49 
1450 | +0:83 18-39 
1520s —0-93 | 18-49 
1545 | —1-80 18-54 
| 
Mean “aed me a ot Ai 18-50 
Standard error .. ae oe bn 0-04 
Maximum deviation from mean om 0-11 


*10%Au=7 x 2-634—0-0576Aq. 


It seems possible without any elaborate equipment to compare the refractive ~ 
index of a gas with that of standard air to an accuracy of about 5 X10-8. Table 4 
gives a series of readings of the change Av when oxygen (of commercial quality 
as used for glass-blowing etc.) was substituted for dry air in one of the cells. 
The value of the integral order—in this case 7—was calculated from refractive 
index tables. This value was later checked by direct counting of the oscillations 
of the meter needle as the gases were removed. 


The values Au, show a systematic trend, due at least in part to variations 
in the atmospheric pressure and temperature, and perhaps also to slight changes 
in the constitution of the air in the room. The mean value of 10%Aw was 
18-50+-0-:04. When this is reduced to standard conditions (15 °C, 760 mm), 
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the value 19-08-+0-04 is obtained. Using the value (277 -93 +0-03) x10- 
for the refractivity of standard air, the refractivity of the oxygen sample is 
then (258-85 +0-05) x10-. 
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THE EFFECTS OF COLLIMATION AND OBLIQUE INCIDENCE IN 
LENGTH INTERFEROMETERS. J 


By C. F. Bruce* 
[Manuscript received November 22, 1954] 


Summary 

An investigation has been made of the effects of position and size of diaphragm 
apertures on the interference fringes in length interferometry. The results indicate 
that, while the well-known correction formula for the effect of the oblique rays from a 
point source off the optic axis is always applicable, the effect of finite area of aperture 
is a more complex one and is not in general proportional to the length measured. This 
effect depends essentially on the phase differences arising from different points of the 
aperture and is oscillatory in character. For a narrow slit the maximum fringe displace- 
ment arising from this effect is not greater than about 0-15 fringe. For a circular 
aperture the maximum effect is about 0-5 fringe and for a square aperture about 0-35 
fringe. 

I. INTRODUCTION 

In precision length interferometry, measurements are made most frequently 
with Fizeau-type and Michelson-type interferometers (KO6sters 1926; Pérard 
1930; Barrell 1948). In all cases collimation of light is obtained by placing the 
entrance aperture at the principal focus of the collimating lens. Since the 
aperture has a finite area the emergent beam from the collimating lens is not 
ideally collimated. In the case of Fizeau systems the aperture is also very 
frequently placed off the optic axis so that the light as a whole falls obliquely 
on to the interferometer. The effects of oblique incidence on the disposition 
of the fringes is well known and their significance is becoming of greater 
importance as isotopic light sources extend the range of direct measurement by 
interferometry. 

Figures 1 and 2 show the optical schemes of the National Physical Laboratory 
Gauge Interferometer and the Késters Gauge Interferometer which are Fizeau 
and Michelson systems respectively. In the Fizeau system the illuminating 
(entrance) and viewing (exit) apertures are off the optic axis so that the effects. 
of both oblique incidence and area of aperture are involved. In the Késters 
interferometer both entrance and exit apertures lie on the optic axis so that any 
effect from oblique rays can only come from the resultant effect of all rays from 
the area of the aperture. For convenience the effect of aperture area alone can 
be termed a ‘‘ collimation effect’ and the effect of non-normal incidence an 
“incidence effect”. In both cases of course the effects arise from oblique rays. 

The correction factors for the ‘‘ incidence effect’ are derived from the 
classical relation nA=2t cos § where 0 is the angle of incidence and t corresponds 
to the length measured. The correction factor per unit length is (1—cos 0) 
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or $0? for small values of 6. If in the case of the Fizeau system the distance 
between entrance and exit apertures is 2s, and f is the focal length of the col- 
limating lens, the correction factor for the incidence effect is 


(Oy ee eA ee a (1) 
ENTRANCE CONDENSING 
DISPERSING APERTURE LENS LIGHT 
PRISM | 
COLLIMATING | L 
AND FOCUSING 
LENS EXIT 


APERTURE 


OPTICAL FLAT 
GAUGE 


PLATEN 


Fig. 1.—Optical scheme of N.P.L. gauge interferometer. 


The effect of area of aperture has in the past been considered to be the 
integrated sum of obliquity effects as determined by equation (1) for all 
elementary point sources within the area of the aperture. Thus for a circular 
aperture of radius r (Fig. 3) the correction would be 


ps eseeoaea. 
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Fig. 2.—Optical scheme of Kosters gauge interferometer. 


For a rectangular aperture of length / and breadth ), C= (2 +b?) /24f? 
Hamon (1951). The total correction for circular apertures in the Fizeau system 


would be C=C, On e2/2ft-t ria. ...5. oes e wreeete vere (2) 
Cc 
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For the Kosters interferometer with rectangular apertures, the total correction 
would be 
O5=(7 £b?)/24f2. oe ae sees (3) 

The above integration does not take into account the actual intensity 
distribution of the fringes and it is considered that the actual observed shape and 
position of a fringe depends on the integrated intensity from all elementary 
fringes formed from all elementary sources within the entrance aperture. It 
should be stated, of course, that the dimensions of the entrance aperture will 
control the effect from its area provided its image, focused in the plane of the 
exit aperture, is smaller than the size of the exit aperture. If the size of the 
image of the entrance aperture is greater than the size of the exit aperture, 
then clearly the dimensions of the latter and the focal length of the focusing lens 
associated with it will determine the range of oblique rays collected by the 
observer’s eye. 


(a) (b) 


Fig. 3.—Theory of fringe intensity. (a) Circular aperture on centre, (6b) circular 
aperture off centre. 


It is the purpose of this paper (paper I) to describe an investigation of the 
effects of oblique incidence and area of aperture and the accuracy of the above 
relationships. Paper II (Thornton 1955), which follows this paper, describes. 
the theory of the effects in greater detail for the various possible cases in both 
two-beam and multiple-beam systems. It is assumed that fringe displacements 
are observed from the centre of fringes since there was no real evidence that 
settings are made on different parts of different sets of fringes as a result of fringe ‘ 
asymmetry. | 


II. FRINGE INTENSITY DISTRIBUTIONS 
The intensity for two-beam fringes is given by I=cos? K where 
K =} (phase difference) and where for simplicity the amplitude factor is treated 
as unity. 


(a) Circular Aperture 
For a circular aperture centred on the optic axis (Fig. 3 (a)) the intensity 
for an elementary point source making an angle 0 with the axis is 


51 =cos? (K cos 0)adeda. 
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The resultant fringe intensity due to the whole aperture is 


27 i 
T= | cos? (K cos 0)adoda. 
0 Jo 


As § is of the order of 0-001 radian a legitimate approximation for cos 6 
is 1—w?/2f? where f is the focal length of the collimating lens as indicated in 
Figure 3. The integral then becomes 


Tee i 3[eos 2K (1 —a2/2f2) +1 Jade. 
0 


By substituting w=2K(1—«#?/2f?) and integrating 


Ter” ef” 


a aK | (sin 2K cos Kr?/f?—cos 2K sin Kr?/f?—sin 2K). .. (4) 


A convenient form of equation (4) is 


I=3A [pS 008 2 kay], SG PER OTEARIG. Sarye Care seer hee 2 Aa (5) 


where A=rxr?, which is the area of the aperture, and A=3K 02, 0=r/f, K=2nt/a, 
and ¢is the length measured. The phase factor A is the phase difference between 
a point source at the centre and a point source at the edge of the aperture. The 
relation indicates that the fringe would be symmetrical and the phase factor A 
determines where fringe minima (or maxima) will occur. If A is small sin A/A 
is approximately unity and equation (5) becomes 


Lae Cop oe wN) 0 a. cged hoe ns (6) 


which shows that fringe minima will be displaced from the position of those for 
a point source on the axis by 4A. It can be seen, however, from equation (5) 
that for 0<A<nz, the factor sin A/A is positive throughout and the fringe 
displacement will still be given by 4A. 

For values of A greater than z, the effects are different due to the change. 
in sign of sin A/A. At A=nz (n=1, 2,3. . .) the intensity is the same for all 
values of the phase factor cos (24 —A) and the fringes should therefore vanish 
for these values of A. For the range ~<A <2rz the intensity is 


sin ( +8) N 
r=34[1+ ay 8 OK —n—9)| 
0 ee mph ess 
ee t+8 ‘ 


where A=x+8 and 0<d3<zx. The fringe displacement is therefore 343 or 
4(A—n). 

‘ ‘In general for the range nn<A<(n+1)zx the fringe displacement will be 
45 or 4(A—nz) where A=nz +6 and the maximum fringe displacement will not 
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exceed 47 or 0-5 fringe. The form of the obliquity-fringe displacement curve 
will therefore be as shown in curve A of Figure 4. 

As the fringes vanish for A=nz their visibility is of some interest. The 
‘‘ visibility ” is usually defined as 


V _ Imax. —L pin. 
Imax. +Linin. 


The maximum and minimum values of intensity will be at 2K —A—2n7 and 
(2n+1)x respectively, for 0<A<nz, at 2K —A=(2n-+1)x and 2nz respectively, 
for m<A<2nz, and so on. The visibility V will be given by sin A/A and the 
maximum value for V is given by dV/dA=0 which gives the condition A=tan A 
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Fig. 4.—Fringe displacement-obliquity curve for a circular aperture. Curve A 


from [=}A[1-+(sin A/A) cos (2K—A)], curve B from C =d?2/16f? (d=2r). 


for best visibility. Thus for very small values of A the maximum value for 
visibility will approach 1. For m<A<2z the visibility maximum will be about 
0-2 with A near 3x/2 and for 2x<A<3z it will be about 0-1 with A near 52/2. 
Fringes are very faint but visible for values of A up to 57 at least in the experi- 
mental work. 


For a circular aperture off centre (Fig. 3 (b)) the intensity will be 
27 7 
Vie | | cos? (K cos 0)adadeo 
2a r 
=| { 3[1 + cos (2K —Kd?/f?)|xdadg, 
0 Jo 


where 0=d/f and d?=a?+-s?+2es cos 9. 
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Substituting and expanding, 


I=4nr?+7 cos 2K |” J (2) cos ae eae 
0 
+n sin 2K [soe ) sin “oo ede, 


where J,(z) is the zero order Bessel function in which 
2=2K «s/f. 


The intensity can therefore be represented by 
el 
pa [Soe Kas fede, Se eet7) 


As «s/f? is of the order of 10-°, the function J,(2Kws/f?) would approach 
unity only if K is less than, for example, 10°. With this limitation equation (7) 
becomes 
(x? +8?) 


ss 
cos jax — “Sa |ade, 


T=pnr?+n| f2 
0 


which reduces to 


I=5 sae _[sin }K'o2 cos (2K —}Ko2—K82)], 


where a=r/f and a 
This equation can be put in the following form 


Tat E ee cos (2K —A —K6)| Wass See) en. ies (8) 
where A=}Ke?. 
This equation is similar to equation (5) and for A+ z reduces to 


fe bya Lalo ay 99h ee re (9) 


Thus the fringe displacement would be 4A+4K6?, which is equivalent to 
a normal obliquity effect from the centre of the aperture ($6?) plus the effect 
of area of aperture as found for the centred case. This result is not exact in 
view of the approximation J,(z)=1 which is not legitimate for higher values of K, 
but it is some indication of the conditions for smaller values of K. 


(b) Narrow Slit 
The intensity distribution can be examined by a summation of intensities 
from elementary point sources making up the aperture and can be done 
graphically or analytically. This method can be used conveniently for the 
case of a narrow slit which is generally used in the Késters interferometer. 
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The intensities for a number of point sources Py, P,, P. . . . (Fig. 5) can 
be expressed as 
I,=cos 2K, 
I,=cos? (K cos 9), 
T=cos* (IC cop.20), 
I, =cos? (K cos n0). 


The condition for fringe minima can be found by differentiating these 
expressions with respect to A and equating the result to zero. As nO is always 
small, terms involving 6? as factor may be neglected and the result becomes 

sin 2K(1-+cos 29 +08 89+. . .+C08 2n?¢) 
—cos 2K (sin 29+sin 89+. . .+8in 2770), 


where 9 =4K0?. 


(eo) 


—————| 
eee 


Fig. 5—Theory of fringe intensity for 4 rectangular 


Qn= Nw 


aperture. 


The values of K at which there are fringe minima or maxima is therefore 
given by 
nh 
x sin 2n?o 
tan. 2K ss be ie, ee, (10) 


n 


1+ cos 2n?@ 
1 


Values of K derived from expressions of this type for a range of vaiues of n 
agree closely with those obtained from direct graphical summation of intensities. 
The general character of the obliquity-fringe displacement curves are shown in 
Figures 6 (a) and (b) for values of A of about (4x105)z and (11x«105)x 
respectively. For 15461 A these values would correspond to lengths of about 
110 mm and 300 mm respectively. Curve B is obtained by using equation (3). 
with b=0. 

The curves indicate that the maximum fringe displacement possible is 
about 0-15 fringe and up to this value the displacements are approximately 
of the same order as that derivable from equation (3) if b is taken to be zero in 
comparison with 1. This maximum occurs when A is about 4x and thereafter 
there is no agreement with equation (3) as the fringe displacement is oscillatory 
in character. It is of interest to note that the phase value of A=4z corresponds 
to the approximate limiting condition (Rayleigh criterion) for no deterioration 
in the visibility of the fringes. The fringes of course are clearly observable at 
greater values of this phase difference. For long lengths, phase differences 
greater than 3x may very well occur if the focal length of the lens is not sufficiently 
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great or the dimensions of the aperture are not sufficiently small. For example, 
with a 500 mm length and 4=5000 A, K is about (2x 10°), and if the maximum 
obliquity angle 6 was no greater than 0-001 radian the phase factor A=4K02 
would be zx radians. 

An exact treatment of the centred narrow slit case is given in paper II 
in terms of Fresnel integrals and shows that the curves given here indicate 
adequately the oscillatory character of the fringe displacement and its order 
of magnitude. Using Fresnel integrals, the conditions for a narrow slit off 
the axis can be examined to see if the fringe displacement effect can be treated 
as a normal obliquity effect from the centre of the slit plus the effect of the 
area of the slit treated as if it were centred on the axis. 
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Fig. 6.—Fringe displacement-obliquity curves for a narrow slit. Curve A from 
summation of elements, curve B from C=/?/24f?. (a) K=(4 105)z; (6) K =(11 x 105)z. 


For the narrow slit off centre the relevant part of the intensity relation is 


1 


0. 0: 
t=| cos? (K cos nao— | cos? K(1 —46?)d6, 
6, i) 


where 0, and 0, are the obliquity angles at the extreme edges of the slit relative 
to the optic axis. Differentiating under the integral sign, as done in paper I, 
with respect to K arid ignoring terms with 6? as factor, since 0 is small 


0. 
a= sin (2K —K62)d0 
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The condition for fringe minima is therefore 


S(Vg) —S(0) (11) 


tan On ee UG, Se) & ee; ) &, WP SC 9) el site) ie 


where S(v) and C(v) are the Fresnel integrals 


| "sin $mv7dv and | ” 608 $rv7dv 
0 0 
respectively, in which v=./(2K/z)0. The fringe displacement for typical values 
of 6, and 0, can be found by evaluating the integrals for the appropriate values 
of v, and %,. 

It was also shown in the case of the centred narrow slit that there was 
reasonable agreement between the fringe displacement calculated from equation 
(3) with b=0 and that obtained from the summation of elements analysis 
described, provided the phase difference between the centre and edge of the slit 
did not exceed about 4x. Accepting this result, the fringe displacement from 
the effect of area of aperture in the off-centre case will be 44(0,—0)? provided 
4K (03—62) is not greater than about 4x where 0—6,+46, is the obliquity angle 
corresponding to the centre of the slit. The fringe displacement due to obliquity 
of the centre of the slit will be 446?. The combined effect is therefore 


Deer tk (6) 0) eee (12) 


Fringe displacements calculated from equations (11) and (12) for typical 
values of 0,, 0,, and K agree to well within 0:05 fringe. This indicates again 
that an off-centre aperture can be treated without great error as a centred 
aperture for the area effect together with a direct obliquity effect from the centre 
of the aperture. Both effects are, of course, included in equation (11) which 
can be used to obtain directly the fringe displacement arising from both oblique 
incidence and collimation effects. 


(c) Rectangular Aperture 
For a rectangular aperture centred on the axis whose width may be com- 
parable with its length the intensity is given by 


2 Pb/2 
fis | cos? (K cos 0)dydax 


—1U2J —b/2 


U2 pb/2 
= | $(1+cos 2K cos 0)dyda. 
—1/2J —b/2 


Differentiating the relevant portion with respect to K and ignoring terms with 6? 
as factor 


al Y2  pbj2 
—_ [ sin (2K —K02)dyde. 
—1U2u —b/2 
, Y2 po/2 U2 pb/2 
=2 sin 2K [ | cos K0?dydx —2 cos 2K ( [ sin K62dyda. 
J 0 0 0/0 
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Fringe minima (or maxima) will occur when @I /oK=0 which gives 


2 po/2 
| | sin K62dydax 


o Jo 

2 poj2 3 

| | cos KO2dyda 
0 


Making the substitution 6?=«?+-y?2/f? where f is the focal length of the lens. 
concerned 
2 pb/2 2 pb/2 = ze a 
fe ik sin K6*dydx2—= i; i iz dyde 


y2 sles ae of 
ab [eos a Y ayaw 


ene 


tan 2K — 


where S(u), C(u), S(v), and C(v) are the Fresnel integrals 


u y u v v 
| sin $nu*du, } cos $ru*du, | sin 4rv2dv, and [ cos 4702dv 
0 0 0 0 


iG 
JCB 


In a similar manner it can be shown that 


respectively, in which 


| a [co K G*dyde =f?57-[0(w)O(v) —8(u)S(0)]. 


/ 0 0 
The condition for fringe minima is therefore given by 


S(u)C(v) +C(w)S(v) fe als) 


oa See aie) —S(u)S(v)’ 


If the width of the aperture is very small compared with its length » will 
be very small and S(v)—0 and the equation becomes 
S(u) 


SW iG 
tan 2K = O(uy’ 


which is the case of the narrow slit as derived in paper II. 


The fringe displacements can be found by direct evaluation of the Fresnel 
integral products in equation (13) for different length/width ratios. As an 
example Figure 7 shows the fringe displacement curve for a square aperture 


(u/v=1) and for a narrow slit. Values of w= 4 leer =)° and A=4K@? are shown 
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as abscissae. The obliquity angle 6 refers to that at the edge of the aperture 
and A is the phase difference from the centre to the edge. For the square 
aperture 0=1/2f—b/2f, and for the equivalent circular aperture 0= 1/(/? +-b?)/2f. 

Displacement curves for values of u/v greater than 1 can be found in a 
similar manner. Examination of these cases indicates that the fringe displace- 
ment curves are of the same general character as those for the narrow slit and 
rectangular aperture and give values for the fringe displacement that are inter- 
mediate between these two cases but which gradually increase in the oscillatory 
region. For a length/width ratio equal to or greater than 4 (w/v >4) the aperture 
can be treated as a narrow slit and this treatment gives correct fringe displace- 
ments to within 0-05 fringe for values of A of up to at least 27. 
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Fig. 7.—Fringe displacement curves for square aperture and narrow slit. 


(d) Multiple-Beam Effects i. 

In Fizeau systems it is possible to make use of multiply reflected beams in 

some degree by coating the optical flat with a highly reflecting layer. Since 

large air gaps are a necessary condition in practical length measurement full 
use cannot be made of multiple-beam interference. 


The intensity relation for multiple-beam fringes in the centred circular 
aperture case would be 


IK a 4k sin? ( cos 0) ae 
SJ oR) +4R sin? (K cos 0) ® 


% A sin? K(1—402) 
— 2 2 
aa ii TA sin? KE — 304) °0 
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where A—4R/(1—R)?. Substituting w=1—102, 


; A sin? Ku 
A-+1)+A cos? Ku 


T=onp | f =( du. 


wv Uo 


Integrating, 


: i Z : 
fe 9 oor tan74(4/F tan A (1 —46?)) —tan1(./F tan He} +468). 


Ce Aes ey (14) 


The fringes should therefore be symmetrical, if this was the only effect. 
The actual effect, however, of a large aperture is to produce a marked asymmetry 
in the fringes in the direction of increasing order or increasing air gap, for low 
order, high definition multiple-beam fringes. This is due to the changed phase 
conditions introduced by the linear displacement of multiply reflected beams at 
higher angles of incidence (Brossell 1947). 
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Fig. 8.—Microphotometer record of fringe intensities. (a) Fizeau 
interferometer, (b) Késters interferometer. 


Microphotometer records were made of the fringe intensity distribution 
with the interferometers described here at various aperture sizes and at a range 
of path differences. The aperture size had no observable influence on the fringe 
shape of the two-beam fringes of the Késters interferometer or the fringes of the 
Fizeau interferometer which may be two-beam or partially multiple-beam in 
character. Typical results are shown in Figures 8 (a) and (6). 

It is of interest to note that the Késters interferometer gave symmetrical 
fringes and the Fizeau interferometer fringes of smaller half width, but with a 
distinct asymmetry in the direction of decreasing order, which is the opposite 
direction to that to be expected from pure collimation effects. This indicates 
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that phase effects at the silvered optical flat are the predominating influence 
on the fringe shape and that any effects due to area of aperture are negligible 
in comparison. The effects of using fringes of the asymmetrical multiple-beam 
type from the surface of a length standard together with broad two-beam fringes 
from the platen to which the standard is wrung has been investigated (Terrien 
1954). 

A treatment of the multiple-beam case by summation of elements for values. 
of the reflection coefficient R in the range from 0-6 to 0-9 gives obliquity-fringe 
displacement curves of the same form as those for two-beam cases. It should 
be noted, however, that under true multiple-beam conditions the value of the 
length ¢ must be very small which in turn makes K much smaller. The fringe 
displacement factor which is a function of K and 6? will therefore be extremely 
small, and of little practical significance. 


III. EXPERIMENTAL OBSERVATIONS 

The Késters interferometer made in this Laboratory permitted the apertures. 
to be varied in size over a small range during observations. For example a 
particular setting allowed the entrance aperture to be varied from 0-3 x 0-08 mm 
to 0-6x0-3 mm. Observations were made initially with an exit (or viewing) 
aperture 1-0x0-5mm. As the focal lengths of the lenses associated with the 
entrance and exit apertures were 208 mm and 390 mm respectively, the image 
of the entrance aperture was smaller than the size of the exit aperture, with which 
it is coincident. The dimensions of the entrance aperture therefore controlled 
the limits on obliquity effects. For a 300 mm length and a focal length of 
208 mm a change of 0-4 fringe should occur in the fringe displacement as the 
entrance aperture changes from 0-3 x 0-08 mm to 0:6 x0-3 mm, if equation (3) 
is valid. The displacement is that between the fringes from the length gauge 
surface and the fringes from the surface to which this gauge is wrung. The 
observed displacement change was certainly no greater than 0-1 fringe. 

Further tests were made with a set of circular and rectangular apertures. 
These were made and used so that their centres were precisely located on the 
optic axis in order that no off-centre effects would occur. This was further 
verified by autocollimation tests. A 305mm (12in.) length was used and 
the wavelength 5461 A from a mercury 198 lamp gave clear fringes at this path 
difference which corresponds to a value of about (1110°) xz for the phase 
factor K. The set of apertures was used first at the entrance end of the inter- 
ferometer and then at the exit end. In each case the fixed aperture, whether 
it was at the exit end or entrance end, was sufficiently large to ensure that the 
set of apertures of variable sizes controlled the range of oblique rays received 
by the observer’s eye. 

Tables 1 and 2 give a series of results using the exit aperture of the inter- 
ferometer to control the obliquity due to area of aperture. As the focal length 
of the associated lens was 390 mm the aperture did not need to be as small as 


when the entrance aperture was used (f=208 mm) to give a range of values 
for A below 4n. 
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It is to be noted that for rectangular apertures there is approximate agree- 
ment between the observed fringe displacement difference and those calculated 


from equation (3) for values up to about 4x only. 


TABLE 


RECTANGULAR APERTURES 


1 


Thereafter there is disagree- 


Fringe Displacement 
Dimensions Obliquity Phase Difference 
No. - Angle Difference 
1 b | @=/(2?+6?)/2f | A=sK0O2 From Observed 
(mm) (mm) (rad) (rad) 1? +-6?/24f% Mean 
1 0-310 | 0-108 | 4-20x10-4 0-107 0 0 
2 0-409 0-221 5-96 0-20 0-04 0-02 
3 0-644 0-105 8-36 0-39 0-10 0-08 
4+ 0-622 0-332 9-04 0-46 0-12 0-11 
5 0-818 0-411 11-73 0-77 0-23 0-15 
6 1-030 0-099 13-27 0-98 0-30 0-17 
i 1-026 0-611 15-31 1:31 0:41 0-19 
8 2-025 0-120 26-01 3°78 1-23 0-13 
TABLE 2 
CIRCULAR APERTURES 
Fringe Displacement 
Diameter Obliquity Angle Phase Difference 
No. d 0=d/2f Difference 
(mm) (rad) A=4kK@? From Observed 
(rad) d?/16f? Mean 
1 0-198 2-54 x 10-4 0-037 0 0 
2 0-408 5-23 0-15 0-06 0-04 
3 0-612 7°85 0-34 0-15 0:13 
7 0-784 10-05 0-56 0-26 0-25 
5 0-990 12-69 0-90 0:43 0-30 
6 1-180 15-13 1-28 0-62 0-45 
vi 1-415 18-14 1-84 0-90 0-53 
8 1-512 19-38 2-10 1-02 0-48 
9 2-010 25°77 3°71 1-81 0:48 
10 2-504 32-10 5:75 2-86 0:48 


ment and the observed effects conform quite closely with that indicated by the 
oscillatory curve of Figures 5 and 6 for a narrow slit. 


For the circular apertures the observed displacement generally agrees 
The theoretical analysis 


with equation (2) with S=0 for values of A up to zx. 
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given in this paper also predicts this effect exactly, but for values of A greater 
than x an oscillatory condition again occurs. As A approaches zx the visibility 
of the fringes decreases markedly and they are difficult to observe which may 
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Fig. 9.—Obliquity correction differences for different aperture 
separations. 
account for the rather large disagreement between observed and predicted 
results for aperture No. 5. For values of A greater than 7 visibility is too low 
to determine with confidence if the fringe displacement agrees closely with the 
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predicted oscillatory curve in Figure 4, but there was no evidence of an increase 
beyond 0-5 fringe. 

Experimental tests with the Fizeau interferometer are more difficult since 
large path differences cannot be used. In addition only a limited separation or 
enlargement of the apertures can be tolerated if the light beams are to pass 
through the optical system on their return from the interferometer unit. With 
increasing aperture separation, the effects of varying obliquity, due to size of 
aperture as the eye is moved, become more serious. 

A series of observations with different apertures were made with lengths 
from 12-5 to 25 mm corresponding to path differences of 25 and 50mm. The 
fringes were sharpened by using a highly reflecting layer on the optical flat. 
The fringe displacement changed as the aperture separation increased in a 
manner closely agreeing with equation (1). Figure 9 shows for two lengths 
obliquity correction differences corresponding to changes in separation of 
apertures. The full line curve has been drawn from obliquity corrections 
caleulated from equation (1). The observed obliquity correction differences 
from that for an aperture separation of 0-50 mm are marked x. 

An attempt was made to test the effect of aperture size, but the predicted 
effects were too small to allow really reliable observation, because of the small 
path differences and to the limitations mentioned above in the interferometer 
used. It did not seem profitable to continue such tests when fairly definitive 
results are possible for centred apertures with the Késters interferometer. 


IV. CONCLUSIONS 

The study of the intensity distribution of the fringes together with micro- 
photometer records indicate that the effects of finite area of aperture on symmetry 
are insignificant. Any asymmetry which arises in the Késters system is not 
appreciable and not observable in the case of partially sharpened Fizeau fringes 
because of the predominating influence of phase effects at the silvered glass 
surface. 

The effect of finite area of aperture on the position of the fringe maximum 
is a more complex one. For a centred aperture a fringe displacement does 
occur which progressively increases provided the phase difference A between 
the centre of the aperture and its edge does not exceed a certain value. For 
narrow slits and rectangular apertures this value is about $7 and for circular 
holes about x. Beyond these values the fringe displacement does not increase 
as equations (2) and (3) would indicate but oscillates. While there happens 
to be approximate agreement theoretically and experimentally with these 
equations for the limited values of A mentioned, there is no evidence that they 
can be applied generally as corrections per unit length. For example it has been 
quite common to use a narrow slit in the Késters interferometer. The analysis 
described here shows that the maximum fringe displacement possible, due to the 
size of the slit, will be about 0-15 fringe. Much larger values for the displace- 
ment would be possible if a formula of the type exemplified by equation (3) 
was applied without consideration to the value of the phase factor A involved. 
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A rectangular aperture may be treated as a narrow slit without great error if 
its length is equal to or greater than four times its width. 

In the case of off-centred apertures, fringe displacement effects appear to be 
adequately covered by treating the effect as one of direct obliquity from the 
centre of the aperture plus the effect from the area of the aperture treated as a 
centred aperture. In the case of a narrow slit off centre, the fringe displacement 
effect owing to both the position and size of aperture can be calculated from an 
exact relation. 
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THE EFFECTS OF COLLIMATION AND OBLIQUE INCIDENCE IN 
LENGTH INTERFEROMETERS. II 


By B. 8. THORNTON* 
[Manuscript received November 22, 1954] 


Summary 


It is important in length determinations by interferometry to know the effect 
on the fringe pattern of an entrance aperture of finite size through which the light 
enters the interferometer. The correction generally applied has been found to be in 
error (Bruce 1955). This paper is a further discussion of this correction. Both two- 
beam and multiple-beam systems are discussed and show, in accordance with experi- 
ment, that the correction at present applied for the finite size of the aperture appears 
to be invalid. Formulae are developed and curves are given from which the correction 
to be applied for any particular length and aperture size can be very easily determined. 


I. INTRODUCTION 
The usual obliquity correction formula involves a term due to the displace- 
ment of the aperture off the optic axis and another due to the finite size of the 
aperture itself. If the centre of the aperture is displaced a distance x from the 
optical axis and f is the focal length of the collimator then the angle subtended 
at the collimator between the aperture and the optic axis is 


§6=tan—2/f. 
Now 
pr=2zt cos 9 
~2t(1 —x?/2f?) 


In this equation p is the fringe order and ¢ is the path difference. 


The obliquity is seen to be «x?/2f% per unit length. There remains the 
correction for the finite aperture size which is derived by taking the average 
correction for the whole area of the aperture calculated in the manner above. 
This correction is therefore given by 


I (apt ap) tne 


| | dady 


per unit length, and for a circular aperture of diameter d is d?/16f? whilst for a 
rectangular aperture of length a and width 6 is (a? +b?)/24f?. Since «=0 in the 
Kosters interferometer the only correction applied is the latter. However, in 
tests made at large path differences with a variable entrance slit, the fringe 
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displacements predicted by the usual formula were not observed and further 
investigation of the effect seemed desirable. The method of investigation pre- 
sented in this paper involves a different approach to that used in paper I (Bruce 
1955) in that differentiation under the integral sign is used and the results 
expressed in terms of Fresnel integrals. 


II. THe FRINGE DISPLACEMENT FOR A FINITE APERTURE 
(a) Two-Beam Systems 
The intensity distribution of two-beam interference fringes when the finite 
size of the entrance aperture is considered is easily shown to be 
r 6, 


al2 — pb/2 
1,=| | cos? (K cos )aurdy—~op| 2cos? (K cos 0)d0, ped} 
—a/2J) —b/2 


0 
for a rectangular aperture of dimensions } in the x direction and a in the y 
direction (ab), 0,=a/2f, and 

0, 


27 pr r 
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0 0 
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for a circular aperture of radius 7. Also K =2zt/), t is the path difference and «, 
§ and 9, and r are as in Figure 1. 


Fig. 1 


The displacement of the fringe maxima and minima from their positions 
corresponding to an ideal point source will be determined in each case by finding 
the values of K for which 0f/¢K=0. For the narrow slit, using differentiation 
under the integral sign, 


ep ee. 
aK ; sin (2K cos 6) cos 6d0. 


Putting cos 0=1—40? we have 


oly Tv * 2KO ‘ u 
ax)sin 2KO(u) —cos 2KS(u)}, 


where 


S(u) =| sin 4727dz, 
0 


u 
C(u) =| cos $72*dz, 


0 
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w= (0 


are the Fresnel integrals and 


Thus we have 01,/0K—0 when 


5 S(u 
K=}tan™ Tha aie. (tee Owe 28 SAIS (3) 


whereas for two-beam fringes from an ideal point source J /oK=0 when 
K=jnzx. With an accuracy of a few parts in a million, K may be taken as 
27//A in the arguments of the Fresnel integrals, | being the length of the end bar 
and the correction 3, to be applied is thus 


with 


JC 


The maximum value of the correction is approximately 0-17 fringe which occurs 
when the ratio of the Fresnel sine and cosine integrals is a maximum. This 
position corresponds to a phase difference LKO. between central and extreme 
rays through the aperture of the order of half a wavelength which corresponds 
to the Rayleigh criterion for two-beam fringes of good definition. For an end 
bar of length 300 mm, the fringe displacement for a narrow slit of length 0-3 mm 
used with a collimator of focal length 208 mm (which is a typical case occurring 
in practice) is obtained from equation (4) as 0-11 fringe. The displacement for 
a slit of length 0-6 mm is almost the same. 

Observations showed that the displacement (if any) on increasing the slit 
length from 0-3 to 0-6mm was verified by several observers to ‘be definitely 
less than 0-1 fringe. Application of the correction formula (a?-+-b?)/24f? 
per unit length indicates that the fringe displacement would be approximately 
0-3 fringe. The correction 25,/A (=fringe displacement) as a function of 
a/ (41/4)0,( = 2 VA/x) is shown in Figure 2. Points on the axis where 
A=7/2, m, 27,.. . are also shown. 

A similar result to that given in equation (4) can be obtained for the circular 
aperture 

an eke, eee nie 
| sin (2A cos 9)0 cos 6d0 
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~0,1(0,)—[ 1(6)d0 
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integrating by parts, where 


0 
, Ho) | sin (2K cos 8) cos 0d0, 
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which was evaluated for the case of the slit and 


0, 
10,)=| sin (2K cos 0) cos 0d0. 
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Thus of,/0k —0 when 
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A plot of 3, as a function of +/(41/A)0, is given in Figure 2 also. Note that in 
this case the phase difference between central and extreme rays, LK6%, is a 
multiple of z at positions of maximum fringe displacement. The curve obtained 
agrees precisely with that obtained in paper I by a different approach. 


The correction 3, and 3, of course both reduce to zero for 0,=0. 
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(b) Multiple-Beam Systems 
In multiple-beam systems the effect of obliquity is not as important as 
for the two-beam case since the path differences involved are necessarily very 
small. The case of a rectangular aperture used in a multiple-beam interfero- 
meter will be discussed as an example. For the transmission case the intensity 
distribution is given by 


AP ee I : f oe = andy is 
: —aj2J —pja+ +F? sin? (K cos 6) 
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ao +R? 0 r= COS (2K GOS 6)’ Ae 


where k?—4r?/(1 —r?)?=Fabry’s “ Coefficient of Finesse’? and C=#?/(2-+R#?). 
Expanding the integrand in equation (6) as a Fourier series with 2K cos @ as 
the independent variable we have 
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= 2 Aa [op glsin 2nKC(V nu) —cos 2nKS(V nu)]. 
The same form can be obtained for the reflection case. 

Now multiple-beam interference conditions require A to be small (A ~10%), 
so the argument of the Fresnel integrals, for 0, equal to 0-001 and nm as large 
as 40, is approximately 0-2 and up to such values the Fresnel sine integral is 
very small and may be neglected in comparison with the Fresnel cosine integral 
and the latter is very closely given by 
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Thus it may be concluded that the correction due to the above effect is 
negligible for multiple-beam systems. The implied symmetry of the fringes 
in the above analysis is not correct, for consideration of the effect of phase 
changes introduced by multiply reflected beams shows that the fringes will be 
asymmetrical (Brossell 1947). 


Ill. THE INTENSITY DISTRIBUTIONS 

The fringe intensity distributions are themselves not of great importance 
but can be found if required in several ways in the different cases. 

The formulae for the two-beam intensity distributions and those for the 
multiple-beam cases, can in each instance be shown to reduce to the corres- 
ponding formula for an ideal point source provided K is not too large. As an 
example the case of a rectangular aperture in a two-beam system will be 
examined. 

Substituting y=f tan 0 in equation (1), we obtain 


’ cos? (K cos 8) 
i Lal 4 uf een one COAT eee eee (8) 


which can be compared with the expression f sin? (K sin «)da«/(K sin «)? 
occurring in the formula for the diffracted energy from a rectangular aperture. 
The integral in equation (8) can be evaluated as follows using a Maclaurin 
expansion : 
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and £6,, are Bernoulli’s numbers, 


Ai 


B= 50 By=x 


zor Bo=0-253114, Bg=7-092157, . . . 
Taking tan 0,—0.—a/f, I, is given by 


T,=ab|cos® K +0-9780? K sin 2K —0-0017105{6K? cos 2h +K gin 2K}+, 
=ab cos? K for 0.~0-001 and K+10° or go, 
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IV. CONCLUSIONS 
The effect of the finite size of the aperture in practice does not exceed 0-17 
fringe approximately for a narrow slit and 0-5 fringe for a circular aperture and 
can be conveniently found using the formulae and curves given in this paper. 


The usual correction due to the finite size of the aperture appears to be 
invalid for long lengths. 
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THEORY OF TRACKS IN NUCLEAR RESEARCH EMULSIONS 
By J. M. BLATt* 
| Manuscript received October 19, 1954} 


Summary 

The process of the formation of a visible track in a nuclear research emulsion is 
approximated by a simplified model which reduces it to a one-dimensional problem. 
Within this basic approximation, there are included many different detailed models, 
including all models so far proposed in the literature. We then consider the following 
quantities characteristic of the track : the number of gaps longer than some minimum 
length 7 contained in a cell length ¢ of the track, n,(¢); and the sum of the excess (over 
and above r) lengths of these n, gaps, x,(+). We derive complete theoretical results 
for the mean values and standard deviations of these quantities, in terms of a small 
number of definite integrals. We then specialize to particular detailed models, and 
make a quick comparison against experiment. The model of O’Ceallaigh fails to 
agree with experimental data, and so do all straightforward generalizations of that 
model, such as the model of Happ, Hull, and Morrish. The reason for this failure is 
traced to the neglect of the “ graininess’ of the emulsion before development. The 
model of Herz, which takes the extreme opposite point of view, comes much closer 
to fitting the data. We also give a reasonable modification of the Herz model. A 
more detailed comparison against experiment must still be made. 


I. INTRODUCTION, DEFINITIONS, AND BASIS APPROXIMATIONS 

A photographic emulsion consists of crystals of roughly spherical shape 
suspended in gelatin. In G5 emulsions, roughly half the volume is taken up by 
the crystals, the other half is gelatin. A charged particle passing through the 
emulsion activates some of the crystals through which it travels. When the 
emulsion is developed, each ‘ activated’ crystal grows into a “ grain” of 
considerably larger radius (approximately twice the radius of the undeveloped 
crystal under usual conditions of development), while the inactive crystals 
dissolve away. If two activated crystals are close enough together, the final 
grains can overlap and form a “blob”. Since the size of the final grains is 
close to the limit of optical resolution, it is generally difficult to tell under the 
microscope whether a blob consists of one, two, or three grains; a single large 
grain may be mistaken for a two-grain blob, for example. Hence it has become 
customary to do *“ grain-counting” by counting blobs (or, equivalently, by 
counting the gaps between the blobs). It is then necessary to develop a 
theoretical expression which relates the observed number of gaps per unit 
length of the track, or some other measurable quantity characteristic of the 
track, to the fundamental physical characteristics of the emulsion (initial crystal 


*The F. B. 8. Falkiner Nuclear Research and Adolph Basser Computing Laboratories, 


School of Physics, University of Sydney ; also supported by the Nuclear Research Foundation 
within the University of Sydney. 


THEORY OF TRACKS IN NUCLEAR RESEARCH EMULSIONS 249 


size, distribution of initial crystals in Space, final grain size) and of the charged 
particle (probability of activation of a traversed crystal). Furthermore, since 
the process of track formation is statistical in character, we need to know the 
standard deviations which must be attached to the measured track character- 
istics. Indeed, the original impetus for this study arose from the experimental 
observation that the standard deviation of the number of gaps in a certain 
length of track t (the “ cell length ’’) is less than the standard deviation in a 
Poisson distribution, and furthermore seems to depend on the character of the 
track (“ thin”, “ medium ”’, or “ thick’). It is the purpose of this paper to 
provide the necessary theoretical expressions to analyse experimental data. 


The main difficulty in such a calculation lies in the spatial distribution of 
the initial grains. If we could assume that the initial grains traversed by the 
charged particle all have their centres along the path of the particle, the theory 
would be greatly simplified. We now present qualitative arguments to show 
that this is a very good approximation under normal conditions. Figure 1 (a) 


2 @ee- 


Fig. 1 


gives a schematic picture of the emulsion as it may actually be, and indicates 
the path of the charged particle. Let us assume that some but not all of the 
crystals along this path are activated; the activated ones are indicated by 
shading. Figure 1 (b) shows this same track after development. Each activated 
crystal has grown to roughly. twice the original size, the other crystals have 
dissolved.: Some of the final grains have combined into blobs, others have 
remained single. 

Figure 2 (a) shows the same track in the “ linear approximation ”’, in which 
we assume that the centre of each activated grain lies directly on the path of 
the charged particle (since the inactive grains are never seen, no assumption has 
to be made about their centres). Figures 1 (a) and 2 (a) differ appreciably. 
However, let us now look at the result after development. Figure 2 (b) shows 
the same track after development, again in the linear approximation. We see 
that the growth of the crystals into grains has had the result of decreasing the 
difference between Figures 1 (b) and 2 (b) compared to the difference between 
Figures 1 (a) and 2 (a). Indeed, the same grains which had previously merged 
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into blobs still do so in the linear approximation, except for a few borderline 
cases, perhaps. The larger the growth of the crystals during the process of 
development, the less important is the exact location of the centre of each grain. 
Hence we conclude that the linear approximation is adequate for this problem if 
there is appreciable growth of the crystals during development. Conversely, 
if it were possible to find a method of developing the emulsion in such a way 
that the activated crystals would not grow appreciably, the linear approximation 
would be of very doubtful validity. 

For present methods of development, which result in a grain growth of 
roughly a factor of two, we feel that the linear approximation is entirely adequate. 
Indeed, a first approximation to the necessary correction terms can be obtained 
by observing that the random sideways displacements of the centres of activated 


--------O-O----8 --@--- 
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crystals from the nearest point along the path of the charged particle are roughly 
equivalent to random changes in the final size of the grown grains. Since there 
is a distribution of final grain sizes in any case, the linear approximation is even 
more accurate than the comparison between Figures 1 and 2 indicates. From 
now on we shall adopt the linear approximation throughout this paper. 

In this approximation, the visible characteristics of the track depend upon 
two probability distributions only : 


(1) The distribution-in-final-size of the grains after development. We let 
y stand for the radius of the developed grain, and we let G(y)dy be the 
probability that this radius lies between y and y+dy. 


(2) The “ survival probability” Q(t); this is the probability that the 
distance between the centre points of adjacent activated grains exceeds t. 
Alternatively, Q(t) is the probability that the charged particle, after 
activating a crystal along its path, “ survives’ for a distance larger 
than ¢ before activating the next crystal. 


We shall solve the statistical problems for two quantities of interest in the 
experimental study of tracks, for completely arbitrary functions G(y) and Q(t). 
By specializing to various particular functions G(y) and Q(t), we can then deduce 
results for particular models of track formation, and compare them with 
experiment. 
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Since the distribution in final grain size G@(y) is experimentally a very sharp 
distribution, it is not necessary to explore all possible distribution functions. 
We shall give results for a delta function (infinitely sharp) G(y), and for a par- 
ticular family of functions @(~) which is chosen so that (a) the integrals can be 
evaluated in closed form, (b) there are two adjustable parameters in G(y) which 
can be used to fit the mode and the standard deviation of the observed distribu- 
tion in sizes of single grains (as seen, for example, by studying a very thin track). 

The simplest assumption we can make about the survival probability (Q(t) 
is the one made by O’Ceallaigh (1953) as well as by Happ, Hull, and Morrish 
(1952). These models differ only in the distribution G(y), which is assumed to 
be infinitely sharp by O’Ceallaigh but not by Happ, Hull, and Morrish. The 
survival probability in both models is the same, and is obtained by assuming 
that there is a constant probability Ad¢ per path length dt for activating the 
‘next’ crystal. The resulting survival probability is 


Oiiaee = MOUS A: ob cvies Puce : (1.1) 


This model neglects the correlations between positions of crystal centres in the 
emulsion. It is obviously a good approximation if the emulsion is very dilute, 
or (equivalently) if the probability of the charged particle activating any crystal 
it traverses is very low. In either case the final appearance of the track is that 
of a “ thin’ track, with wide spaces separating the individual grains and only 
little blob formation. . 

The extreme opposite model was chosen by Herz (Herz and Davis 1955), 
who assumes that the crystals are arrayed along the path of the charged particle 
in a regular lattice of definite lattice spacing. The charged particle has a 
probability p for activating each crystal it traverses. Hence the survival 
probability Q(t) is a step function : 

Q(t)=1, 0<i<p, | 


=1—p, B<t<2B, | ¢ 
: dely Baa sere 122) 
=(1 =—p)*, 28 <t <38, | Ripe \ 


The true situation is surely somewhere between these two extreme assump- 
tions. If each crystal is a sphere of diameter «, then clearly Q(t)=1 for 0 <t<a,. 
in contradiction to model A. On the other hand, the emulsion is essentially 
amorphous, not crystalline, hence there can not be any long-range order. At 
distances of several crystal diameters, the ‘“‘ memory ” of the location of the 
initial crystal is lost, and the survival probability becomes asymptotically equal 
to (1.1), in contradiction to model B. A schematic picture of Q(t) for models 
A and B and for the true emulsion is given in Figure 3. 

It might be thought that the main error in model A consists of the neglect 
of the size of the initial crystal ; hence we have also calculated various quantities. 
measured on tracks with a third model, which we shall call model C : 


OW) =I, pee “model 0. —.. 2.5 (1.3) 
=exp [| —A(t—«)], t> a. f k wGdi 


bd 
(wb f 
1) 


J. M. BLATT 


We now define the “ number of gaps longer than r”’, ,(t), in a track of 
length t. We are free to define this quantity in such a way as to make the 
subsequent mathematics easy, and we shall do so. It should be emphasized that 
our definition of a “ countable gap”, while simple enough to learn, is not identical 


Fig. 3 


with the usual one. The ‘ last’ gap is sometimes included in the count, some- 
times excluded. This makes little difference if the cell length ¢ is long enough, 
but it is important when comparing the theory against experiments with a short 
cell length. Since the experiments on the variance in the number of gaps 
necessarily use rather short cell lengths, this caution is important. 


BZ Zam GAP NUMBER=0 
Fo) 
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------ GAP NUMBER =1 


——-— GAP NUMBER =j1 


Fig. 4 


Our definition of a ‘ countable gap” consists of two parts ; 


(1) The initial point t=0 of each cell length must be inside a blob. 
(2) The grain terminating each “ countable” gap must have its centre 
point within the cell length ¢. 
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Hence, for example, the situation depicted in Figure 4 (4) corresponds to no gap 
at all. In general, our convention will result in omitting the “ last’ gap in 
thin tracks, while counting it in thick tracks. 

The quantity n,(¢) is defined as the number of countable gaps, each one of 
length equal to or larger than r, in a cell length t. The quantity #,(t) is the 
total length of these n, gaps, counting for each gap only the excess of its length 
over 1. 

In Section IT we give formal solutions, in terms of definite integrals, for the 
distribution-in-n, and the distribution-in-7,. This section is mathematical in 
character and can be omitted if desired. Sections III and IV contain the 
results in usable form, as well as a short discussion of the differences between 
the models and a short comparison with experimental data. An extended 
experimental check is now under way in this Laboratory, and will be the subject 
of a future publication. 


Il. A FoRMAL SoLutTion USING THE REGENERATION Pornt METHOD 

Let z,,(7, t) be the probability that the number n,(t) of countable gaps longer 
than r in a cell length ¢ is equal to the integer n. We now derive an equation 
for z,(r,t) by using the ‘‘ regeneration point method ” of Bellman and Harris 
(1948) and Janossy (1950). We concentrate our attention on the position 
v of the ‘‘ next ’ activated crystal. The ‘ position ’’ of any crystal is that of its 
centre point, by definition, no matter which point within the crystal was actually 
activated. The assumption is that during development each activated crystal 
grows as a whole, so that the precise point of activation within the crystal does 
not matter. 

The probability q(t’)dt’ that the centre of the ‘ next” activated crystal 
lies between ?¢’ and ¢’+ dt’ is simply related to the survival probability Q(t’) ; 
namely, 


We shall use (2.1) formally even when the process of differentiation is not 
permissible mathematically (e.g. when Q(t) is the step function of model B). 
A rigorous mathematical treatment can be given in terms of Stieltje’s integrals, 
but the final result is the same. 

Depending upon the position ¢’ of the next activated crystal, and upon the 
final radii y, and y, of the initial and the “ next ” grains, there are three possi- 
bilities to consider : 


(1) The grains growing from the initial and the next crystal merge to 
form a blob, or are so close that the resultant gap is of length smaller 
than our minimum length vr. This happens when t’<y,+y2.+7r. In 
this case the remaining distance, t—t’, must contain n gaps of length 
greater than 7, in order to have a contribution to x,(r,t). This con- 
tribution is therefore ’ 


ice] ic) Ya yarn” ; ; ; 
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(2) The “ next” crystal is far enough away to form a gap of length greater 
than r, but its centre is still within our cell length, that is, we have 
vityetr<t'<t. The remaining distance, t—i’, must now contain 

n—1 gaps of length greater than 7, in order to contribute to 7z,(7, t). 
The contribution to x,(r, t) from this range of values of @’ is 


[oan] aya At! q(t! )E(y 1) Ely 2) yar, tt). 
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(3) The final possibility is that the next activated crystal lies outside the 
cell length ¢ altogether, that is, t’>t. According to our conventions for 
‘“‘ countable” gaps, we then say that there is no gap at all in our cell 
length. Hence possibility (3) makes a contribution to 7z,(r,t) only. 
We define the quantity 5, to equal unity when n=—0, to equal zero 
otherwise. Then the contribution of this range of t’ to z,(r, t) is 


| >: dt’q(t’)5, =Q(05,,. 
t 


We now observe that the possibilities (1), (2), and (3) above correspond to 
mutually exclusive events, of which exactly one must happen. Hence we can 
add the probabilities in order to get z,(r,t), giving the regeneration point 
equation 
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The actual ranges of integration over ¢’ are restricted somewhat more than 
indicated in (2.2)-by the condition* 


wf, t)=0,- unless tos. oui ote (2.3) 
We now solve (2.2) by means of Laplace transforms. We introduce 


Der S} ={ 6 Prt )lag oat aA eee (2.4) 
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We multiply both sides of (2.2) by e~* and integrate over ¢t. We then ~ 
interchange the orders of integration with respect to ¢ and ¢’ on the right side. 
It is useful to introduce the notations : 


h(s)=s | “e-#Q(t)at=1 — | eee oe lee (2.5) 
0 0 
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0 o Varcieeyantans 


* This condition can be made sharper if the final grain radii y cannot be smaller than a 
minimum value ymin. ie. if G(y)=0 for y<ymin.. Then the condition on TT (72.%)) 18 : 
t>n(r+2ymin.). 
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We then get the following Laplace transform equation from (2.2): 


I TY oe I a) eee et eC) (227) 


We set n=0 to get 


We introduce the notation 
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and obtain the complete formal solution 
SN CONT ESIC aR ot enn apt iheae (2.10) 


The equation (2.10) together with the defining equations (2.5), (2.6), (2.8), 
and (2.9) constitutes a formal solution to the statistical problem of the number 
of gaps larger than 7. The problem has been reduced to the computation of 
certain definite integrals, h(s) and g(r, s), and the subsequent inversion of the 
Laplace transforms (2.10). In practice the integrals h(s) and g(r, s) present 
little difficulty, but the inversion of the Laplace transform is usually not possible 
in closed form in terms of tabulated functions. 

In practice, experimentalists are not interested in the probability 7z,(r, t) 
of getting exactly n gaps of length in excess of r. They would like to know the 
mean number of these gaps, and the standard deviation around this mean. 
These quantities are related to the moments of the distribution in n,(t). We 
introduce the factorial moments F’,(r, t) by 


Flr, )=nn,—1)(n,—2). . .(n,—k +1)>.ye= ¥ n(n =I). . (n—k-+1)z,(7, t). 


Tee Ont 
The first few factorial moments are : 
PG Ap ee IP? Cer at A, Ces. (2.12) 
WT fg LCG) achat, eae 4s tot magus e pice eves Yai (2.13) 
P(r, t= M(t) aye SMe) ayer cer en erences (2.14) 
and the standard deviation is given by 
otaa7? (nt PBB ceo ve eq ene (2.15) 


The Laplace transforms of the factorial moments are given by 


be =|" e-#F,(r, t)dt= X n(n—1). . .(n—k-+1)p,(r, 8), .. (2.16) 
0 
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and substitution of (2.10) into (2.16) gives 


K k 
Tf, S—l p(t, 2) A Te = 


a alne al a” ee (2.17) 


s | h(s) 


The Laplace transform (2.17) has a particularly simple structure, as a 
result of certain properties of the functions h(s) and g(r, s) which we shall now 
point out. We see from the definition (2.5) of h(s) that h(s)—0 when s=0; 
hence (2.17) has a pole of order k+1 at the origin in the s-plane. Next we 
observe that |-h(s) |>0 as long as the real part of s is greater than zero. Also 
h(s*)—[h(s)]* so that all its zeros must occur in complex conjugate pairs. The 
function g(r, s) defined by (2.6) has no poles in the positive half-plane of s, nor 
at s=0. g may have poles along the negative s-axis, or pairs of complex con- 
jugate poles in the negative half-plane of s. We therefore conclude that f,(r, s) 
has a pole of order k+1 at s=0, no poles in the positive half-plane of s, and 
(perhaps) pairs of conjugate complex poles in the negative half-plane of s. 

When the Laplace transform (2.17) is inverted by the method of residues, 
a pole at a point s, contributes a term proportional to e*’, unless s,—0, in which 
case we get a polynomial in ¢. Since all poles except the one at s—0O lie in the 
negative half-plane of s, their contributions are damped exponentials in t¢: 
hence if ¢ is large enough, these contributions can all be neglected. 


We therefore restrict ourselves to the contribution of the pole at s—0, 


and obtain 
d*( __[sg(r, s)]* 
pam t ? 
Belts d= an | i(s) | h 


=0 


Pog. k! rw ( A [sg(r, 8)]* 
A = arppercaye {| a i .. (2.18) 


Thus the problem of finding the moments of the distribution-in-n,(t) has been 
reduced to the evaluation of the definite integrals (2.5) and (2.6) and simple 
differentiations. We emphasize that this has been achieved without any 
major loss of generality : the distribution G(y) of final grain radii and the survival 
probability Q(¢) are still completely arbitrary and at our disposal, subject only. 
to the (not very stringent) condition that the integrals (2.5) and (2.6) can be 
done in closed form. 

We now turn our attention to the distribution in the total gap length @,(t). 
#,(t) 18 defined as the sum of the “ excess ” lengths of all countable gaps longer 
than r. We emphasize that gaps shorter than r make no contribution to z,(t), 
while gaps longer than r (provided they are ‘‘ countable ” by our conventions) 
contribute not their whole length, but merely the excess of their length over r. 
We now let x(r, x, t)dav be the probability that the total gap length «,(t) lies in 
the range x, x+dx. Since there exists a non-zero probability of having no gaps 
at all of length greater than r, x(r, x, t) contains a singular contribution equal 
to 79(r, t)3(x), where 7,(7, t) is the probability of finding no gaps at all (longer 
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than r) in the cell length ¢, and 3(#) is Dirac’s delta function. We shall show the 
existence of this contribution in our solution later on. 


By arguments entirely analogous to the ones used in deriving equation 
(2.2), we find the following regeneration point equation for x(r, 2, t) : 


ee) oO Nick Yate 
rr 2, =| ay, | dye dt'g(t’)G(-y1)@(-ya)m(0, @, tt’) 
0 0 0 


(ca) ce 0) t 
+] dys[draf) ata yOrneCrdnire +7. Hy tht) 
0 0 rtYetr 


UO SC) glee lis «Te rags kt OTe ean RT eee Nets 0 (2.19) 
We solve this equation by Laplace transforms ; this time we need a double 
Laplace transform, on the variable « as well as on the variable t. We define 


o(r, u, =| : aw] di exp (—ux—st)r(r, x,t). ...... (2.20) 
0 0 


We multiply both sides of (2.19) by exp (—ua—st) and integrate over w and t. 
In addition to the functions h(s) and g(r, s) encountered previously, we need to 
define an additional function 


Xexp [(yityetr)u—(ut+s)t], ......2..0.. (2.21) 
We observe that 
WT BEAT Shy eh hse Gs RE ota (2.22) 
and 
HM Olr, Ui hia gla ae ee se ae eee (2.23) 


The Laplace transform image of equation (2.19) then is 
g(r, u, s)=[1 —h(s)—g(r, 8) ]o(r, U, 8) +0(7, U, 8)—(7, U, 8) +s th(s), 
which gives the formal solution 
h(s) 
s[h(s)+g(r, s)—v(7, u, s)] 
In the general case, the function v(r, uv, s) may be difficult to find in closed 
form, and the subsequent inversion of the double Laplace transform (2.24) 


can be very difficult indeed. Hence (2.24) as it stands is not directly a practical 
solution. However, we shall show that information of practical value can be 


obtained by using (2.24). 
First of all, we perform two checks on (2.24) : 


o(r, U, 8)= 


(1) When w=0, (7, 0, s) must be the Laplace transform of the probability 
of getting any gap length « whatever, by comparison with (2.20) ;. 
substitution of (2.22) into (2.24) gives ¢(r, 0, s)=s-1, which is indeed. 
the Laplace transform of unity. 
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(2) (7, wu, s) must contain the Laplace transform of the singular contribution 
T(r, t)d(#), that is, the quantity p)(r,s), equation (2.8). We can 
isolate this contribution by going to the limit of large positive uw, since 
all non-singular functions of 7 have Laplace transforms which vanish 
for large positive u. Substitution of (2.23) into (2.24) shows that 
lim (7, u, 8)=po(7, 8), a8 it should be. 


U—-> 
Next, we observe that we are primarily interested in the moments of the 
distribution in «,(t). Multiplication of x(r, «, t) by «* and integration over # 
has a simple Laplace transform image: k-fold differentiation with respect to 
the transform variable u, multiplication by (—1)*, and setting w=0. We 
therefore define the quantity 9,(r, s) by 
k 


o,(r, 3)=(—1)* lau? U, 9) 3° (01) Ae (2.25) 
u=0 

Then ¢,(7, s) is the Laplace transform of r,,(t), o,(r, 8) is the Laplace transform 
of w(t) ), and so on. Since higher moments give rather complicated expressions, 
we shall restrict ourselves to the first two moments, which are sufficient to give 
the mean value and the standard deviation. 

In differentiating (2.24) with respect to u, we noticé that the only quantity 
depending on wu is v(r, vu, s). It helps to introduce a notation for the derivatives 
of v. We define i 


net tiles u, ed ee 


ouk 
=|" ya” ays” dt(t —Y2—1r)* q(t)G(y,)G(ya)e*. 
ata te 
sai, Spine (2.26) 
Clearly we have 
Gol th 8)=0, SW eee ke ae ee (2.27) 
We then find from (2.24) and (2.25), using (2.22), 
9il7; 8) 
@1(?, 8) = an) AT oe en Bae (2.28) 
and 
ere 8) 2[gi(7, s)]? 
o(r, 8) = SA | his) | spate eae nee (2.29) 


We now observe that these Laplace transforms again have poles at s=0 
and no poles in the positive half-plane of s. We can again restrict ourselves to 
the contribution from the pole at s=0. This contribution is always a polynomial 
in the cell length t. We introduce some more notation, to simplify writing, 


d* 89k’ (7, s) 
bes ast a lea a ee (2.30) 

We then get the following explicit expressions : 
(8) ==Wyit FWaa, emotes os 1 oe aoe eee (2.31) 


#2(t) = (Wo 1)?t? + ( dooney 10, aa .. (2.32) 
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A quantity of more interest than the mean square of x,(t) is the variance, which 
is given by 


a(t) —(a,(t))? = (29044 TF Woz)t + [(W41)? +209 W21+W 9]. .... (2.33) 

We now continue the reduction of these expressions to practical form. 
‘We have already neglected the contributions from poles other than the dominant 
pole at s=0. We now make an additional approximation: since the cell 
length ¢ is in general much larger than the average final grain radius y, the 
constant terms in (2.31) and (2.33), as well as in corresponding expressions for 
the mean value and variance of the number of gaps, are small corrections to the 
terms proportional to ¢. It turns out that the terms proportional to t involve 
fewer differentiations, and are therefore easier to evaluate practically, than the 
constant terms. On the other hand, the differentiations necessary to find the 
coefficient of ¢ in the variance already suffice to determine also the constant 
term in the mean value. Hence we shall make the following approximation : 
we give the mean values exactly (i.e. neglecting only the contributions of other 
poles, which we shall show to be an excellent approximation), but we shall give 
only the coefficient of ¢ (i.e. we shall neglect the constant term) for the variance. 
Thus the expressions for the variance will be somewhat less accurate than for 
the mean values; this is sufficient for comparison with experiment, since the 
variance is much harder to determine accurately anyway. In the limit of very 
large cell length ¢ the expression for the variance is accurate; in practice, the 
fractional error is of order (2y-+1)/t, where y is the mean radius of developed 
grains, r is the minimum gap length chosen for counting, and ¢ is the cell size. 
Thus, in G5 emulsions, we have y=0-3 wu and the error is less than 2 per cent. 
if r=0 and the cell length ¢ exceeds 30 pv (as it always does). An error of 2 per 
cent. in the variance is generally of no significance. 

Making these approximations, it turns out that all the information of 
practical value can be reduced to the evaluation of the following seven definite 
integrals : 


Gi | 7a OE a a PR oo hI, (2.34) 
0 

a=" iT ee eek too, ae a a (2.35) 
0 

a0={ ays aya DUVET rt (6 CONS eS en eee ee (2.36) 
0 0 Vay scr 

‘seo Ease | dys | IGG en (2.37) 
0 0 Yityetr 

to=[oays[ drafty rer) aGCIGCr), «+ (2-38) 
0 0 Vir Yar? 

gu= | * ars | * ars | At tty, —yo—N)al)G(y2)G(y2), -- (2.39) 
0 0 yityatr 

J2x0= | : dy; | ; dys | dt(t—y1 —Y2—1)?q()G(y)@(y2)- (2.40) 
0 0 Yatyetr 
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In practice these integrals are evaluated most easily by Laplace transform 
methods; details are given in Appendix I. In terms of these integrals, the 
final results for the mean values are : 


— i G0 Ie 1 ov ie ,  e 2.41 
n,(t) 2. aoa Qe ( ) 
; I 108 J10%1 11%0 eos DAD 
x,(t) 0, | (Q,)2 aes Mae ( ) 


We shall describe the fluctuations around these mean values by the fluctua- 
tion parameters », and uw, which are defined to be the ratios of the standard 
deviations to the square roots of the mean values; for a Poisson distribution 
U,=U,=1. We then get, restricting ourselves to the coefficients of ¢: 


Paves 2 os F 
nig ae =1 py Gout _order Peet iene ee (2.43) 
r 0 
(uae =f Sofas dante) 1 + order ee Le .. (2.44) 
? 710 0 5 


The main error made in these expressions, indeed the only error in (2.41) 
and (2.42), is the neglect of the contribution of the other poles in the complex 
s-plane. This error becomes small (as we shall show in Section III) if there 
are many developed grains in the cell length ¢, on the average, so that t contains 
many ‘‘ mean free paths” for grain activation. If we set r=0, the quantity 
«,(t)=a,(t) is the expectation value of the total length of the gaps ; hence t—a(t) 
is the expectation value of the total length occupied by the blobs. If this. 
length is much larger than a mean grain diameter 27, there are many developed 
grains (on the average) within the cell length t. Hence our criterion of validity 
reads 


— 


(Gt) oy ee ee (2.45) 


or, to the extent that we can neglect the constant term in (2.42), 
270, io 
where 91) is evaluated for r=0. 


III. RESULTS FoR SpEcrFIC MopEis 
(a) The Model of O’Ceallaigh 
This model is characterized by the survival probability (1.1) together with 
the assumption of a unique value y of the radius of the developed grains, that is, 
the distribution function G(y) is a delta function. We shall also use this model 
to test the validity of the approximations made in Section II, in particular the 
Sufficiency of condition (2.46) on the minimum cell length required. This can 
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be done because the Laplace transforms can be inverted exactly. The exact 
results are 


n,(t) =0, for t<2y+1,) 
=(t -27 —r) exp [—A(2y+7)], for t>2y-+1,) 
pe Aas Lect bara ee (3.1) 
uz, (t)=0, for t<2y-+1, ) 
= (t—2y —r —A™) exp ([ —A(2y+r)]+A~ exp (—2t), for t>2y +r, J 
ar Gee eee (3:2) 
whereas the results obtained by the use of (2.41) and (2.42) are 
mle dlb-—=2y —#) OD | AFI, oe pci es (3.1a) 
At) 2 0-1) exp [N27 eo es (3.2a) 


The difference between (3.1) and (3.1a) occurs only for t<2y+r; actually 
there is no real difference, we have simply not been careful in the general treat- 
ment about specifying the smallest value of ¢ for which the pole at s=0 makes a 
contribution. As we see from (3.1) this is not a significant restriction for any 
reasonable cell length t. The difference between (3.2) and (3.2a), for t>2y-+7, 
is due to the contribution of a pole at s=—1. Condition (2.46) (or (2.45), 
from which it is derived) becomes 


We now assert that the term A~!e~™ in (3.2) is indeed negligible whenever 
(3.3) is satisfied. To see this, we take the extreme cases of a very thin and a 
very thick track. A thin track has 2yA<1, hence (3.3) becomes ¢>)-}, 
exp (—At)<1. A very thick track has 2yAS-1, hence (3.3) is equivalent to 
t>2y, and thus e-t<e-2YA-<1, which establishes what we want. We also 
observe that condition (2.45) becomes trivial for thick tracks, and is always satisfied 
in practice. Even for thin tracks, (2.45) merely asserts that the cell length t¢ 
must contain many developed grains, and hence many gaps. A cell length 
containing as few as five gaps on the average is sufficient to make the A~1e-™ 
term in (3.2) less than 1 per cent. of the main term. Since no experimentalist 
does track statistics with such short cell lengths, condition (2.45) is in no sense 
a practical restriction. , 


The fluctuation parameters in the O’Ceallaigh model are given by 
p2—=1—2A(2y +r) exp [—A(2y+r)]+order [(2y+r)/t], ......---- (3.4) 
y2—(2/A){1—[1 +A(2y +7)] exp [—A(2y-+r)] +order [(2y+r)/t]}. .. (3.5) 

For the purpose of testing the predictions of this model against experiment, 

the following relation (which follows from (3.1a) and (3.2a)) is very useful : 
a,(t)/n,(t)=A-1[1 —order (1/At)]. -  ....6..0.. (3.6) 


For all practical cell lengths At=>1, so that (3.6) can be used to compute i 
directly. Since all the subsequent formulas depend on the value of A, this is a 
convenient procedure. 
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The ratio on the left side of (3.6) is approximately equal to the mean length 
of individual gaps.* In the O’Ceallaigh model, the parameter 4 can assume any 
value; according to (3.1) and (3.2), very thick tracks are described by very 
large values of 4. We see from (3.6) that the mean gap width approaches zero 
for very thick tracks, on the O’Ceallaigh model. Indeed, we shall see that this is 
true for all “ continuum models ”’, that is, all models which ignore the ‘‘ graini- 
ness’ of the emulsion before development. 


(b) The Model of Happ, Hull, and Morrish 

This model has the same survival probability, (1.1), as the O’Ceallaigh 
model, but introduces a distribution G(y) of final grain radii y. Rather than 
adopting the particular distribution function G(y) used by Happ, Hull, and 
Morrish, we shall work with a family of functions G(y) for which the integrals 
can be done in closed form. Since the experimentally observed distribution in y 
is very sharp, the detailed shape of G(y) is of no great importance. We merely 
must allow ourselves two parameters in the functional form of G(y) which can 
be used to fit the mean value y and the spread in the distribution-in-y. We shall 
adopt the functional form 


G(yj==(6 1) elive)* yh exp (—hyiyee eee (3.7) 


For sharp distributions, that is, high values of k, y, is close to the mean value y. 
More precisely, 


Re tes oes 7, 
For typical experimental distributions of radii of single grains (not lengths 
of blobs which may contain several grains) k is in the neighbourhood of 10. 


The quantities of experimental interest are then given by : 


= a er r aye )|. Ag Ot LET a ee (3.9) 
@O= a ea elt r ao 1], Ls hee ae (3.10) 
y2=1 ee Awe | +order [(2y)+r)/t], .. (3.11) 

l= OP) L— poe pers ar + Dny, “(Epa | order Gar) 
Pe eee (3.12) 


It can be seen by inspection that these expressions reduce to the ones of the 
O’Ceallaigh model in the limit k-oo. Furthermore, equation ( 3.6) is still 
valid and can again be used for a quick determination of the parameter 2. 


* Strictly speaking, the mean length of individual gaps is the average value of (x/n), not the 
ratio of the averages x/n. However, if the fluctuations are small the difference is insignificant. 
This is always so for long enough cell lengths ¢. 


“. 
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These expressions differ from the ones obtained by Happ, Hull, and Morrish 
because we concentrate our attention on different track parameters. In 
particular, the total excess gap length «,(t) was not considered by them (Happ, 
Hull, and Morrish 1952). We shall show in Section IV of this paper that it is 
impossible to fit both the total gap length and the mean number of gaps with 
values of 7, and k in agreement with experimental measurements on the emulsion. 
Hence the model of Happ, Hull, and Morrish will turn out to be inadequate. 
This fact could not have been seen from a study of the fluctuations in n(t) ; 
the fluctuation parameter uv, agrees with experiment. 


(c) A Modified O’Ceallaigh Model 

As a first step towards taking into account the “ graininess ” of the emulsion 
before development, we can use the survival probability (1.3) rather than (1.1). 
The modified survival probability takes cognizance of the fact that each crystal 
has a non-zero radius, and hence two crystals can never be closer together than 
some minimum distance «; « corresponds to the diameter (not the radius) of 
the crystals before development. Since this model will also fail to fit the data, 
we shall give only some of the results, namely the coefficients of ¢ in n,(t) and 
z,(t); these are : 


n,(t) i ie exp [A(a—2y—r)|-+constant, ........ (3.13) 
2) = exp [A(a—-2y—7)|+-constant. ......%. (3.14) 


The constant terms in each case are of relative order of magnitude (2y +7)/t. 
We observe that equation (3.6) is still valid. 


(d) A Modification of the Model of Happ, Hull, and Morrish 
This model has the same survival probability (1.3), as the preceding model,. 
but assumes a distribution in final grain radius G(v). It turns out to be con- 
venient to use the following modification of the distribution (3.7) : 


G(y)=90, for y<4a, (3.15) 
= (6!) |-yo)* My —4at exp [ley —}2) yo], for > de 


Physically this means that we assume that grains never shrink during the 
process of development. Since the mean grain radius after development, y, 
exceeds the initial crystal radius, 4«, by a considerable margin, and since the 
distribution function G(y) is quite sharp in any case, the few grains which perhaps 
shrink during development have no appreciable influence on the final results. 
The mathematical evaluation of the various integrals is simplified greatly by 
(3.15). The relationship of the parameters y, and k to the measured distribution: 


of sizes of single grains is 
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For the same reasons as before, we give only the coefficients of ¢t in the mean 
values n,(t) and «,(t); these are: 


ae —hr 
_ Ate +constant, ...... (Sle/) 


OER) + Oyo 
— te-A” 
al ag) Sone +constant....... (3.18) 


Again the relative contribution of the constant terms is of order (2y9+7)/t; 
again equation (3.6) can be used to find 4. Although (3.17) and (3.18) look 
very similar to (3.9) and (3.10), it must be remembered that the parameters y, 
and k determined from (3.16) are quite different from y, and k determined from 


(3.8), for the same emulsion. 


(e) The Model of Herz 
This model goes to the opposite extreme in treating the “ graininess ”’ of 
the emulsion. It is characterized by the survival probability (1.2) together 
with the assumption of a unique final grain radius y.* We introduce the integer 
R as follows : 


R=largest integer less than (2y-+7)/6. ........ (3.19) 

_ We then get : 
nit) =p—p)PC/8—R),  ....cosekeae eee. oe (3.20) 
#,(t)=p(1—p)* [e0(t/8 —R) —B(1—p)/p?], ---... (3.21) 


where the “mean gap width” w is defined by 


w= Bir (2y 7) (Bip)... a. eee (3.22) 


The fluctuations in this model are given by 


21 — (2h 1 )p =p) order (27 ert), ce see ee (3.23) 
a= —pg®(1 +2R)] +28(wo/20)g2+1[1 +2R—4Rq—(@2/p)] 


+(8?/w)(q/p)[1 +2(q/p) —g2 *(3+2R+42q/p)], ...... (3.24) 


-where we have used the abbreviations 


and 
iy==. lita’ = (FE 1) 8 — (279) ee (3.26) 
pl 


In the model of Herz the mean gap width w does not approach zero as the 
activation probability p comes close to unity ; rather it approaches the length 


* The quantity “ y ” of Herz and Davis (1955) equals our 2y/. For the special case r—0 
that is, all gaps counted, our R equals the I of Herz. 


’ 
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of the ‘‘ zero order gap’, wo, expression (3.26). This is a characteristic dif- 
ference between-the Herz model and all models discussed so far. The difference 
can be traced directly to the assumption of Herz that the undeveloped crystals 
are spaced in a uniform lattice, that is, to the special form (1.2) of the survival 
probability Q(t). This means that the grains either merge into a blob, or else 
have gap spacings equal to 


= weno, maintegral. ..050.5. 668. (3:27) 


As the track becomes more dense, the gaps move farther and farther apart, 
and a larger proportion of them become ‘“ zero order’ gaps, that is, gaps with 
width w=w,, m=0 in (3.27). In the limit of a very dense track, all gaps are 
zero order gaps. 

In the continuum models discussed so far, the mean gap width is given by 
equation (3.6), and thus approaches zero for very dense tracks (A approaching 
infinity). The difference between the continuum models and the Herz model 
is unimportant for thin tracks, but becomes increasingly more important as the 
track gets heavier. 


(f) A Modification of the Herz Model 

This modification consists in retaining the survival probability (1.2) of the 
Herz model, but allowing the final grain size to vary according to a statistical 
distribution function G(y). The function G(y) is chosen to be (3.15), with « 
replaced by (, again because the integrals can be done in closed form, and the 
precise form of G(y) is unimportant in any case. The integrations with this 
model are not altogether trivial, and are discussed in some detail in Appendix I. 
Since the results are rather complicated, we shall restrict ourselves here to giving 
the coefficients of ¢ in the mean values for r=0, that is, in n) and a. If the 
model checks sufficiently well against experiment (which has not been determined 
as yet) the fluctuations can also be computed by the methods given in Appendix I. 
The mean values, omitting constant terms, are 
2k m 
No(t) =p I —p oe Site TW) (;) +constant, .... (3.28) 
where k and y, are the parameters in G(y), equation (3.15), 6 is the lattice 
constant in the Herz model, 7,,,(y) is a function defined in Appendix I, and y 
is an abbreviation for 

y==(L—p) Oxp (KB) Yo)-6) o esistanwscnns (3.29) 


The mean total gap length, counting all gaps, is 


ee 24K +1)YoP Yor? ae 
L(t) = F Pp = kB kB os (2k +4 m) 
x er PAECOUEDAGS se aah oe ee ee ot (3.30) 
m! 


Numerical evaluation of these expressions and comparison against experimental 
data will form the subject of a later publication. 


F 
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IV. COMPARISON WITH EXPERIMENT 

The purpose of this paper has been to derive and state the theoretical 
formulas necessary to analyse experimental data. A detailed analysis of data 
on tracks in nuclear research emulsions will be presented in a later publication. 
However, it is perhaps of some interest to point out one qualitative result of this 
analysis at this stage. This is the inadequacy of the continuum models of track 
formation, that is, of all models which replace the survival probability by a 
completely smoothed-out function (usually an exponential). 

In order to obtain a quick test of the various models, we choose one rather 
dense track in a G5 emulsion.* For this track the experimental values of the 
mean number of gaps and the total gap length are (r=, i.e. all gaps are counted) 


n=0-383t (¢ in microns), | 
a—=0-177t. ; 


In the same emulsion, the mean radius of developed single grains was 0-325 u. 
We first compare against the continuum models ((a), (b), (e), and (d) of 
Section III). In all these models the parameter ( is given by equation (3.6), 
so that 

NE=216 5 URN ee ee ere wee ee (4.2) 


We now insert this value of ) and the grain size y=0-325 yu into formula (3.1a) 
to get, ignoring the constant term, 


n=0-530t, O’Ceallaigh model. .......... (4.3) 


Since this is quite different from (4.1), we turn to the model of Happ, Hull, 
and Morrish. For this emulsion, reasonable values of y) and k are: y)=0-300 up, 
k=10. Substitution in (3.9) gives, again ignoring the constant term, 


n=0-543t, model of Happ, Hull, and Morrish .... (4.4) 


Hence the statistics of final grain sizes has made little difference (as is to be 
expected for k=10) and in so far as it had an effect, the effect went in the wrong 
direction. We therefore turn to the modifications which take into account the 
initial crystal sizes to a first approximation (model C of Section I). In this 
emulsion, a reasonable value of 8 is 0-290 u. Substitution in (3.13) gives 


n=0-616t, modified O’Ceallaigh model. 


Thus the modified O’Ceallaigh model is even worse than the original one. 
Finally, we put in the statistics for the final grain radii, this time with yy=0-125 u 
and k=2-8. The result is the worst yet: 


n=0-652t, modified model of Happ, Hull, and Morrish. .... (4.6) 


* The data for this track were supplied to the author by Dr. A. J. Herz. 
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While we have picked only one track for this comparison, it should be noted 
that the results are typical for all thick tracks in nuclear research emulsions. 
Of course, the theory could be brought in agreement with experiment by choosing 
a different value of y. To see what ~ would have to be, we take the most 
favourable case (i.e. the one which came nearest to agreement before), that of 
the O’Ceallaigh model. We use A as in (4.2) and determine y from (4.1) and 
(3.la). The result is 


SS INT TL, ee aT (4.7) 


The experimental distribution of radii of single grains depends on the 
resolving power of the microscope, the adjustment of the microscope, the state 
of the emulsion, and the particular observer. For any combination of optical 
conditions and observer, however, the average grain diameter is a clearly defined 
quantity, and two adjacent grains will be counted as a single blob if their 
boundaries, as seen by that particular observer under these particular conditions, 
overlap. Hence, if the blob counting and gap measuring is carried out under 
the same conditions and by the same observer as the measurement of developed 
grain sizes, then the theory should apply, and the optical conditions and 
peculiarities of the observer need not be considered. 


The same observer who measured the track listed in (4.1) also measured, 
in the same plate and under the same optical conditions, the distribution of 
blob sizes in a thin track, where most blobs correspond to single grains. The 
distribution of blob sizes in this thin track has a clearly defined peak corres- 
ponding to single-grain blobs. The most probable grain diameter is 0-65 up, 
and 43 per cent. of the grains are contained in the peak between 0-62 and 0-68 wu. 
A grain diameter of 0-80» is definitely in the tail of the distribution; the 
distribution function G(v) has dropped to about 1/7th of its peak value by the 
time grain diameters 2y—0-80 uw are reached. 

Hence we conclude that the models which ignore the approximate lattice 
structure of the spatial distribution of undeveloped crystals in the emulsion are 
definitely in disagreement with experimental data. For the same track already 
discussed, Herz had no trouble in fitting the data to his model. Furthermore, 
Herz was able to fit several tracks in the same emulsion using identical values of 
lattice spacing @ and final grain radius y, varying only the activation probability 


A more detailed comparison against experimental data will form the subject 
of a later publication. 


V. ACKNOWLEDGMENT 
The author would like to thank Dr. A. J. Herz for many valuable dis- 
cussions. 
VI. REFERENCES 


Bretiman, R., and Harris, T. E. (1948).—Proc. Nat. Acad. Sci., Wash. 34: 601. 
Happ, W. W., Hutt, T. E., and Morrisn, A. H. (1952).—Canad. J. Phys. 30: 699. 
Herz, A. J., and Davis, G. (1955).—Aust. J. Phys. 8: 129. 

JAnossy, L. (1950).—Proc. Phys. Soc. Lond. A63: 241. 

O’Cratbatan, C, (1953),—Rep. Cosmic Ray Congress, Bagnéres-de-Bigorre, p. 73. 


268 J. Me BEATE 


APPENDIX I 
Some Methods for Evaluating the Integrals 

The integrals (2.34)-(2.40) must be evaluated, preferably in closed form, 
before the theory makes useful statements. In general there is no difficulty with 
(2.34) and (2.35), which are just the first two moments of the survival probability 
Q(t). We shall therefore restrict ourselves to a discussion of the integrals 
ij, (2.36)-(2.40). 

It turns out to be very convenient to introduce the Laplace transform of 
the survival probability : 


as well as its derivative 


Clearly the following relations hold 
P(O=Q,9 OS =O Se aa oe eee (A3) 


Consider now the integral go, expression (2.36). We observe that the 
integration over t simply yields the function Q(y,+y.+7), for which we write 


ds exp [s(y; +72+7r)]P(s). ..-. (A4) 


C 


Oly. + Yet) = (271) | 


The contour in (A4) is the standard Bromwich contour, to the right of all poles 
of P(s). We then interchange orders of integration over y,, y2, and s. We 
introduce the Laplace transform of the distribution-in-final-grain-radius G(y) : 


H(s)= | CHNG(VIAY. 6 cae eines ee See (A5) 
0 
in order to get 


Fool?) = (2m) | dseH?(—s)P(s),  .........00- (A6) 


( 
where the contour C must be restricted in such a way that H(—s) represents a 
convergent integral rather than the analytic continuation of a convergent 
integral. That is, the contour © must lie to the left of all poles of H(—s) as well ax 
to the right of all poles of P(s). These conditions may turn out to be contradictory, 
in which case this method of evaluating the integrals fails ; but so far it has been 
quite easy to satisfy both conditions simultaneously. 

Next consider g),, equation (2.37). We introduce for the moment the 
notation 


TD 224 5 15 9 2s ere Ren ea ee tee (A7) 


and we ask for the Laplace transform of the function of 7 obtained by performing 
the integration over t, that is, 


U16)= | é ar | die=tigt): ee ee (A8) 
10) ws ; 


THEORY OF TRACKS IN NUCLEAR RESEARCH EMULSIONS 269 


We interchange orders of integration to get 


U(e)=0| 7 di(1 —e—*)tgq(t), 


) 
and integrate by parts to obtain 
G(s) ==8 (0, =P(8)—eP"(8)). oc ee cee es (A9) 


From here on the steps are just as before, leading to the result 


Gor(t) = (2c) | _, Os eH Anes a a ee (A10) 


Contrary to the first impression, the integrand of (A10) is regular at s=0 ; 
this can be seen by using (A3), or more directly by observing that (A8) is by 
definition a convergent integral when s—0. 


The same approach can be used on the other three integrals g;; and yields : 


G(r) = emi] ds e*” H?( _5)% amt, ceva Ne eerste eee ewes (A11) 
C ‘ 
93(r)=(2 xi)? [ ds e8 H( al, gtk Ne) eee Ae) Aedes (A12) 
Ake ‘ 


Goo(t) = (21) | __ ds or H4(— 9) Mo ta] 

In all cases the integrand is regular at s=0. In most cases the contour can 
be deformed towards the left, so that the relevant poles are the poles of P(s) 
(which are of course at the same points as the poles of P’(s)). In the continuum 
models, with survival probabilities (1.1) or (1.3), P(s) is very simple and has 
only one pole, at s=—. 

The rest of this appendix is devoted to the evaluation of the integrals in 
the model of Herz and in the generalization of that model discussed in Section 
TIT. 

We introduce the notation 


where p is the probability of activating a traversed crystal. The Laplace 
transform of the survival probability Q(t), expression (1.2), is 
ee) (k+1)8 
Piaj==, = .g* e- “dt 
k=0 kp 


=s~!{1 —e—8B] 5 [qe~8B]é. I i unaten cee (A15) 
k=0 
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We can sum the infinite series to get the form 


However, we shall find that (A15) is often a more convenient form to work with. 
The poles of P(s) are located at 


s,= —6-[In (1/q)+n(271i)],  m=integer. ..... (A17) 


Since q is by definition less than unity, it suffices to take our contour C to the 
right of the origin. 
To illustrate the method, let us first’ evaluate goo(7) for the Herz model. 
In this model G(y) is a delta function, so that 
EPS) 0 Fee co Saks ee eee ee (A18) 


Substitution of (A15) and (A18) into (A6) yields 


Goo(?) = (270i) { ds exp [(r+2y9)]— Pe) gt exp (— ksi) 
C 4 


Ss k=0 
=eniy 7] ds s-! exp [sr +271) al —p & q*-1 exp (—ksB) . 
se Sep ee ae Oe (A19) 


We now interchange the order of integration and summation ; this is possible 
since the infinite series converges absolutely and uniformly along the entire 
contour C. The contributions of the various terms k depend on the magnitude 
of k. First consider small values of k, for which the coefficient in the exponential 
exp [s(r+2y,)—k®)] is positive. We then close the contour to the left and 
obtain the contribution from the pole at s=0 only. This contribution is 
—p(q)*-!. But when k gets large enough that the coefficient in the exponential 
is negative, we close the contour to the right, and get zero. The critical value 
of k is precisely the integer R defined by (3.19). Hence we get 


R 1—gk 
Jo(Q)=1—p 4 gti =1—ps cies: q®)=q".  .... (A20) 
k=1 ses 

Of course, this integral could have been evaluated much more directly~- 
from first principles, but this derivation was intended to show an application 
of the method of this appendix to a particularly simple case. 

We now turn to the modified model of Herz, where the integrals are some- 
what less trivial. The distribution-in-final-grain-radius G(y) is given by (3.15), 
and its Laplace transform is 


_ exp (—}s6) 
(s) meseRan ee (A21) 


For large values of k this reduces to 


lim H(s)=exp [—s(7o+4$8)]. .......--- (A22) 


ko 
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This is of course the same as (A18) if we remember the altered definition of the 
parameter Yo. 

We evaluate g(r) explicitly for the special case r=0; it should be noted 
that it would be very difficult to get a closed result without the use of these 
Laplace transform methods. Substitution of (A15) and (A21) into (A6) gives 


ee ee At [1 —exp (—s8)] exp [s(r+8)] : 
Joo") = (277i) | e 6 A ns sf1 —(res/k) 22 dg exp (—ns() 


SG +\— f = exp (sr r) PNY og - nN Pal, l 
== (277i) ‘| . ds ACN ae (s6) pag exp ( take 


In order to get formulas of reasonable length, we restrict ourselves now to the 
special case of the limit r—+0. It should be emphasized, however, that non-zero 
values of r can be handled by the same methods ; the results are merely a little 
more involved. If we assume that r is an infinitesimal positive number, we 
see that we must close the contour to the left for the e*? term and for the term 
n=0 in (A23), to the right for all terms n>1. The contour C runs to the left 
of the origin but to the right of the pole 


ee ee ee ee (A24) 


The contribution of the pole at s=0 is simple; let us now consider a typical 
term n>1 and its contribution, which arises from the pole s=o. This con- 
tribution is the negative of the residue at s=o, that is, setting r=0, 


if q24+1 
He (=a) a gears oe) 
= py sae ers (ge Poi, 
=O 
We therefore get 
oO) =9—p = ee Ulade rol tpestow. 9. Siar (A25) 


At this stage we interchange the order of the two summations, and evaluate 
the infinite sum over n explicitly. We define 


y=q exp (—6c)=(1—p) exp (—kB/yo), ....-- (A26) 
and 


1 
cy) = 5) niry” = (yd/dy) ikem iar] te eee (A27) 


n=0 


in order to get 


2k+1 m 
ga(0)=a—p > ESM, (y) 3m 


where 3,9 is the Kronecker delta ; the final result is 


at ys eae EET Ty). ee ae ee (A28) 


m=0 
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This result is not overly simple, but it would of course be unreasonable 
to expect a simple answer, since we must get a continuous and differentiable 
function of 8/-~, which in the limit k—> co approaches the discontinuous function 
(A20). 

It may be worth while to say a few words about the functions 7’,,(y) defined 
by (A27). Their calculation can be simplified by expressing the operators 
(yd/dy)” as linear combinations of the operators 


= M(d/dy ys. sass Soins (A29) 
We write 
(ydjdy\"—= SoD & 7360, eee eae ee (A30) 
pi 
and obtain the recursion relations 
Om +1, r=4m, r—1 +4, 15 r-~l, r~Am-+1, 
Am +1, 1 =m +1, m+ dl en een fC ORs ols oe Gok (A31) 


The first few coefficients a,,, are given in Table 1. We now introduce (A30) 
into (A27) to get 


TABLE 1 
VALUES OF THE COEFFICIENTS @,, IN EQUATION (A32) 
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Expression (A32) together with Table 1 gives a practical way of calculating 
T’,(y). It should be noted that all the terms in the sum over r are positive, so 
that there is no danger of near cancellation of two large numbers of opposite 
sign. There is, however, appreciable cancellation of this type between the 
“1” in (A28) and the sum over m, 8o that each 7',(y) must be calculated to 
considerably higher accuracy than the accuracy of the final result. 

An entirely similar derivation gives 


t= GalP—2k-+2)yolk-+(pralk) SK +2—m) ECMO y), (433) 


These results are sufficient to determine the coefficients of t in the mean 
number of gaps and the mean total gap length, quoted in Section III. 
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Summary 
An experimental investigation has been made of the minimum detectable echo 
power from meteor trails, using radar techniques at 69 Mc/s, with incoherent detection. 


For optimum signal-to-noise ratio the pulse width must exceed the cathode-ray 
tube spot width. Extraterrestrial noise is predominant at 69 Mc/s, and the receiver 
noise figure is found to be of only second order importance. Variations in the effective 
aerial temperature introduce corresponding variations in the observed meteor rate, 
and must therefore be considered when meteor rates are being compared. 


Using artificial echoes, a minimum detectable signal-to-noise ratio of 8 db is found. 
The most important parameter is the total received signal energy. Both these results 
are in agreement with published theories. No further reduction in the size of the 
smallest observable meteor is likely through receiver improvement. The important 
features of the receiver are described. 


I. INTRODUCTION 

In the radar detection of meteor trails the minimum detectable electron 
density, and therefore also the observed echo rate, depends on the parameters 
of the radar system (Kaiser 1953). Hence, if absolute echo rates and trail 
density comparisons between different observing stations are to be made, these 
parameters must be known accurately. The aerial gain and beam shape, the 
transmitter power, the wavelength, and the echo range can all be measured to a 
reasonable order of accuracy, but the minimum detectable echo power is not so 
readily obtained. 

The accurate calculation of the minimum detectable signal power in a 
radar receiver (Norton and Omberg 1947 ; Goldman 1948 ; Lawson and Uhlen- 
beck 1950 ; Ross 1951 ; Spencer 1951) requires the knowledge of a large number 
of parameters which are not all easily determinable. Therefore, for the purpose 
of estimating meteor magnitudes, it was preferable to find the minimum 
detectable signal power by direct measurement. 

The radar system for the detection of meteors uses conventional incoherent 
pulse techniques, and includes a 69 Mc/s transmitter with a peak power of 80 kW 
and a pulse recurrence frequency of 150 sec~1, an aerial array with a gain of 120 
relative to an isotropic source and half-power beam widths of 14° and 22°, and a 
receiver with a noise figure of 2:0. The signals are displayed on an intensity- 
modulated cathode-ray tube, and recorded on film moving continuously at 
right angles to the time base at a speed of 1-23 <0 em sec". Further 
details of the receiver are given in Appendix I. 
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II. BANDWIDTH LIMITATIONS 
The first bandwidth limitation is well known. With incoherent detection, 
the lowest possible value of the minimum detectable signal requires optimum 
setting of the pre-detection bandwidth (Goldman 1948 ; Spencer 1951). Video 
bandwidths wider than the optimum have negligible effect, but a bandwidth 
less than the pre-detection width degrades the signal-to-noise ratio. 


In addition, however, because of the finite spot size the cathode-ray tube 
behaves as a low-pass filter (Ridenour 1947), since events occurring within the 
time taken for the spot to travel a distance equal to its own diameter are not 
resolved. It is therefore desirable to have the cathode-ray tube bandwidth 
wider than the pre-detection bandwidth, i.e. the cathode-ray tube spot width 
should be shorter than the signal pulse. 

Meteor trails occur at a height of approximately 100 km. Hence with a 
low-elevation radiated beam a maximum range of about 900 km is required 
for the complete recording of echoes. The spot width thus represents more 


DENSITY 


1 10 100 
PULSE WIDTH (uSEC) 


Fig. 1.—Variation of trace density with pulse width. (Pulse voltage =15 V.) 


kilometres range, or microseconds, than in conventional radar systems, and 
pulse widths longer than usual must be used if the optimum signal-to-noise ratio 
is to be achieved. 

A series of measurements was made by applying to the cathode-ray tube 
grid a pulse of adjustable width, but of insufficient voltage to saturate the screen. 
The resultant film densities were measured on a microdensitometer (Tait and 
Chalklin 1953). The results, shown in Figure 1, demonstrate that the low-pass 
filter action of the cathode-ray tube produces appreciable loss with pulses shorter 
than 20 usec width. 

Microscope measurements were also made of short-duration meteor echoes, 
and gave a mean value of 56 usec for the spot width. (Statistically significant 
variations occurred between films because of the variation of spot size with the 
brilliance control setting.) This time interval is longer than the value given 
by the microdensitometer method. Soller, Starr, and Valley (1948), however, 
find that microscope readings of cathode-ray traces are about double those 
recorded by other methods which approach more closely the conditions of visual 
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observation. The present figures are in fair agreement with this conclusion, 
and a value of 20 usec was therefore taken as the minimum desirable pulse 
length. 


III. EFFECTS oF EXTERNAL NOISE 

The minimum detectable signal is reduced by decreasing the receiver noise 
level. Extraterrestrial noise, however, is always present, and the effective 
aerial temperature, for an aerial beam more than a few degrees wide, is always 
greater than 1500 °K at 69 Mc/s (Norton and Omberg 1947 ; Moxon 1949). A 
reduction in internal receiver noise, if the latter is already low, may therefore 
produce little improvement. The total effective noise input power to the 
receiver (P,) is 


n 


P,=(F,+F—1)kTB, 


where F#,=the ratio of the effective aerial temperature (7) to the receiver 
temperature (7’=290 °K) 
=external noise factor, 
F=receiver noise figure, 
k=Boltzmann’s constant, 
B=receiver bandwidth. 


The meteor echo rate for sporadic meteors is inversely proportional to the 
minimum detectable signal voltage (Kaiser 1953), hence 


IN re er io 1). eet (1) 


where N, (or N,) is the meteor echo rate for a receiver noise figure of F', (or F’;). 
It can be seen that, if /, is large compared with F, variations in F should produce 
little difference in the echo rate. 

This independence of NV,/N, and F was verified experimentally in the 
following manner. The sporadic meteor echo rate was measured for con- 
secutive 19 min intervals, and echo rates of the order of 60 per hour were obtained. 
On alternate 19 min, periods the receiver noise figures were 2:01-0:02 and 
6-3-+0-2 respectively, the higher noise figure being obtained by reducing the 
gain of the first stage of the receiver. The meteor echo rates obtained with 
these two noise figures were virtually unchanged, giving a ratio V,/N,=—0-9--0-2, 
whereas in the absence of external noise (/,=0) the ratio would have been 0-44. 
It is therefore apparent that external noise has much more effect on the echo 
rate than receiver noise. Quite apart from any inherent variation in real meteor 
rate with time, due to the Earth’s rotation and translation, the observed or 
apparent meteor rate must also be a function of the equivalent aerial temperature. — 


The ratio of the maximum to minimum aerial temperatures is of the order 
of 6 (Shain 1954) or 10 (Hey, Parsons, and Phillips 1948). The CO arenas 
ratio of echo rates is 0:44 or 0:34, assuming a minimum temperature of 1500 °K 
and F=2:0. It is therefore important that the aerial temperature be considered 
when comparing echo rates, even if these rates are obtained with the same 


equipment. 
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IV. MEASUREMENT OF THE MINIMUM DETECTABLE SIGNAL POWER 

Because noise introduces random variations in the observation of a signal, 
various definitions of the minimum detectable signal (Pmin.) are possible. The 
value of Pyin, adopted here will be that having a 90 per cent. probability of 
detection, as assumed by Lawson and Uhlenbeck (1950). 

The minimum observable signal was determined experimentally for the 
receiver of known noise factor by the following method. A pulsed signal 
generator was used to produce artificial echoes of 1-0 sec duration, since this 
is the effective integrating time on the film. More than 200 echoes, random in 
amplitude, range, and echo separation time, were recorded photographically for 
each test. The fraction detected in each amplitude group was assumed to be 


PROBABILITY 


DETECTION 


—14 as ~ — 
10 10 13 10 12 10 iB 
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Fig. 2.—Detection probability as a function of pulse input power. The 
size of the points includes the estimated experimental error. 
Curve A: I.F. bandwidth=63 ke/s ; pulse width=26 usec ; 
Pyin. =0-°30 X 10-14 W (7-8 db above noise). 
Curve B:' IL.F. bandwidth=300 ke/s ; pulse width=8 usec ; 
Pmin. =0-85 x 10-14 W (5-4 db above noise). 
Carve C: LF. bandwidth=300 k/es ; pulse width=3 usec ; 
P min. =40 X 10-14 W (22-0 db above noise). 


the detection probability of that amplitude. (Each echo was made to appear 
as a pair of dots or lines by displacing the time base slightly on alternate sweeps. 
The probability of random noise producing two pulses of large amplitude with 
the correct spacing is very small, so the number of chance guesses should be 
small, and has been neglected.) 

The detection loss with pulse widths shorter than optimum (here about 
20 usec) is clearly apparent from Figure 2. The minimum detectable power of 
7-8 db above the noise level is in agreement with the experimental result of 
8 db obtained by Gérardin (1954) for an intensity modulated radar system, 
and further confirms a theoretical analysis due to Ross (1951). When the 
receiver is connected to an aerial, Pin, will be 8 db above the total noise power 
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of (F,+F—1)kTB. An appreciable decrease in Prin. i8 only possible if coherent 
detectors are used (Goldman 1948; Smith 1951 ; Tucker and Griffiths 1953). 


Curve A in Figure 2 was for optimum conditions. For curve B the pulse 
width was shorter, and the predetection bandwidth wider than the optimum 
suggested by Figure 1, but the pulse energies for these two curves in Figure 2 
are equal within the experimental error. This confirms the results obtained by 
Goldman (1948), and by Woodward and Davis (1950), who analyse receiver 
performance in terms of information theory and find that the significant para- 
meter is the ratio of the total received signal energy to the noise power per unit 
bandwidth. Their analyses assume coherent detection, but also hold for 
incoherent detection if the signal-to-noise ratio is large. The energy equivalence 
between curves A and B suggests that a signal power of 8 db above the noise is 
sufficiently large for the latter qualification. to hold. 

In the experiment described above the integrating time is of the order of 
1-0 sec, but most meteor trail echoes do not last for this length of time at 69 Me/s. 
Variation in the trail duration, if less than the integration time, will cause an 
inverse variation in Pyin. Assuming an average echo duration of 0-1 sec, the 
value of Pin, in Figure 2 must be multiplied by 10. 


V. THE MINIMUM DETECTABLE METEOR MAGNITUDE 

Taking as average values for meteor trail detection an aerial temperature of 
2000 °K, and a range of 480 km, together with the radar parameters described 
above, the minimum trail density (%pin,) is 2:4 x10! electrons per metre. From 
Kaiser’s equation (1953) this value is equivalent to a zenithal magnitude of +49. 
Polarization effects are small and have been neglected in this calculation. A 
perfectly noiseless receiver would only reduce opin, to 2:1 10m. It 
therefore appears that ein, at 69 Mc/s can only be reduced further by increasing 
the radiated power density. This can be achieved either by increasing the 
mean transmitter power considerably, or by increasing the aerial gain. No 
further decrease in opin, is likely through receiver improvement. 

Meteors show longer durations with decreasing radar frequency. This 
implies a greater integration time, and allows smaller meteors to be detected. 
Extraterrestrial noise, however, also increases with decreasing frequency, so 
the change in observed meteor rate on moving to lower frequencies can be 
expected to be less than that arising from the frequency effect alone. 


In the comparison of trail densities and rates it would be preferable to 
specify the minimum detectable energy rather than the minimum detectable 


power. 
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APPENDIX I 

A 69 Mc/s receiver was constructed for the detection of echoes from meteor 
trails. The receiver noise has been reduced by using a cascode radio frequency 
amplifier (Wallman, MacNee, and Gadsden 1948). Provision is made for 
adjustment of the source impedance by using a II-network to couple the aerial 
to the radio-frequency amplifier. The network capacitors are variable, and 
have been calibrated. Once the optimum source impedance and optimum 
detuning have been determined with the help of a noise generator, the network 
constants can be adjusted to suit a wide range of aerial impedances. Correct 
neutralization gave a noise figure of 1-6. Since such low values of receiver 
noise are unimportant, a noise figure of 2-0 has been used to allow for any small 
variations in input tuning and neutralization. 

The relationship between signals differing largely in amplitude was required 
to be known for meteor velocity measurements. A logarithmic I.F. characteristic 
satisfies this requirement, and the circuit suggested by Croney (1951) was used 
as it is instantaneous and requires no critical matching of components. Five 
amplifying stages and six detectors are used, and the output is closely logarithmic 
over a range of at least 60 db. For linear receiver operation all detectors but 
the last are biased off by returning the cathodes to +25 V. 


DIFFUSION COEFFICIENTS FROM THE RATE OF DECAY OF 
METEOR TRAILS 
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Summary 

The effective diffusion coefficient for a meteor trail is calculated from the theory 
of ambipolar diffusion and the physical constants of the upper atmosphere. The 
absolute value of the diffusion coefficient so calculated, and also its gradient with 
height, are confirmed by measurement of the rates of decay of a large number of meteor 
echoes of known heights. The individual values show considerable scatter, most of 
which is attributed to a regular diurnal variation in the value of the diffusion coefficient. 
Amplitude fluctuations in persistent echoes are also briefly discussed. 


I. INTRODUCTION 

The problem of the behaviour of ionized meteor trails after formation has 
been considered in detail by Greenhow (1950, 1952). In the second paper the 
distinction between echoes of short and long duration was drawn, and evidence 
was presented that the dissipation of the ionization is primarily due to diffusion 
processes. Fluctuations in the amplitudes of long-enduring echoes were ascribed 
to distortion of the initially uniform ionized column into two or more reflecting 
centres. The observations discussed by Greenhow were all obtained by pulse 
techniques on wavelengths of 4-2 and 8:4m. The more recent observational 
data are contained in the comprehensive report by Kaiser (1953). 


Huxley (1952) has shown that the durations of meteor echoes are of the 
order of magnitude to be expected from ambipolar diffusion of the trails and the 
known, behaviour of ions and electrons in gases. In this paper a revised estimate 
of the diffusion coefficient in the meteor zone is obtained by an extension of 
Huxley’s theory of ambipolar diffusion, and these theoretical values are compared 
with data obtained at Adelaide using the c.w. technique at a wavelength of 
11-2 m, described by Robertson, Liddy, and Elford (1953).+ 


Il. THe EFFECTIVE DIFFUSION COEFFICIENT 
According to Kaiser (1953) the loss of electrons by recombination or by 
attachment is negligible except perhaps in the final decay of very persistent 
echoes, and the heat generated during the formation of the trail has little effect 
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+ Note added in Proof.—Theoretical calculations of the effective diffusion coefficient, 
essentially similar to those of Section 1I but without consideration of the height gradient, have 
been published by Massey and Sida (1955) after preparation of this paper. Some measurements 
by Greenhow and Neufeld (1955) on a much smaller sample of echoes have also appeared. 
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upon its subsequent behaviour. It will therefore be assumed that the dissipation 
of meteor ionization is due to ambipolar diffusion alone. 

The radial distribution of electrons in an initially linear concentration, 
found by solution of the diffusion equation, is 


=(a/47Dt) exp (—r?/4Dt), 


where D is the effective diffusion coefficient and « the line density of electrons 
(Huxley 1952). The distribution is therefore Gaussian. If the line density « 
is sufficiently small, the incident wave penetrates throughout the column and the 
echo amplitude decays exponentially from an initial value A, according to the 
law 

A= A, 6p (16RD ).) Boake ee (1) 


For «<2:4x10!2/em, A, is the maximum amplitude according to the Lovell- 
Clege scattering formula, although, if predicted resonance effects (Herlofsen 
1951; Kaiser and Closs 1952) are present, this is true only for parallel polariza- 
tion. For transverse polarization the amplitude near the beginning of the 
echo is enhanced by the resonance and in this event the exponential decay law (1) 
will cease to apply. When «>2-4x10!/em (persistent echoes) the law (1) 
applies only to the final stage of decay of the echo, when ae electron density 
has become sufficiently dilute. 

The effective diffusion coefficient for electrons in a meteor trail may be 


written 
D~D,(1+T,/T;), 


where D, is the diftusion coefficient for positive ions and 7, and 7, are the electron 
and ion temperatures respectively. Since 7,~T7,; (Huxley 1952), then D~2 
The coefficient D; may be evaluated, without recourse to the theoretical formulae 
of kinetic theory, following an unpublished method due to Huxley and Robertson. 

The diffusion coefficient D; and the mobility a, of a group of singly charged 
ions are connected by the relation 


D220 RIVE Ss Se ee. ee one (2) 


where & is Boltzmann’s constant and e the electronic charge. The mobilities 
in nitrogen of the positive ions of a large number of metals have been measured 
(Tyndall 1938) and it is found that at a pressure of 760 mm Hg and a temperature 
of 18 °C the mobilities of these ions in most instances have values lying between 
2 and 3 cm? seo"? V~, although the masses of the ions differ greatly. Further, 
Pearce (1936) found that, for nitrogen and caesium ions moving in nitrogen at 
constant temperature, a change in temperature of 400 °C changed a, by a factor 
of 2 only. I this behaviour is accepted as typical, then for temperatures 
between 200 and 250 °K and at a pressure of 760 mm He, the values of a; for 
meteor ions are about 2-5 cm? sec-t V-1=7-5 x10? cm? sec (e.s.u.)-. Since 
a; 18 inversely proportional to the molecular concentration, the value of D is 


D=2D;=1:50 x 10°(760/p)(T?/291)k/e 
=1-13 x10-°T?/p ~— em? /see. 
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Using values of 7 and p found by means of rockets (Rocket Panel 1952) 
the variation of D with height may be found from (3). This relation, sketched 
in Figure 3, is to be compared with measured values of D. 

The effect of the Earth’s magnetic field, not so far considered, is to modify 
the diffusion coefficient for electrons, D,, without affecting the more massive 
positive ions. For electrons moving parallel to the magnetic field in the absence 
of positive ions, the diffusion coefficient is D\\=kT/mv>D;. Here v is the 
collisional frequency and m the electronic mass. The rate of diffusion of the 
meteor trail in this direction is clearly controlled by the positive ions at all 
heights. 

On the other hand, for electrons alone moving transverse to the magnetic 
field, 

D | =Dyyv?/(v? +?) 
~Dyjv?/o?, if w?/v?>1. 


With the gyro-frequency ~107 radians/sec, and using the expression for the 
collisional frequency v=9-36 x10’p (Crompton, Huxley, and Sutton 1953), 


Dips ied ot ORT aN I SE be eh hs (4) 
Comparing (4) with (3), 
Pte Re ip i 2 ad nebeska (5) 


Again using the rocket data, it is found that D, —=D;—D at a height of approxi- 
mately 92 km, and at this height electrons and positive ions diffuse at the same 
rate in directions transverse to the Earth’s magnetic field. The asymmetry 
of the effective diffusion coefficient will result in elliptical cross sections for 
diffusing meteor trails above about 90 km. At heights above 92 km the ability 
of the electrons to retard the transverse motion of the more rapidly diffusing 
positive ions will presumably be limited, and it appears that D does not fall 
very much below D; at any time. Marked departures from cylindrical symmetry 
are therefore not expected, and values of D derived from (3) should at most 
require reduction by a factor of 2 at high levels to take account of the presence 
of the Earth’s magnetic field. 


III. AMPLITUDE FLUCTUATIONS IN PERSISTENT ECHOES 

According to the theory of radio reflections from meteor trails (Kaiser 
and Closs 1952) the short decay type of echo is characterized by a duration, 
defined as the time required for the echo amplitude to fall to 1/e of its initial 
value, which is independent of the line density «. The decay follows the 
exponential law (1) after an initial rapid rise to maximum amplitude. The 
long-enduring type of echo, on the other hand, shows a slower rise in amplitude 
to a flat maximum, and a final rapid exponential decay. Examples of these 
two types of echo are given in Figure 1, in which the amplitudes are plotted to 
logarithmic scale. 

Echoes whose duration, for the Adelaide wavelength of 11-2 m, exceeds 
2 sec rarely show the regular rise and decay in amplitude exemplified by the 
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echo shown in Figure 1. The amplitude of such a persistent echo usually 
fluctuates irregularly. Often it cannot be measured, as with the c.w. technique 
it is necessary to pick out the times when the sky (reflected) wave is in phase or 
anti-phase with the ground wave, and if the echo is too confused these times 
cannot be identified. Such complex echoes are often associated with an irregular 
‘‘ Doppler ”’ period, i.e. the beat period between sky wave and ground wave ; 
and, less commonly, with the appearance of multiple range traces whose structure 


AMPLITUDE (G.W. = 1) 


TIME (SEC) ~ 


Fig. 1.—Amplitudes of typical echoes of short (curve 8) 
and persistent (curve P) types. 


may vary with time. Also, many echoes have been noted in which the amplitude 
fluctuations set in some time after the commencement of the echo. These 
facts confirm the interpretation of the irregular amplitude fluctuations in terms 
of the distortion of an initially uniform trail into several reflecting centres 
(Greenhow 1952). 

Whilst it is believed that the establishment of multiple scattering centres 
is due to atmospheric turbulence, echoes of the type sketched in Figure 2 suggest 
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that the scale of the turbulence is not necessarily large. Figure 2 (a) is an 
example of a trail of constant slant range, reflecting primarily from two centres. 
The relative velocity v of these two centres is found from the formula 


Oe pM 


where 7 is the period of the amplitude fluctuation. Since 7—0-77 sec for 
this echo, v=7 m/sec. The Doppler period is remarkably constant over the 
whole duration of the echo, the mean half-period over 40 Doppler cycles being 
0-065 +0 -006 sec, corresponding to a line-of-sight velocity of the trail drifting 
in the local wind of 43 m/sec. Figure 2 (b) shows a more confused echo, but 
again the slant range remains constant and the mean Doppler half-period of 


(a) 


AMPLITUDE (G.W = 1) 


ee 4 —- 
O° 1 2 s aa 


(b) TIME (SEC) 


Fig. 2.—Examples of amplitude fluctuations in persistent echoes. 


0-071 +0-009 see does not alter over the duration of the echo. Hchoes such as 
these, which are by no means uncommon, are presumably produced by trails 
broken up into two or more reflecting centres which, however, all drift in the 
local wind with essentially the same velocity. 

Finally, a small number of persistent echoes, regular in amplitude, show 
very rapid slant range drifts of the order of 20 km/sec or more. According to 
Ellyett (1950) such rapid range drifts are caused by bending of the trail in a 
small wind gradient. 


IV. THE MBASURED DIFFUSION COBFFICIENTS 
(a) Method of Measurement 
The rates of decay of over 1000 echoes of known heights have been deter- 
mined by measurement of the amplitudes at successive maxima and minima 
of the Doppler beat pattern. Only those echoes which show a regular exponential 
decay have been used, and the rate of decay of an individual echo is found by 
fitting a straight line to the plot of the logarithm of the amplitude v. time. 
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The slope of this line fixes the time in seconds, z, for the echo amplitude to 
decay to 1/e of its initial value, and from (1) we find for the diffusion coefficient 
D=0-805c 1044 
for A=11:2m. The method of height determination has been described by 

Robertson, Liddy, and Elford (1953). 


TABLE | 
MEASURED DIFFUSION COEFFICIENTS 


Mean Mean | Slope of 


Date Type of Bae in Height 0" D weer 
Meteor Group ; 
(km) CXLORE SY ee Use} 
December 10-15, 1952 | Geminid | 70 89°3 3°21 2-28 
16—20, 1952 | Sporadic WL 89-7 3-61 0-89 
June 5-12, 1953 | t-Perseid | 43 90-4 4-42 | 1-37 
_ Arietid 70 89-5 4-00 0-95 
Sporadic | 170 89-5 3:27 | 1-21 
September 7-30, 1953 | Sporadic | 539 91-2 3-06 | 1-23 


The echoes measured comprise both shower and sporadic meteors detected 
during December 1952 and June and September 1953. 


-4 


DXxX10 


Ao XS) 90 100 10 
HEIGHT (KM) 


Fig. 3.—The dependence of the diffusion coefficient D upon height h, 
+---+---+ Theoretical. ————— Measured. 


(b) The Height Gradient 
The mean height and mean diffusion coefficient for each group of echoes 
are given in Table 1, along with the slope of the linear relation between In D 
and the height h, found by the method of least Squares. The relation between 
D and h, based on all echoes measured, is sketched in Figure 3, together with the 
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theoretical relation derived in Section IT. In making the least squares analysis 
of the measurements it has been assumed that the diffusion coefficient increases 
exponentially with height, which would be true only for an isothermal atmos- 
phere. Since, however, the temperature changes in the region of interest are 
much smaller than the pressure changes, the expression (3) for D is dominated 
by the pressure p, and this assumption is not unreasonable. 

It will be seen from Figure 3 that the theory of Section II predicts correct 
values of D. However, the measured increase of D with height is somewhat 
less than that predicted theoretically. “A possible reason for this may lie in the 
Selection of echoes for measurement. At heights above 95 km the decay of 
many echoes is so rapid that the echo amplitude falls below receiver noise level 
in less than one complete Doppler cycle ; the rates of decay of such short echoes 
cannot be measured with sufficient accuracy and they are rejected. At heights 
below 80 km many of the more slowly decaying echoes show an irregular decay 
and are likewise rejected. It is therefore to be anticipated that the agreement 
between the theoretical and the measured height gradients is even better than 
is suggested by Figure 3. 


DECEMBER 1952 


JUNE 1953 


D/Dmean 


Oo 4 8 12 16 20 ce} 
LOCAL TIME (HR) 
Fig. 4.—Comparison between the diurnal variations in the diffusion 
coefficient D and the wind speed V. 
D/Dmean- Stee ins = V/ V mean- 


(ec) The Diurnal Variation 

If the dependence of D upon height is removed by dividing the data into 
suitable height groups and then forming D/Dmean, where Dean is the mean value 
of D for a given height group, the diurnal variation of D may be studied. The 
diurnal variations so found for the June and December sporadic groups are 
shown in Figure 4. For the more numerous September sporadic group it was 
possible to obtain the diurnal variation in D for different height groups separately, 
without resort to averaging. The September variation is similar to that during 
June and December, with morning maxima and evening minima. The data 
for September also confirm that the diurnal variation is present over the whole 
height range of the meteor zone, with a tendency for the relative variation in D 


to increase with height. 
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Since it is possible that a meteor trail may be deformed, and its rate of decay 
altered, by magneto-dynamic forces which operate as the trail moves in the 
Rarth’s magnetic field, the data have been examined for correlation between the 
diffusion coefficient and the local wind speed. Some evidence that a high value 
of D is associated with a high wind speed is contained in Figure 5, which refers 
only to December 1952. Each point represents the average of a selected group 
of echoes, occurring within a period of 4 hr or less, the groups themselves being 
distributed from 06 to 20 hr. 

But the attempt to relate the diurnal variation in D to the pattern of the 
local wind speed is only partially successful. During December, when the 
eastwards prevailing wind is particularly strong, the diurnal variation of wind 


2:0 


Zz 
< 
w 
= 
fa) 
12) 
fa) 

1-0 

Os 

v/v MEAN 
Fig. 5.—Correlation between wind speed and diffusion coefficient 


for selected groups of echoes, December 1952. 


speed V follows closely the diurnal variation in D (see Fig. 4). For June the 
agreement, although not so marked, is reasonable. During September, when: 
the wind pattern is very confused, the diurnal variation in the wind speed is 
almost in phase quadrature with the variation in the diffusion coefficient. 


Undoubtedly, the diurnal variation in D is not wholly produced by variations 
in upper atmosphere winds. Although the phase of this diurnal variation 
appears to be incompatible with a thermal origin under solar influence, such an 
explanation cannot be ruled out in the present state of knowledge. 


V. SCATTER AMONGST INDIVIDUAL MEASUREMENTS 
Diffusion coefficients for the individual echoes show considerable scatter 
about the mean D v. h relation. Such scatter is evident in the mean values of 
D, and in the mean slopes, for the different groups listed in Table 1. It is more 
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clearly brought out in Figure 6, in which the individual values for the December 
1952 sporadic group are plotted. Although the shower echoes give larger mean 

values of D and larger slopes than the sporadic echoes, the scatter between the 
groups is so large that it is doubtful whether this apparent difference between 
shower and sporadic echoes is significant. 


The greater part of this unexpectedly large scatter amongst the values of 
D derived from individual echoes is to be ascribed to the diurnal variation 
already discussed. Two other processes which may contribute to the scatter 
are resonance effects and the influence of the Earth’s magnetic field. 


20 


80 90 100 
HEIGHT (KM) 


Fig. 6.—Scatter diagram of individual diffusion coefficients for 112 sporadic 
meteors, December 1952. 


(a) Resonance Effects 

The enhancement of echo amplitude in transverse, relative to parallel, 
scattering is confined to the initial stages of the echo, and is not expected to be 
large for the echoes detected by the equipment, for which the line density of 
electrons exceeds 104%/cm. However, the existence of such polarization effects 
has been demonstrated by Robertson (1953) in echoes detected at Adelaide.. 
Whilst they may contribute to the scatter in measured diffusion coefficients, 
they are not considered to be of major importance. Some abnormal echoes 
which gave diffusion coefficients whose values decreased with time may have 
been influenced by plasma resonance effects. 


(b) Magnetic Effects 
It was suggested in Section II that the rate of diffusion of a meteor trail 
may be influenced by its orientation relative to the Earth’s magnetic field.. 
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The reduction in D should be greatest for trails lying parallel to the magnetic 
field, and is expected to become effective at heights exceeding 95 km. There is 
no evidence in the measured data for any general falling off of the rate of increase 
of D with height up to 105 km, but it is apparent that magnetic effects could 
produce considerable scatter in D, especially at the greater heights. Unfor- 
tunately, the number of shower echoes, for which the direction of the trail is at 
least roughly known, is too few to test this hypothesis; and for the more 
numerous sporadic echoes only the directions of the reflection points, and not 
the orientations of the trails, are known. 


VI. CONCLUSIONS ’ 

The theory of ambipolar diffusion of meteor trails, even in its present 
simplified form, appears adequate to account for the broad features of the decay 
of meteor echoes, and in particular for the variation of the diffusion coefficient 
with height. It does, however, appear desirable to confirm the absolute values 
of the diffusion coefficient by laboratory measurements of the mobilities of the 
meteor ions themselves. 

It is clear from the scatter amongst the individual diffusion coefficients 
that it is impossible to determine the height of an individual meteor trail from 
the rate of decay of the echo produced by it. The relation between diffusion 
coefficient and height can only be applied, with confidence, statistically and 
to very large samples. 
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A TEST FOR SINGULARITIES IN SYDNEY RAINFALL 
By E. J. HANNAN* 


[Manuscript received November 24, 1954] 


Summary 


A statistical test of the homogeneity of daily mean rainfalls (after the removal of 
a smooth seasonal trend) for Sydney over the years 1859 to 1952 does not contradict 
the hypothesis of homogeneity. The test was suggested by the theory that meteoric 
dust produces rainfall singularities, proposed by Bowen (1953). The test is made 
difficult by the complicated stochastic nature of the process generating the observations 
so that the significance level may in fact be lower than presumed. As the test statistic 
does not fall in the critical region, however, there can be no doubt that the test does 
not contradict the hypothesis (of homogeneity of means) at the presumed significance 
level. 


I. INTRODUCTION 

In the paper “ The Influence of Meteoritic Dust on Rainfall’’, by E. G. 
Bowen (1953), it was suggested that there were certain singularities in the daily 
rainfall patterns of Sydney (and other cities, mainly in the southern hemisphere) 
and that these singularities (which represented days of exceptionally high 
rainfall) were due to the annually recurring deposit of dust in the atmosphere 
from the passage of meteor showers. 

A statistical test of the theory can be obtained in two ways. One way is 
is relate the days of high meteor activity to the days of high rainfall, these last 
having been objectively chosen. The second method is to test the homogeneity 
of the daily means, for a station or a number of stations, after the means have 
been adjusted for any smooth seasonal variation. In this paper the second 
method will be applied to the Sydney rainfall. In the process of preparing the 
data for this test a sound basis for objectively choosing the days of high rainfall 
will be obtained, so that the first method may later be used. 


IJ. THe NATURE OF THE DATA AND OF THE NULL HYPOTHESIS 

The distribution of daily rainfall is J-shaped. In an accompanying paper 
(Das 1955) it has been shown that, for a period of 22 days in October and 
November, a type III distribution fits very well. This best-fitting distribution 
is so extremely skew that observations more than 16-5 standard deviations 
away from the mean occur with a probability of 10-*. If the distribution were 
normal with the same mean and standard deviation the occurrence of an observa- 
tion more than 6-1 standard deviation units from the mean would have the 


probability 107°. 


* Australian National University, Canberra, A.C.T. 
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An indication of the very great departure from normality is also obtained 
by considering the daily variances. For example, over half of the January 
and February variances are “ significantly ”’ different from what is clearly a 
well-fitted trend, when treated as being distributed as 7? with 94 degrees of 
freedom. The explanation for this phenomenon is of course found in the high 
fourth moment of the distribution (see Box 1953). 

This non-normality is the first of a number of difficulties which affect a 
test of the significance of the rainfall singularities. A second is the lack of 
independence between rainfalls on days near each other in time. A final difficulty 
is the seasonal variation in the data which affects not only the daily means and 
variances but also the degree of dependence between days. 

A study of the correlations for lags of up to 4 days suggests that 


k tye 
One K=1, 2,3, 4. 


Here o,,; is the correlation between rainfall on days ) and j)—k. For k>4 
the correlation appears to be, effectively, zero. For example the first four lag 
correlations were computed from the observations over the 94 years between 
the dates October 17 and November 7 (2068 observations in all). Over this 
period the seasonal variation is small. The correlations were computed using’ 
the formulae : 


jp a x (@,;4,;_,) —94(22 —k)z? 
“4 t=1 j=k+1 Z ‘ 
OP ao 5 = as (c==1, 2,3, 4) 
22 —k XD (aj) —94(22)z? 
hag ——alt 
Here 
94 22 
een De PE ae 
20CS 5 ie s5 


and #,, is the rainfall on the jth day of the ith year. 
This particular formula was used mainly for computational convenience. 


94 94 

the 2 Wi @rjk and Ay having already been computed on the C.S.I.R.0. 
t= C= 

electronic computer so that the seasonal variation in the means, variances, and 

lag correlations could be estimated. The statistics 7, will provide consistent. 


: I 22 
estimators of the corresponding o,. A formula such as (22—k)-} as where 
j=k 


r,; 18 the observed correlation between days j and j —k, would not be satisfactory 
since the bias will remain the same as the bias of the individualr,;. The statistics 


: ke . 
r,, together with rj, are given below. 


[720-057 (rs=—0-007 | [1 =0-048 


r,=0-219; + ; ; 
’  |rt=0-048" |r? 0-011 |ri=0-002 

Ii these were computed from normally distributed observations their 

standard deviations would be about 0-02. The variance in the correlation. 

coefficient depends upon the moments of the fourth order (Cramer 1946, p. 359) 
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and in the present case is likely to be underestimated by the formula, (1 —o?)?/n, 
which applies for a normal distribution. 

The high value of r, (compared with rj) is entirely due to one cross product, 
that between the rainfall of 181 points on October 25, 1882 and 423 points on 
October 29, 1882, which is probably fortuitous and a result of the extraordinary 
skew parent distribution. 

It is interesting to note that the serial correlations r, in the rainfall data 
are here estimated by ordinary correlations (space averages), the data for the 
several years being treated as realizations of a stochastic process. This is a 
rather extraordinary situation for usually only one realization is available, from 
which the serial correlation is estimated as a phase average. 


The relation Oxy = Pai» which holds reasonably well for k small, at first sight 
suggests that the process can be represented by a model of the form 


(x, —m)=pe(x;.—m)+e, | e|<1. 


Here m is the mean of the process, 9 the correlation between #7, and v;_,, and «, 
is an independent random process with zero mean and variance o?(1—o?). 

It is at once evident that this process cannot be used to describe rainfall 
data for not only is there a seasonal variation in 9, m, and co? but the variate a; 
is necessarily positive so that ¢,+m(1—p) would have to have a distribution 
admitting only positive values. This would, however, imply a smoothness in 
the series of x, which would not be supported by the data. (A high a; could 
not be followed by an a;,, near to zero.) 


A modified process which suggests itself is 


‘C.—™M, v._4—™M,_ 
(ae ) =e1,( 2 = = ) 7 Dee a oe (1) 


0; jae 


Here m, is the mean and o; the variance of X;5 01; 18 the correlation between 2x; 
and #,;,, and ¢, is an independent random process with zero mean and variance 


2 
(1 —e1)). 
It can be seen that the correlation between w,; and #,_, will be 


xj —PijyP1y-1- ° + P1ijy—k41° 


Tf the lag k is not too large and the seasonal effect is small, over short periods, 


then 
PK; od of. 

Again this process will not be satisfactory for the daily rainfalls (since they are 
positive) but it may provide a good approximation to the process generating 
the daily mean rainfall (over 94 years) since the range of variation of the sample 
mean below the true mean will be much greater. Moreover, if the m;, o%, and 
o,; are equated to the means, variances, and first serial correlations of daily 
rainfall for day j (as estimated from a graduation of the observed values) the 
process (1) will have, approximately, the same means, variances, and serial 
correlations (for all lags) as the actual series. 
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A better approximation to the process generating the daily means could 
be got by including a term (#,_,—m,_,/0;-2). However, the nearness of the 
Ty; to te suggests that the coefficient of this term will be very small, for this 

coefficient will be, approximately, (79; =r) —r poe The additional com- 
putations involved would not be justified by the very small effect from the 
inclusion of the extra term. 

The model of the process generating the daily means which will be used is, 
therefore, , 

aN LM; ee 
ee ey ey V 94a! ed —pa Res (users (2) 

Here @, is the mean rainfall observed on the jth day of the year while m,, 
o, and g,; are the true means, variances, and first serial correlations of rainfall 
on that day. The ¢, come from a process with zero mean and unit variance. 

The specification of the null hypothesis will be completed if the nature of 
the seasonal variation in the means, variances, and correlation coefficients is 
laid down. All that needs to be said here is that these seasonal variations should 
be described by reasonably smooth curves such as a low order polynomial in j 
or a trigonometric polynomial formed from the first few harmonics. The choice 
among these alternatives depends on the goodness of their fit to the data, with 
the proviso that the fit should not be carried anywhere near to the point where 
individual singularities, confined to a period of a relatively few days, would be 
eliminated. 

This restriction on the order of the polynomials means that a very large 
number of degrees of freedom are available for the estimation of the relatively 
few constants involved so that the m,, oF) and on given by the estimated curves 
can be treated as the true values to a satisfactory degree of approximation and, 
when used to transform the z; into the corresponding 5 these can be regarded 
as uncorrelated random variates with zero mean and unit variance. Since the 
means @, should have a distribution near to normality the sum %7=N4 should 
be approximately distributed as %? with (365—p) degrees of freedom, where 
p is the number of constants fitted in the process of estimating the Seasonal 
variation of the m;, o%, and 94). 

This test is the veneralization of the classical test of the homogeneity of a 
set of means (from observations subject to different treatments) which is obtained 
by comparing the variance within treatments with that between the means 
themselves. In the present case the comparison is being made between the 
within-days variance of rainfall and the variance as estimated from the daily 
means. In addition, however, the data have had to be transformed to 
independence by the use of the p,; and the within-days variances made homo- 
genous while the effect of the seasonal variation in the means has been removed 
so that it will not void the test against the effect of the meteor showers. 

This test is subject to a number of qualifications, however, as has already 
been indicated : 


(a) In fact the seasonal pattern of the m,, o, and 9,, will not be known 
exactly, but will have been estimated, so that the variance of the statistic ¥? 
will be increased by a component due to the variance of these estimates. 


A TEST FOR SINGULARITIES IN SYDNEY RAINFALL 293 


(6) The true nature of the underlying process generating the wv; will be more 
complicated than is indicated by (2) above, so that the residuals e will not be 
independent. Their correlations may also be different from zero. This may 
increase the variance of %7 also. For the variance of this quantity will be 


E{e}? {A (de), 
where EH denotes expected value. 
This expectation will include such terms as 


If the z, were truly independent with zero mean and unit variance this 
expectation would be 1. If e; and = are not independent the expectation may 
be different from 1. The high fourth moment of the daily rainfalls suggests 
that the second moment of the individual <j will be high and that B{%#e7} may 
be greater than 1. This will increase the variance of “7 above its theoretical 
value. 

(c) The extreme non-normality of the daily rainfall distribution will also 
increase the variance of Z7. Since eG is itself a sum of squares of standardized 
observations, it is clear that its variance will depend upon the fourth moment 
of these observations. If this fourth moment is greater than that of a standard 
normal variate the variance will be greater than it would be if it were exactly 
distributed as 7365 _»- In the present case the nature of the parent distribution 
makes it certain that the fourth moment will be high. The effect will, of course, 
be reduced by the fact that each S is the sum of a large number of observations 
but, because of the very extreme parent distribution, it will probably persist. 

(d) Since the large deviations in the present distribution are all positive 
the distribution of %7 will also have a greater positive skewness than it should 
theoretically have. 

The effect of all of these factors will therefore be to increase the variance 
of %} above its theoretical value. The fourth factor, which with the third seems 
to be the most important, will also make the distribution more skew (with a 
longer tail to the right) than it should have. The test of significance will consist 
of choosing a positive number, ¢, such that the probability of an observed We 
being greater than or equal to ¢ (and therefore significant) is «. Both the 
increase in variance and the increase in positive skewness will make the 
probability of a significantly large 72 oceurring (if the null hypothesis is true) 
greater than «. 

Tf, therefore, the observed ¥{ is just beyond the critical point it will not 
follow that the result is significant at the level « since the true critical point 
may be further to the right by a sufficient amount to render this conclusion 
invalid. On the other hand, if the observed ¥@ is to the left of the critical point 
it can be said that the result is not significant and the null hypothesis will not be 
rejected at the level «. 

This element of indeterminacy is of course a defect in the test. It is one 
which cannot easily be removed, however. Even if an exact distribution-free 
test, based, for example, on rearrangements of the observations, could be found 
it would almost certainly be much less powerful than the present test. 
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III. REMOVAL OF SEASONAL VARIATION 

In order to get a closer agreement between calendar and sidereal years the 
leap year was reinserted in 1900 so that March 1, 1900 became February 29, 
1899, and so on. 

Since a strictly periodic seasonal effect was being removed it seemed clear 
that a harmonic curve should be used to graduate the series. At the same time 
no attempt was made to fit a harmonic curve including terms with too short a 
period, as this would tend to remove the effect being sought. 

For both means and variances the year was divided into 24 periods of equal 
lengths and the first four harmonics were fitted to the resulting 24 values. The 
intensities S? of these four harmonics, expressed as multiples of 4V?/24 are 
shown in Table 1. (Here V? is the estimate of the variance of the 24 values.) 


The intensity corresponding to the period » is derived from the relation 
S?=A2+ B?, 


page ae) jee . 270) 
A Sy COS oe eS Tet sin ra 


b] 


where wu, is the mean (or variance) on the jth day. 


TABLE | 
“x=2487/4V? 
pret A at oe) | my 
Period | Means | Variances 
(days) 
365 8°53 9-57 
365 | 
= ' 0-09 | 0-06 
365 | 
oa 0-17 0-10 
365 : 
T% 0-13 0:24 


There is, of course, no doubt of the significance of the period of 365 days. 
On the other hand the quantities x for the other three periods are not significant. 
at any reasonable level. It was also clear from an examination of the data that 
little could be gained by adding further terms unless their periods became quite 
short. 

The first harmonic was therefore fitted to the means and variances using 
the individual daily averages. The resulting curves were : é 


Means : Mm; =12-865 + 4-377 sin (ee 40-527] 


Variances: oj)=1755-0+1015-9 sin (sag +0-571] 


Here j=1 on March 1. The phase angles do not differ significantly. 
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A simple harmonic was also fitted to the between-days correlations, the 
resulting curve being 


1) =0-338 40-103 cin (2 An) _9.985 
365-25 


Again j=1 on March 1. 

The fit of this curve is not as good as that to the means and variances and 
it seems, in retrospect, that higher order terms should have been taken. In 
fact if the first harmonic were fitted to the covariances rather than the cor- 
relations a better fit would be obtained and it seems that the phase angle would 
not differ significantly from those for the means and variances. The effect on 
the residuals of the poor fit to the r,; will be small, however (it will increase the 
variance of 7? 1) 


IV. Test oF HOMOGENEITY OF MEANS 
The residuals 


; -(; at =| fF —5 Bani Sete eee (3) 
LP yy G; Oj-4 ») 

were formed. The , had a small positive mean (0-018) and a small negative 

serial correlation (—0-05), both of which were far from significant. 

The distribution of the ¢ ; approaches normality, as could be expected, but 
there is positive skewness. 

There are 366 Ej one resulting from the 24 rainfalls on February 29. (For 
this e; the factor (24)? will replace (94)? in (3).) Three constants have been 
fitted to each of the means, variances, and serial correlations so that 7 may be 
treated as distributed as %2 with 357 degrees of freedom. The value of Le;=7Zj 
is 394-1. Using Fisher’s approximation to the distribution of 7? the quantity 


(2(394-1)}4 —{2(357) —1}4=1-37 


was computed. Treated as a standard normal variate and using one tail of 
the normal distribution this is well inside the 5 per cent. point (1-65). 

The null hypothesis, therefore, cannot be rejected at this level of signiticance 
and the result of the test, while not of course disproving Bowen’ s hypothesis, 
cannot be said to justify it. 


V. ALTERNATIVE TESTS 
The test which has been given might not be very powerful against the 
alternative of only a few very widely scattered singularities since the effect of 
these in increasing %7 may be lost among the accompanying “ noise ’’. 


At first sight an alternative would be to pick out the high peaks in the 
residuals and test them as the largest among 366. For example, the highest 
peak in the residuals is on July 23 (24, 1901-1952). This residual is 4-037 
times its (trend) standard deviation. This lies almost exactly on the 1 per cent. 
point for the largest out of 366 normally and independently distributed observa- 
tions. In computing the probability of obtaining a largest observation, as 
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extreme as or more extreme than the largest observed, only the extreme tail 
area of the distribution of the individual observations is used. Moreover any 
error here will be multiplied, in the process of computing the first probability, 
by the number of observations (approximately). It is certain, from the shape 
of the parent distribution, that the tail area used will be too small compared 
with the true, unknown, probability. How badly misleading the assumption 
of normality can be here can be seen by considering the distribution of 4? for 
102 degrees of freedom. (The largest number of degrees of freedom available in 
Pearson’s tables of the ‘‘ Incomplete Gamma Function ”’.) This distribution, 
to the eye, would be indistinguishable from the normal distribution. In the 


TABLE 2 


DAYS FOR WHICH THE RESIDUALS cj ARE INDIVIDUALLY SIGNIFICANT AND POSITIVE 


Total Rainfall Total of Four | 
on this Date Highest Rain- Col. 3 os 
Date (prior to 1900) over 94 falls over 94 Col. 2 7 100 
Years Years 
(points) | (points) 

Jan, ll 1792 | 1170 65 
Ze 2293 1296 57 

Mar. 20 2603 1307 50 
Apr. 6 3293 | 1943 59 
May 6. 2382 1159 49 
29 2758 1412 5] 

July 23. 2826 | 1043 37 
Aug. 2. 1866 1148 62 
BY ze =. 1635 613 37 

Sept. 24.. ome oe 1512 | 836 55 
Zor on ne 1754 1067 61 

Octal 2. ae be 1452 1066 73 
AN 5 an ae 1186 743 63 

INO Valier a ot 1315 540 41 
Sie oe Bre 1897 871 46 

Dec. tees a as 1505 905 | 60 


accompanying paper Das has shown that for the period from October 17 to= 
November 7 the distribution of the daily means is close to %? with 10 degrees 
of freedom. The distribution of the residuals ey is therefore much further from 
normal than Zjo2. The 5 per cent. point of the greatest out of 366 observations 
from Zio2 is 4-2 standard deviation units from the mean. ‘The corresponding 
5 per cent. point for the normal distribution is 3-6 standard deviation units 
from the mean. The largest observed rainfall residual, while significant at the 
1 per cent. point on the basis of normality, is not significant at the 5 per cent. 
point on the basis of X{o2._ This result suggests that true probability of a largest 
residual >4-037 is much higher than 0-05. The large effect on the computed 
probabilities of small variations in the nature of the parent distribution certainly 
makes the testing of the significance of the large observations an impossible task. 
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Further and more powerful tests can perhaps be obtained by a comparison 
of the sequence of meteor showers throughout the year with the days of high 
residuals or by considering data for a number of different stations. 


It is of some interest to examine the days for which the residuals e are 
individually “ significant ’’ (and positive), say at the 1 per cent. point. These 
days are listed in Table 2 (under their dates prior to 1900), which also shows 
the total rainfall on each of these days over the 94 years and the total rainfall 


on the 4 occasions of highest rainfall. 


The highest rainfall over the years for these 16 days is, on an average, 
22-7 per cent. of the total rainfall. Most or all of the deviation from the mean 
seems therefore to be due to a relatively few very heavy falls of rain. This 
phenomenon is, to some extent at least, explained by the very skew distribution 
of daily rainfall. 
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THE FITTING OF TRUNCATED TYPE III CURVES TO DAILY 
RAINFALL DATA 


By s:*C.. Dast 
[Manuscript received November 24, 1954] 


Summary 

The method of maximum likelihood has been used to fit a truncated type 
III(Gamma) distribution to daily rainfall data for Sydney over the period 1859-1952. 
An approximate test of the hypothesis that there is a singularity at the origin is suggested. 
This test is based on a comparison of the expected frequency in the truncated part, 
when the observed frequency in this part is taken into account in the fit, with the 
expected frequency when these observations are neglected. For Sydney the test shows 
that there is no evidence in the rainfall data for a singularity at the origin. 


I. INTRODUCTION 

This paper discusses a problem of curve fitting which arose in testing the 
hypothesis proposed by Bowen (1953) concerning daily rainfall data. The 
hypothesis advanced is that meteoritic dust is an important factor in stimulating 
rainfall. 

An analysis of the data to test this hypothesis is presented by Hannan 
simultaneously with this paper (Hannan 1955). In connexion with this, it is 
of interest to fit a frequency distribution to the daily rainfall data in order to 
judge the effect of departure from normality in the distribution of daily rainfall 
on the test of Bowen’s hypothesis. 

The rainfall figures (Sydney 1859-1952) which constitute the data for the 
curve fitting refer to a period of 22 days from October 17 to November 7 for 
94 years. The reason for choosing the period between October and November 
was the small seasonal variation during this period ; a period of 22 days was 
taken so that the total observations might exceed 2000. In fact there are 2068 
observations. The shape of the distribution of rainfall suggests that a type IIT 
probability distribution of the form : > 


ye 1 
7) = 4 = [Lh — 
fla) pee 

might provide a good fit. There are, however, a large number of zero observa- 
tions. This makes it impossible to apply the ordinary maximum likelihood 
equations which involve the sum of logarithms of the observations. We have 
therefore modified the ordinary method by truncating the curve, and applying 
a modified maximum likelihood method which takes account of the number of 
observations in the truncated part. The resulting theory and the calculations 
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for the particular example are given in Section II. A very good fit is obtained 
as Judged by the y? test, and, in particular, there is a close agreement between 
the expected and observed numbers in the truncated part. 


One might, at first sight, have suspected that such a good fit would not 
have been found and that the best way to fit observations of this kind would be 
to fit a mixed probability distribution which had a non-zero concentration at 
zero, and a continuous distribution for values not equal to zero. This is clearly 
not so in the present case, but a method is suggested for testing such an alter- 
native. To do this we fit a truncated type III curve to the observations, 
ignoring the numbers in the truncated part, and compare the observed numbers 
in the truncated part with the numbers expected from the fitted curve. As an 
illustration of this method this is done in Section ITI. 

In this connexion it is worth mentioning work done previously in this 
direction. Cohen (1950) uses the method of moments to develop formulas for 
testing uw, o, ~3, the population mean, standard deviation, and the third standard 
moment respectively from a singly truncated sample when the population is 
distributed according to Pearson’s type III function. Des Raj (1953) discusses 
the theory of estimation for the same population parameters as Cohen for a 
type III curve from both singly and doubly truncated samples. He obtains 
estimating equations by the method of moments and has also shown that they 
‘an, be obtained by the method of maximum likelihood. 

In our present problem we know where the origin of the parent distribution 
is whereas Cohen and Des Raj are trying to estimate it and so are estimating 
three parameters. Here we have two parameters and we have evolved a method 
suitable for our problem which is different from both of theirs. 


Il. FrrrinG oF TRUNCATED CURVE TAKING THE NUMBER OF OBSERVATIONS 
IN THE TRUNCATED PART INTO ACCOUNT 
In this section we first discuss the difficulty that is to be encountered in 
estimating the parameters on account of zero values. Let %, %,.. .,%y be a 
random sample of size N from a type III distribution given by 


The likelihood of the observations is given by 


vx x N — 2 
Os Mina tiaae: i) =P GgpwexP ee ish Um Ses ata) 
Taking the logarithm of (2) we get 
N N 
Lain ote, oy0 0. ty} = ein In Be ste ana) 2 In w;. 
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Thus for estimating the parameters py and x we have the following maximum 
likelihood equations : 


jee) pee @ ee 

ay ees Se ee PO esi wlio ee eee ao een 4 
INS Cd. iim, ae ’ (4) 
i Gb Cle) ioc) lees 

ARs ER Se —- yg oe Pay erie Tete ee we 5 
tee ane ai, te (5) 


Now in practice the fact that we measure the x; to the nearest rounded-off 
unit on some scale means that in many cases there will be zero values of 7,, 
and in fact in the case of the daily rainfall there are a large number of zero 
values. When this happens equation (5) cannot be used. 

To avoid this difficulty we choose a small interval (0, 5) and truncate the 
distribution at 5. We ignore the actual values of #; less than 6, but use the 
fact that we know their total number. Thus if be the number of observations. 
falling in (0, 5), the rest W —n=m of the observations will all be greater than 3. 


The likelihood function in this case is given by 


n 


\ 3 
N pre ( ee ee mn 
CPs 6 xou! exp (—yur)a*—ldat = 
pen os E Fives el up pak pea ma {T\(x)}™ 


Sige 1 
<exp (— ude, ) Il Oe Sar deen eee eee eee (6) 
t=1 
where @,,%5,...,%,26. From this we get 


) 
=n omin (% eke In p—WN In [(x)-+n m | e—RtyXx—-ldar 


0 
m 
cee +(x—1) % In ay, Spree (7) 
oe 
Now when 45-+0 
5 5% 
| ety — ef olde =—, 
i me. 
and substituting this value in (7) we get ~ 


m 


THAN (* ) 43 In u—WN In D(x) +nx In S—n In x—p Y @,+(x—1) 3 In 
i=1 i= 


1 
NE Oo eee (8) 
The maximum likelihood equations are consequently given by 
CCL = eee! 
ss, (eee She == 
eigen, ai ee! sok’ s eyelids Soups anes pees Uae ene tee (9) 
eon din T(x), » n am 
W Ox In vp d bay In 5 Wx i ee ig) ge eerewane eee, (10) 
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For some values of x and uw the approximation resulting from replacing 


8 Sx 
| e—Htyx—lda by — 
0 ; x 
may not be good enough and then the solution of the equations is a little more 
laborious. 

It is also easy to show that in most cases the loss of information arising 
because we do not have exact values x, and consequently have to use (6) instead 
of (2), is quite small. 

As a numerical example we give in Table 1 Sydney rainfall values for 
2068 days. 


TABLE | 
FREQUENCIES AS PREDICTED BY THE FITTED CURVE 


| | 
Class / ho | SY f? 
Interval | | 
| 
0-5 | 1631 1638-5 (1614-0) 
6-10 115 106-0 103-6 
11-15 67 62-0 62-2 
16-20 42 | 43-6 43-6 
21-25 27 32-2 32-9 
26-30 26 26-0 26-0 
31-35 19 | 20-7 21-1 
36-40 14 17-2 17:5 
41-45 12 14:3 14-6 
46-50 | 18 12-2 | 12°5 
51-60 18 ) 19-6 20-2 
61-70 13 | 14:7 15-4 
71-80 | 13 | 11-6 12-0 
81-90 8 8-9 9-6 
91-100 8 7-2 7:6 
101-125 | 16 12-2 | 13°5 
125-150 | fi 7-2 8-3 
150-425 | 14 13-2 15:7 


Now for estimating » and x from equations (9) and (10) we take 3=5 
and consequently we have n=1631, 


m mm 

D #,=16891 ¥ In #, =1373-117. 

i=1 i=1 

Substituting these values in (9) and (10) we find that equation (9) reduces to 
u.=0-1224x% and equation (10) reduces to 


ee geen 17 03.240: 
dx % 


Solving these equations we get x=0-105, u=0-013 correct to three places of 
decimals. 
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Now for these values of vu, x, and 5 we have 


PYEN 


) 5% ; 
| e-btg%—1dgy—11-14 and —=11-30. 
x 
0 


The calculation of the expected frequencies for testing the goodness of fit is 
shown in the table. Since the 2 test is used for testing goodness of fit, the 
observations are grouped into classes so that the expected frequency in any 
class is not less than 5. To calculate the expected frequencies we use tables 
of the incomplete [-function (Pearson 1922) making a double linear inter- 
polation, which is sufficiently accurate for our purpose. 

The results are shown in Table 1. The first column gives the class interval, 
the column headed f, gives the corresponding observed class frequencies. The 
column headed f{ gives the expected frequencies. Thus for 15 degrees of 
freedom the total ~? is found to be 7-8, which shows that the fit is an extremely 
good one. 


TIT. FIrrinG oF TRUNCATED CURVE IGNORING THE OBSERVATIONS IN 
THE TRUNCATED PART 
Here we fit a truncated type III curve to the observations which are all 
greater than 5 and ignore all observations which are less than 6. The probability 
density in this case is given by 


¥ ; ys roe e Seat ae 
MC ares aoe 5 ne — 
—— | -e- hte Ida 
Tez) Jo 


The logarithm of the likelihood function is given by 


L=\n 9(4,,. . ., &,)=mx In p—m In P(x) —mG@(u,x)—p » x; +(%—1) $3 In Z5. 


t= t=1 
eee ane ae (11) 
where 
eae) ; 
Gla. etn = pee ie 
UL, ; T(x) rs 1 da ; 
From (11) we obtain the following likelihood equations : ~ 
1 OL x 0G 2; 9 
aia, ye te Ss EM Ne aie aay Ay oN or ee (12) 
ICL din T(x) 0G Xing, 
ae an Ue ibe ay eee aN Dati“, (13) 


For these equations $, Lv,, and XInw, have the same values as before and 
m—437. Equations (12) and (13) are generally too complicated to be solved. 
But we can, however, find approximate solutions and then improve these 
solutions to any desired degree of accuracy. Thus if U=Yy and x=x, are an 
approximate solution for the equations (12) and (13) a better approximate: 
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solution is obtained by taking y=uy+du9, x=% +5%, Where Sup, d%) are given 
by the following equations : 


CL\e. | OL aL 

(52) uduo + ( 10x Jdvo= — (SY) OCuioeG foe) o (14) 
el aL 

(sudan + (5 ZnB xo—— (Fn Recent tenet (15) 


In this particular example we took x=0-10 and w=0-01 as the approximate 
solution for equations (12) and (13): then with the help of equations (14) 
and (15) we found x=0-105 and p=0-012 correct to three places of decimal. 
The Newton-Gregory formula was used for numerical differentiation in calculating 
the 0G/du, G/du7, OG/dx, 0G/dx?, and 0?G/dudx, etc., which occur in the solu- 
tions of equations (14) and (15). In this case, the approximation previously 
given for the integral in G is not sufficiently accurate. The expected frequencies 
are given in Table 1 in the column headed oe The fit of the observed frequencies 
to the expected values, ignoring the interval (0, 5) gives a y?=8-47 which 
shows that the fit is a good one. 

The expected frequency in the interval (0, 5) as predicted by this fitted 
distribution is 1614. To test whether this is significantly different from the 
observed frequency in this interval we use the following statistic : 


N,—Np ; 
~ VNpq Vp) 
where N, stands for the number observed in the range (0, 5), V stands for the 


number of observations in the whole sample, and p is the probability of an 
observation falling in the range (0, 5) given by 


x rd 
p — AE = | e— Yen . Ida. 
0 


Now according to our notation In (1 —p)=G(,~), 
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For finding variance and covariances of wu and x we have 
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from which we get 
0-477 


=0-0011. 


V(p) 


Thus we find t=0-24 which gives no evidence of a concentration of probability 


at zero. 
The distribution of mean rainfall based on 94 years from this type Til 


population is given by 


fa) = Mma gmt =A APE, 1-8-0 
nx. 9-87( 


It corresponds approximately to a ~? distribution with 10 d.f. with skewness 


Thus the distribution of the mean of 94 observations is far from normal and a 
test of significance of such a mean, based on a normal distribution, may be quite 
misleading. 
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NOTE ON PLASMA-ELECTRON OSCILLATIONS* 
By K. G. EMELEust and T. K. ALLEN} 


Wild, Murray, and Rowe (1954) have recently presented strong evidence 
that coronal plasma oscillations are responsible for certain forms of solar radio 
noise. It may be of interest in this connexion to mention briefly some results, 
partly new, which we have obtained in a laboratory study of plasma oscillations. 
The interpretation of the experiments is not in all respects unambiguous, and 
we have not attempted any quantitative scaling from discharge tube to solar 
conditions—nor to the apparently allied problem of colliding nebulae—but 
there is at least some parallelism between the phenomena probably occurring 
in the different sources. The experiments have been done with hot-cathode 
discharges in mercury vapour or argon, at pressures of order of 10-? mm Hg, 
with cathode falls of potential between the ionization potential and a little 
over 100 V, i.e. with primary electrons moving with velocities rather greater 
than 10% cm/sec. The oscillations have been mainly studied with a probe 
inserted into the discharge and coupled to an external variable-frequency 
resonator. So far as the detecting system does not produce distortion, the 
spectrum obtained is thus comparable with Wild, Murray, and Rowe’s “ natural 
spectrum ”’. 

It has been found that : 

(1) There is no strong coherent oscillation of any large volume of plasma, 
with frequency near the Langmuir plasma-electron frequency (f), in the tubes 
we have used. 

(2) Oscillations with frequency close to f occur very commonly in limited 
regions where the plasma is traversed by one or more beams of primary electrons. 

(3) The conditions under which they are produced are consistent with 
their maintenance through some type of slipping stream interaction, growing in 
amplitude along one of the beams, and rapidly becoming catastrophic through 
the operation of Bohm and Gross’s (1949) process of electron trapping. 

(4) Contrary to what was thought earlier (Emeleus and Neill 1951), 
harmonics can be generated, i.e. frequencies 2f and 3f picked up in addition to 
the fundamental frequency f. The conditions for their production are not 
entirely understood, but generally speaking, they have been found where there 
is other reason to believe that the plasma or beam oscillations are non-linear. 
There is some evidence, which needs confirmation, for the occasional occurrence 
of a subharmonic with frequency #f. 


* Manuscript received January 10, 1955. 
7 Physics Department, Queen’s University, Belfast, Northern Ireland. 
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(5) Oscillating beams not only acquire a longitudinal distribution of energy 
(Dittmer’s (1926) ‘scattering ”’), but have a strong tendency to be deviated 
laterally. The resulting transverse motion could provide the basis of a mechanism 
for generating electromagnetic radiation with field components perpendicular 
to the original direction of the beam. 

(6) Under certain conditions plasma ion oscillations, or relaxation oscilla- 
tions, with frequency less than 1 Mc/s are produced as a secondary consequency 
of the higher frequency (plasma electron) oscillations. Their spectrum has the 
characteristics of low frequency ‘“ noise’? (Martin and Woods 1952). If the 
low frequency oscillations react on the high frequency oscillations in the plasma, 
the frequency of the latter will become spread. Wild, Murray, and Rowe 
(1954) have found it necessary to postulate a spread round f in the coronal 
oscillations, which might conceivably receive a contribution from a comparable 
mechanism. 

We have not actually been able to detect electromagnetic radiation with the 
Langmuir frequency, or its harmonics, coming direct from a plasma in which 
high frequency oscillations are taking place. If present, its energy outside the 
tube is much less than that of the corresponding oscillatory currents which 
can be withdrawn by an internal probe. 


References 


Boum, D., and Gross, E. P. (1949).—Phys. Rev. 75: 1851. 

Dirtmer, A. F. (1926).—Phys. Rev. 28: 507. 

Emeevus, K. G., and Nei, T. R. (1951).—Proc. R. Irish Acad. 53: 197. 
Martin, H., and Woops, H. A. (1952).—Proc. Phys. Soc. Lond. B 65: 281. 
Witp, J. P., Murray, J. D., and Rowz, W. C. (1954).—Aust. J. Phys. 7: 439. 


A VARIABLE ENERGY CYCLOTRON* 
By D. E. Caro,j L. H. Marrin,t and J. L. RousEt 


In the past, variable energy particle accelerators have, in general, been 
limited to the energy range below about 4 MeV. Many fixed energy machines 
have been built to operate above this energy but the field of physical researth 
made possible by a variable energy machine between 2 and 12 MeV has been 
largely neglected. With particles of energy above about 10 MeV some energy 
variation may be achieved with absorbing foils, but this technique is unsatis- 
factory at lower energies. In consequence it was felt that the development of 
a machine capable of accelerating protons in the energy range 2-12 MeV would 
make a useful contribution to the tools of the nuclear physicist. 

Electrostatic generators are costly and difficult to construct for energies. 
much above 3 MeV, and early in 1953 it was decided to make design studies. 


* Manuscript received March 1, 1955. 
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of a variable energy linear accelerator and of a variable energy cyclotron. In 
the middle of the year the decision was taken to build the cyclotron. The 
choice was determined by financial considerations, by technical difficulties, 
and by the greater flexibility of the cyclotron. The variable energy cyclotron 
described here is designed to accelerate protons in the range 2—12-5 MeV, 
deuterons in the range 4-6-3 MeV, and «-particles in the range 8-12-5 MeV. 
The machine can be used not only as a flexible research instrument but also for 
the production of radioactive isotopes. The obligation to supply this latter 
facility for medical research and treatment in this country has strongly influenced 
some details of the design. The machine has some unusual technical features 
and it was thought that these are of sufficient interest to justify a brief description 
though the machine is not at present operational. 


Technical Details 

In order to make a variable energy cyclotron with the range specified, it 
is necessary to be able to vary both the dee voltage frequency and the magnetic 
field over a range of 2:7 to 1. 

The Radio-frequency System.—The radio-frequency system is required to 
deliver 100 kV to the dee with continuously variable frequencies in the range 
8-5-22 Mc/s. To cover this tuning range with a conventional quarter wave 
line, the dee stem would have a length of about 14 ft and a short cireuit which 
could be moved over a distance of nearly 10 ft. With such a long stem supporting 
the dee, it was certain that difficulty would be experienced in keeping the dee 
central within the vacuum box. Accordingly a compromise solution has been 
adopted in which the dee stem is made some 8 ft long with the short circuit 
variable over a distance of about 5 ft. To obtain resonance at low frequencies 
a variable loading capacitor has been installed on the dee stem just back from the 
dee. This allows the effective dee capacitance to be increased fourfold for 
tuning to the lowest frequency. 

If a small frequency change is to be made, the dee line is tuned from the 
control desk using the loading capacitor. For a large frequency change, the 
short circuit is moved. The short-circuit spider consists of four wide copper 
straps terminated by fingers which make contact with the inner and outer 
conductors. The fingers are pressed against the line conductors by shoes, 
actuated by eight hydraulic cylinders operating at a pressure of 200 Ib/in?. 


The radio-frequency power (up to 50 kW) is supplied by an oscillator- 
power amplifier system, loop coupled to the dee line. The final power amplifier 
is a neutralized single triode stage using an STC type 3Q/261E valve with a 
plate dissipation of 20 kW. 

The variable radio-frequency requirement dictates the oie of a single 
dee machine. The 3 in. dee aperture is comparatively large to permit the accelera- 
tion of beam currents of the order of 1 mA for isotope production. The deflector 
is contained within the dee and is supplied with up to 80 kV D.C. provided by a 
voltage doubling rectifier set. Figure 1 is a line drawing of the main features. 
of the machine. 
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The Design and Performance of the Magnet.—The magnet is made from cast 
steel, with 0-10 per cent. of carbon present and less than 0- 15 per cent. of silicon 
and 0:15 per cent. of manganese. It weighs 45 tons and is 9ft 4 in. long, 
4ft wide and 7ft 3in. high. The pole pieces are 40 in. in diameter and the 


Fig. 1.—Design features of variable energy cyclotron. 


magnet gap is 6in. wide. The pole tips are 2-7 in. thick and form the lids of 
the vacuum box. Between the pole tips and the main pole pieces there is a 
js in. shim gap in which iron shims may be placed to give fine adjustment to 
the field in the main gap. The pole tips are held in place with 2 in. steel bolts 
through the pole pieces. 
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The design of the pole tips differs from that of other cyclotrons where the 
final energy of the accelerated particles is held constant. In order to vary the 
particle energy it is necessary to change the magnetic field in the gap while 
keeping the field profile constant. This requires that the iron in the pole tips 
be kept below saturation particularly along the gap faces. For this reason the 
pole tips were designed with a rounded outer edge in such a way that the 
maximum flux density at any point of the surface of the iron was less than 1-3 
times the flux density in the gap, thus avoiding the saturation that occurs at 
sharp edges. The design field profile called for a decrease in the field from the 
centre to the exit radius at 14-4 in. of 1-8 per cent. The maximum desired 
field was 14,000 G. 

The machining tolerances on the magnet are critical. The two pole tips 
need to be accurately machined and the final gap between the pole tips was. 
specified to +0-002in. In fact with the pole tips in position the gap was. 
found to be accurate to +0-:0015in. Small tolerances are required because the 
field should have circular symmetry about the centre of the gap with errors 
of the order of 0-01 per cent. 

The field at the centre of the gap was measured as a function of excitation 
current using a small coil and flux meter calibrated against a nuclear resonance 
signal. A field of 12,500 G was obtained at 800 A at which point the excitation 
curve showed little signs of saturation. A current of 1200 A gave a field of 
14,500 G with considerable saturation present. The field profile has been 
investigated using a nuclear resonance system and a pair of rotating coils. 
These measurements showed that the profile closely followed the design, that the 
profile was independent of the central field for fields up to 12,500 G, and that 
there was little change in the profile for fields up to 14,000G. The pair of 
rotating coils was used to measure the symmetry of the field about the central 
axis at various radii. The results obtained showed the azimuthal variations 
out to the exit radius to be less than -+-0-02 per cent. 

The coils for exciting the magnet are wound with 256 turns of hollow 
rectangular aluminium conductor. These coils are energized by a motor 
generator which is capable of providing 1300 A at 70 V. The field is stabilized 
to 1 part in 5000 by electronic stabilization of the current. The coils are cooled 
by passing 8 gal of water per minute through the conductor. 

We are grateful for financial assistance from a large number of outside 
organizations, notable among which are: The Anti-Cancer Council of Victoria ; 
Australian Paper Manufacturers Ltd.; Thomas Baker (Kodak), Alice Baker, 
and Eleanor Shaw benefactions ; The Chamber of Manufactures, Melbourne ; 
Ducon Condenser Co. ; The Herald and Sun Newspapers ; Standard Telephones 
and Cables Pty. Ltd.; The Steel Company of Australia Ltd.; Thomsons 
(Castlemaine) Ltd. 

The assistance of W. G. Caldwell, G. J. F. Legge, J. R. Moroney, A. M. 
Segar, H. H. Thies, and H. A. Waters in the construction of the machine is 
eratefully acknowledged. 


EXCITATION STUDIES OF REACTIONS OCCURRING IN THE 
PROTON BOMBARDMENT OF ?°By 


By J. W. G. WIGNALLT 


This note reports an investigation of the excitation functions for the reactions 
WB(p,y)4C and B(p,«)*Be for proton energies of up to 775 keV. Curran, 
Dee, and PetrZilka (1939) investigated the (p,y) reaction by analysing the 
decay curve of activations produced in the bombardment of a thick boron target 
by 960 keV protons ; they found no evidence for this reaction and quoted an 
upper limit of 10-4 "C nuclei formed per incident proton. Later, Walker 
(1950), using a magnetic pair spectrometer, observed a (9-47+-0-12) MeV 
y-ray emitted in the bombardment of a thick separated B target by 1200 keV 
Protons which was attributed to the reaction “B(p,y)4C. The yield was 
3-4 <10-1° y-rays per proton. 

The excitation function for the 9:5 MeV y-radiation has previously been 
measured, using NalI(Tl) single crystal spectrometers, by three groups. Krone 
and Seagondollar (1953) studied the proton energy region 0-6—-1-4 MeV, and 
found indications of a resonance at about 780 keV. Day and Huus (1954), 
studying the energy region 0-5-2-4 MeV, failed to observe this resonance, but 
found one at 1-2 MeV. Recent work by Hahn, Kern, and Farney (1955) 
supports the result of Day and Huus. 

All of these (p,y) excitation curve experiments suffer from a large back- 
ground of 4, 12, and 16 MeV y-rays produced from the reaction “B(p,y)2C 
due to residual B impurity present even in the separated targets used. Because 
of this, it is difficult both to observe the spectrum of y-rays from B(p,y)4C 
and to separate its contribution to the y-ray spectrum in an excitation curve 
measurement. 

The method used in the present experiment was to measure the yield of 
"C nuclei formed in proton bombardment of a thick boron-containing target, 
as a function of proton energy. The “C nuclei were detected by means of their 
decay to “B with the emission of 0-98 MeV positrons: half-life 20-4 min 
(Ajzenberg and Lauritsen 1952). The presence of “B in the target is then 
of no consequence, and targets containing natural boron were used, their only 
disadvantage being the smaller percentage of B which they contain. The 
use of such an activation method will in principle give all resonances in which 
"C is formed, irrespective of the type of y-ray transition preceding the formation 
of "C in its ground state. 

The (p,«) excitation curve was studied simultaneously with the (p,y) curve 
by measurement of the yield of 7Be as a function of proton energy, the 7Be 
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(53 day half-life) being detected by means of the 0-478 MeV y-radiation emitted 
in the electron capture decay to 7Li (Ajzenberg and Lauritsen 1952). The 
(p, x) curve has been previously studied, through observation of the «-particles 
emitted, by Burcham and Freeman (1949, 1950) who found no resonances in 
the region 200-800 keV. The (p,«) activation experiment reported here is of a 
confirmatory nature. 

In each run of the present experiment a thick target of borax, prepared by 
melting about 0-7 g of anhydrous borax (Na,B,O,) into a 3 in. diameter nickel 
target cup, was bombarded for 40 min (about two half-lives of 0) by an analysed 
beam of protons from the 750 keV electrostatic generator at the University of 
Melbourne. The current received by the target passed first through an 
* ordinary ”’ integrator to record the total charge received and then into a 
“leaky ’’ integrator, of the type used by Snowdon (1950), having a decay time 
constant made equal to that for the "C decay. This recorded the effective 
charge for 'C production allowing for the fact that the UC was decaying with a 
half-life comparable to the time of bombardment. 

After bombardment the cup was extracted from the target holder and 
placed in fixed geometry in the activation counting apparatus. The relative 
amount of 4C was measured by coincident detection of the two 0:51 MeV 
quanta produced by annihilation of the positrons in the surrounding material, 
using a pair of Nal(Tl) single crystal y-ray spectrometers feeding into a 
coincidence circuit of 1-0 psec resolving time. The quantity of “C was deter- 
mined by analysis of the coincidence decay curve, taken over a period of about 
three half-lives after bombardment; division by the leaky integrator reading 
then gave the relative yield of “C (the background to be subtracted varied from 
run to run owing to a small contribution of coincidences arising from ‘‘ double 
scattering ’’ of 0-478 MeV y-rays from 7Be). The relative yield of *Be was 
given by the amount of long-lived y-ray activation per proton, determined at a 
time when the !C had decayed to a negligible amount. 

In addition to the usual procedures employed in order to obtain a quanti- 
tatively reliable excitation curve (suitable beam/target geometry, secondary 
electron suppression, stability of activation counting apparatus), the following 
special precautions had to be taken to keep the conditions of bombardment 
and counting constant from run to run. (i) It was found that the beam slowly 
bored a hole through the borax target material ; this effect was minimized by 
the use of low beam currents (10-15 uA), and a sufficiently large thickness of 
borax was used. During each bombardment the target condition was checked 
every few minutes by means of a Nal(Tl) y-ray monitor, with bias set at 3 MeV. 
This would detect any reduction of target thickness below that required to stop 
the incident protons completely ; such an effect would appear as a drop in the 
prompt y-ray yield from “B(p,y)"C and to a smaller extent from **Na(p,y)?4Mg 
and “B(p,y)4C. (ii) It was observed that some activated material was being 
evaporated, and so lost from the target, by the heating due to the beam and that 
this material condensed on the sides of the target cup ; in order to correct this 
a lining of aluminium foil was placed around the sides of the cup during bombard- 
ment so as to collect this material ; after bombardment the foil was crushed back 
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on to the target, thus retaining all activation in a small volume for counting 
purposes. 

Precautions were taken to eliminate any interference by unwanted activa- 
tions due to primary proton reactions and secondary photodisintegration or 
slow neutron reactions with target material, cup, or counters. The most serious 
of these activations was 13N, a positron emitter with 10 min half-life (Ajzenberg 
and Lauritsen 1952) produced by the reaction C(p,y)2N in carbon deposited 
on the target from oil vapours in the system ; the use of a liquid oxygen trap, 
and the heating of the target to about 200 °C, reduced this to negligible amount.* 
Another activation to be guarded against was 12°I, which, it was observed, 
could be produced by the capture of slow neutrons by the iodine in the detecting 
crystals ; this could give @-- coincidences with a 25 min half-life. The activation 
counting apparatus was therefore placed at some distance from the target ; 
experiments without the target in place in this apparatus, and the observed 
half-life of the activation (see Fig. 1), proved conclusively that the short-lived 
activation being detected was not due to this process. 


400 


300 


200 


~ 
~ CALCULATED SLOPE FOR 25 MIN 
= HALF-LIFE 


100 


COINCIDENCES /2 MIN 


NCALCULATED 
10 MIN 


fe) 10 20 30 40 so 60 7O 
TIME ELAPSED AFTER BOMBARDMENT (MIN) 


Fig. 1.—Typical coincidence decay curve obtained after proton 
bombardment of borax target (proton energy 750 keV), background 
subtracted. 


A typical coincidence decay curve obtained in the experiment is shown in 
Figure 1, on which the calculated slopes for 10, 20-4, and 25 min half-lives have™ 
been drawn. Although the statistical fluctuations are large, it is clear that the 
activity measured arises from the decay of 0. A decay curve, taken over a 
period of weeks, for the intensity of y-radiation from a bombarded target 
exhibited a half-life of 53 days as expected from 7Be. . 


The excitation curves obtained are shown in Figure 2. Figure 2 (a) 


= 


represents the prompt y-ray yield mentioned above, and acts as a useful check 
on the target condition and the reliability of the current monitoring apparatus. 


* At an early stage amorphous boron was tried as a target material but was found to contain 
a large proportion of carbon. There was also evidence that the effective percentage of B in 
the surface layers of a target pressed from this material was changed by bombardment. 
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The excitation curve for B(p,«)7Be is given in Figure 2 (b); within the limita- 
tions imposed by the fact that the 7Be count is only of order one-tenth back- 
ground this exhibits the smooth rise expected from the «-particle measurements 
of Burcham and Freeman. Figure 2 (ec) is the thick target excitation function 
for PB (p,y)"0 ; this is seen to have a smooth rise up to about 750 keV, with 
no observed resonances within the statistical accuracy of the measurements. 
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Fig. 2.—Thick target excitation functions for reactions of protons with 
borax target. (a) Prompt y-rays>3 MeV ; (6) B(p,ax)’Be ; (c) °B(p,y)11C. 


No attempt has been made at accurate measurement of absolute yields of 
116 and ‘Be, but rough estimates of counting efficiencies lead to thick borax 
target yields, at 700 keV, of 5x10-! “C nuclei per proton and 3 x10-§ 7Be 
nuclei per proton. 


The author is indebted to Professor L. H. Martin for advice and encourage- 
ment throughout the course of this work, and to Dr. J. R. Prescott, Mr. J. G. 
Campbell, and Dr. D. N. F. Dunbar for guidance in some of the experimental 
problems. 
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NEUTRONS EMITTED IN THE DEUTERON BOMBARDMENT 
OF CARBON* 


By J. R. BiIRDT 


Energy levels in 4N have been observed at 2-31, 3-95, 4-91, and 5-10 MeV 
in the study of the inelastic scattering of protons and deuterons by nitrogen 
(Bockelman et al. 1953), and these levels may be used to explain all the low energy 
y-rays associated with the *N nucleus except for a 0-725 MeV y-ray (Woodbury, 
Day, and Tollestrup 1953; Ajzenberg and-Lauritsen 1955).*° Experiments on 
the reaction C(d,n)4N give evidence for the same levels with additional ones 
suggested at 3-47 MeV (Mandeville and Swann 1950) and 3-8 MeV (Benenson 
1953) although the energy values obtained do not agree very well with those of 
Bockelman et al. It may be noted that the measurements of Benenson give 
better agreement if, in the calculation of the level energies, his measured ground 
state Q-value is used rather than the value given by the atomic masses. 


A further study of the reaction ®C(d,n)44N has been made by bombarding 
a thick target of natural carbon with 0-92 MeV deuterons for an integrated 
target exposure of 100,000 uC. Although the more abundant isotope of carbon 
does not interfere with the study of energy levels in *N below 5 MeV the low 
yield of neutrons from the required reaction necessitates precautions to reduce 
the number of neutrons from contaminant reactions. For this reason the 
copper diaphragm used to limit the size of the deuteron beam and the copper 
target backing were kept at several hundred degrees C during the exposure. 


The camera was constructed from 0-030 in. brass and the supports for the 
target mounting and the electrical leads were mounted in a side tube at a 
considerable distance from the target in order to reduce the effects of neutron 
scattering. A paraffin wax stack was mounted between the camera and the 
electrostatic generator to cut down the number of neutrons from deuterium 
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‘contamination of the accelerating tube and the back scattering of neutrons by 
the analysing magnet. 

Pieces, 1 by 3 in., of 400u Ilford C2 plates were held by wire frames at angles 
of 0, 30, 90, and 150° to the direction of the incident deuteron beam. ‘The 
plane of the surface of each emulsion lay in the direction of the neutron flux 
and the front edges of the plates were at a distance of 3 em from the target. 
The plate chamber was isolated from the target chamber and filled with air 
which was kept dry with phosphorus pentoxide. The plates were vacuum dried 
for 24 hr before loading in the camera, and measurements of the emulsion density 
for plates which were treated in a similar way gave the value 4-00 g/em®. The 
plates were processed by the ‘“‘ temperature ’’ method in order to ensure uniform 
development throughout the depth of the emulsion. 


Measurements were made on each plate over areas subtending an angle of 
+2° at the target, and tracks were accepted which had an angle of dip in the 
unprocessed emulsion not greater than +5° and an angle in the plane of the 
emulsion not greater than +10°. These angles together with the distance 
between the first and last grains were tabulated for each acceptable track which 
did not cross either surface of the emulsion. The measured range of each recoil 
proton was corrected according to the angle of recoil and then converted to - 
neutron energy using the microscope calibration and a range-energy relation 
based on the results of Rotblat (1951). The energy distributions plotted in 
100 keV intervals are shown in Figure 1, after correction for the variation of the 
neutron-proton scattering cross section with neutron energy. No additional 
correction has been made for the loss of tracks from the emulsion since this would 
change the correction factor by less than 2 per cent. A total of about 3000 
tracks was measured and the ordinates in Figure 1 represent the true variation 
of neutron intensity with energy and angle of emission. 


Energy Levels 

The peak energies obtained from Figure 1 have been corrected to give the 
corresponding thin target energies, making allowance for the possible effects of 
resonances in the yield of neutrons as observed in the reaction ’O(d,n)4N by 
Richardson (1950). The dotted peaks in Figure 1 are attributed to the D-—D 
reaction, and give a weighted mean Q-value for this reaction of 3-24--0-05 MeV, 
which is in satisfactory agreement with the value calculated from the atomic 
masses. The low energy group in the 0° spectrum is attributed to the reaction 
20(djn)3N. The number of tracks is very much underestimated in Figure 1, 
since they were only measured over a small portion of the area scanned. The 
high intensity and the estimated Q-value (—0-33 40-06 MeV) are consistent 
with the allocation of this group to the 1C reaction. 

The peaks numbered 1-4 arise from the #C reaction and give weighted 
mean @Q-values of 5-:325-+0-04, 3-:02+0-05, 1-37-+0-03, 0:°37+0-02 MeV, 
which define levels in #4N at 2-30, 3:95, and 4-95 MeV. The probable errors 
represent the observed fluctuations in individual Q-values together with the 
uncertainties in the range-energy relation and bombarding energy. Peak 4 is 
about 100 keV wider than would be expected from the width of the higher 
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energy peaks, and this can be explained by the assumption of a pair of levels at 
5 MeV excitation. The 30 and 90° peaks are wider than the 0° peak which may 
support the suggestion by Benenson (1953) that the angular distributions of the 
two groups are different. 
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Fig. 1.—Neutron spectra from the reaction 18C(d,n)!N. 


These results are in satisfactory agreement with those obtained from other 
reactions leading to the same final nucleus. No evidence is obtained for the 
existence of a level at 3-47 MeV as reported by Mandeville and Swann (1950), 
and an upper limit of 5 per cent. of the ground state intensity can be placed on the 
possible intensity of a neutron group corresponding to such a level. Similarly 
no indication is obtained of a doublet at 4 MeV excitation as Suggested by 
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Benenson. The lack of intermediate low-lying levels requires the allocation of 
the 0-725 MeV y-ray to a cascade involving a level above 5 MeV excitation as 
suggested by Woodbury, Day, and Tollestrup (1953). 


Angular Distributions. 

The contribution to the yield of deuteron induced reactions by the process 
of deuteron stripping is dependent on the deuteron energy and therefore cannot 
be readily calculated for a thick target. However, the forward peaks which 
are characteristic of the stripping process will still be observed and may give 
qualitative information about the transfer of angular momentum to the final 
nucleus. The variation with angle in the laboratory system of coordinates, of 
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Fig. 2.—Variation with angle of observation of the thick target 

yield of neutrons from natural carbon. Y, number of neutrons 

per unit solid angle per 101° deuterons ; 0, angle in laboratory 
system of coordinates. 


the thick target yield of the neutron groups corresponding to each state of 14N, 
is shown in Figure 2. Each curve has a pronounced forward peak which suggests 
that stripping makes an appreciable contribution to the yield of neutrons for 
deuteron energies below 0:92 MeV. 

The angular distributions. observed for the excited states are similar to 
those given by Benenson (1953) and would therefore lead to the same conclusions 
as to the spin and parity of these states. However, the distribution for the 
ground state has a peak at an angle greater than 0° and agrees with the results of 
Bromley and Goldman (1952) rather than those of Benenson. This implies 
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even parity for the ground state of 4N which is therefore different from the 
ground state of 4C and leaves unexplained the forbidden nature of the 6-decay 
of “C. 


Thanks are due to Professor L. H. Martin and Dr. J. C. Bower for their 
interest in this work, and to the various members of the electrostatic generator 
team for assistance in making the exposures. 
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HYDROMAGNETIC STABILITY OF A CURRENT LAYER 
By R. E. LouGHHEAp* 
[Manuscript received January 19, 1955] 


Summary 
The hydromagnetic stability of a uniform current flowing along a magnetic field 
and confined within a pair of parallel planes is discussed by the method of normal modes. 
The condition for marginal stability is derived and discussed with reference to two 
special cases. 
It is also shown that the velocity of Alfvén waves along a magnetic field in a region 
bounded by parallel planes is reduced due to the inertia of the surrounding medium. 


I. INTRODUCTION 

In a recent paper Dungey and Loughhead (1954) have considered the 
stability of a current of uniform density flowing coaxially along a magnetic 
field contained within an infinitely long cylinder, the resultant magnetic field 
having twisted lines of force. The present paper deals with the similar problem 
of the stability of a uniform current flowing in a perfectly conducting fluid 
within a region bounded by parallel planes. Using the principle of exchange of 
stabilities the condition for marginal instability is derived, and then discussed in 
some detail for two special cases. 

The first is that of the stability of a uniform current flowing along a magnetic 
field, the current and field both vanishing outside a region bounded by a pair of 
parallel planes. It is concluded that, for any layer of finite thickness, there are 
modes of disturbance for which the current distribution is unstable. 

The second case is an idealization of the ‘‘ pinch” effect, in which the 
magnetic field in the fluid is everywhere perpendicular to the current. It is 
found that the system possesses unstable modes of disturbance when the 
magnitude of the field inside exceeds that of the field outside the current layer. 
However, in conformity with the result of Kruskal and Schwarzchild (1954), 
the current system is shown to be stable so long as the magnitude of the field 
outside exceeds that inside the layer. 


II. EQUATIONS FOR SMALL PERTURBATIONS 
Suppose that, referred to Cartesian axes Ov,y,z, a uniform current flows along 
an imposed magnetic field H, in the region bounded by the planes 7=-La. 
Associated with the current there is a transverse component of the magnetic 


field 
NEES” Tb Re) aie, Oe aCe ee ee (1) 


where A is a constant related to the current density. Outside the current 
layer the magnetic field is taken to have the uniform transverse components 
H,=A,, for «>a, t 
A_, for w<—a. | 
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For generality the components of the magnetic field in the direction of the 
current are written 
HOB, for —a<a<a, 
= B,. fOr, 0,” Wee eee (3) 
=B, for #<—4, 
where B, B,, and B_ are all constants. 

The results of small perturbations of the current system are therefore 
described by the hydromagnetic equations for an ionized fluid in the presence 
of a steady magnetic field of the form 

H=[0, H,(#), HXX)), «......-------s- (4) 
where H,(x) and H,(x) are specified functions of w. Since it may be shown that 
the stability does not depend on either the density or compressibility of the fluid 
(see Appendix I) it is supposed that the medium is incompressible and has the 
uniform density p. The electrical conductivity of the fluid is taken to be 
infinite. 

In Gaussian units the equations governing small perturbations h and v 
in the magnetic field and fluid velocity, respectively, may be written in the 
forms : 


oh (H ograd)v —(v ?grad)H: 7. 5.2)..5.. ape (5) 

a 
dns =—grad Y+(H. grad)h+(h.grad)H, .... (6) 
div V0, ssh croc ae ots ee (7) 


where /4z denotes the variation in the total pressure (gas pressure plus H?/87). 
Applying the method of normal modes solutions of these equations are 
sought in which the variables are proportional to 
exp 1(@t--my 4-2), aes aes we eee (8) 


where w, m, and n refer to an arbitrary mode. Inserting (8) in (5), (6), and (7) 
and defining 


DG 5 Aa (9 8 a WN NR Ce once kc en (9) 
the following Cartesian equations are obtained : 

LORS LICU, | Gv.f. ee oniary ay. 8 caneu ee eee ee (10) 
: oH 
ioh, =iKv SSery SiO id Bs; sd oy tenakotags ence ene. GL1) = 
5 oH, 
ioh, =iKv,— ap 7 UN ttt ttt ett e teens (12) 
; OU 

Ar U1Wv, = — Aap thes sp hetoxla,to re (afieue! ett Shey aru (13) 
, : é 0H 

Arpiwv, = —imy +iKh, 4 a af i Ueveleiniesereyae. (14) 
‘ 4 : 0H, 

Atuiov, =—inb +ikh,+ ae Ra ete cae Pa (15) 


Ovn =: é 
By thn, A100, On cscs eeiicl ee (16) 
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After some reduction one obtains the first order equations 


(Ano —K2)o"—iea(m?-+n2)) <0, Sore Avira (17) 
Oy. 2 2 
oa tide Se 2) Oe) Foor. Diatavain ns (18) 


in the two variables v, and Y. Clearly, from equations (17) and (18), v, and 
must be continuous across the boundary planes #=-La. 
By elimination it is found that inside the region —a<a <a, where K takes 
the value 
Kam Ae-En By OR Ue ee (19) 
is determined by the equation 


ap 2mAK ap 
da? 4rue®—K? | dx 


(907 0. es (20) 


Outside this region, where K assumes the values 


K,=mA ,+nB a5 
Cee hh © los | we ERG WMG fb hae SU p at pete s none: (21) 
K_=mA_+nB_, 
according as “>a or ~< —a, J is governed by the equation 
ay 2 2 
i =) Sate 2 eee 22 
am (m? +n?) =0 (22) 


Before proceeding to the critical case w=0, the above analysis may be 
applied to a discussion of the propagation of Alfvén waves along a uniform 
magnetic field H, contained wholly within the region bounded by the planes 
e=-+a. 

III. PROPAGATION OF ALFVEN WAVES IN A REGION BOUNDED BY 
PARALLEL PLANES 

In this section the discussion is generalized to allow for different densities 
uv. inside, and yp, outside, the region bounded by parallel planes. To describe 
the propagation of Alfvén waves in the region between the planes # = --a pervaded 
by the uniform magnetic field H, let the current in the z-direction be zero. Thus. 
A=0, and equation (20) becomes 


2 
oth UR D7 RP ene eee (23) 
eB aU Ne age Gein te 2a ss = si 30 « (24) 


Imposing the condition that ) remain finite as v— +o the solution of (23) 
can be written in the form 
Y=C,677.C.e-"%, —a<r<a, 
=U 4, DE Oye a gale Se Suite (25) 


= ,e~, u< —a. 
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where (,, C,, 3, and C, are arbitrary constants. With the aid of equation (18) 
the corresponding solution for v, is found to be given by 


Maureen a apie 0,8), —a<e <a, | 

1 
Sema >a, .. (26) 
imae pari 


The requirement that v, and | be continuous across the planes ~=a and 


«= —a imposes the following relations on the four constants C,, Cz, C3, and C,: 
C,e%* +C,e—-"4*—C,e—*4 =0, | 
Cer" —C,e—-*4+ C,e—**Q) —() 27 
C,e—“*--C,e%4  —C,e-** =0, ere, 
C,e—** —O,e%4 —0,e-“"Q) =0, 
where @ has the value 
(ey Val 
ee OE a en See reat ie: 28 
Q = rts (28) 
and 
B 
Via en Ds Pe 29 
Vr) ee 


is Alfvén’s velocity, V being the velocity of propagation of waves in the 
z-direction. From (27), the condition for the existence of non-trivial solutions 
may be expressed in the form 


era ea —e xa (() | 
exa —e xa e—*4Q (f) 
=0. .... (30) 
ea exa (f) —e—xa | 
e-xa —exa 0 —e—*4(—) | 


This may be rewritten 
Q?(e2«4 —e7 2x2) +20) (e2%4 +e72%2) +(e2xa —e- 2x0) =—(), 
Corresponding to the two roots Q of this equation we obtain the expressions 


vat(iti tanh va) LA ie Ce ieee nccacntsh (31) 


and 


= 
I 


Uo - 
+{1+*" coth xa LV Pe ees Pa ie 
( Yea ‘ 2) 


These relations express the reduction of the wave velocity due to the inertia 
of the surrounding medium. Thus equation (31) shows that the magnitude 
of V decreases steadily from the value V, when xa—0 to the value (1+ 29/u4)-!V, 
as xa—> 00, while equation (32) implies that the magnitude of V increases steadily 
from the value 0 when xa=0 to the limiting value (1+y,/y4)-!. V, as xa>o. 
This behaviour is illustrated in Figure 1 for the special case p4;=5. 
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The above discussion shows that, when the effect of boundary conditions is. 
taken into account, the velocity of propagation of hydromagnetic disturbances. 
is not the simple Alfvén velocity V,. The actual velocity of any mode of 
disturbance is reduced, due to the inertia of the surrounding medium, by a 
factor which, for magnetic regions of large extent (a large), approximates to 


(1+ ue/pa)* 


fo) os 10 "5 2-0 


ta ————— 


Fig. 1.—Variation of wave velocity with a for the case 1,=wp. 


IV. THE CRITICAL CASE w=0 
The condition for instability in any conservative system is the existence 
of a solution for which the period is infinite. To determine whether any such 
solutions exist for different physical conditions of the system let w=0 in the 
equations for the normal modes. In this case, however, equation (5) requires 
v=0, so that equation (6) must now be supplemented by the relation 


div h=faiet wae. ee ee (33) 


to obtain a determinate set of equations. One thus obtains the equations 


cS eety a 


SS Bis me sy beae Nin a BE A rR our SG 34 
ap aiKh,, (34) 
; : oH 
imy =1Kh, +> * : h,, Bile! ei Wig; ices Ss) cele e (35) 
5 ; 0H, 
in) =iKh, + aa Vie Bahn tie Gis we att (36) 
oh : 
¥4j Lo oe eee eee 37 
an +imh, +inh, =0 (37) 
After some reduction these yield the first order equations 
Ol Pucca sede pede ae 38 
Ka, +i(m +n )p=a- his SLieue ened sits Raneh elisafe rele ( ) 
he BL IGN sheet chee 2 GE < fvjage snags (39) 
Ox 


in the two variables h, and ). Equations (38) and (39) imply respectively the 
continuity of h,/K and across the boundary planes x= a. 
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Inside the current layer where K takes the value (19), Y is found from 
(38) and (39) to be governed by the equation 


a) 2A 
ae? “. : oY (m+n?) =0. A Sia eee (40) 
On changing the independent variable to A and writing 
p2=(m2-+n7)/m7A®, oe veer cece eeees (41) 
this equation becomes 
a) 2 ody 5 
aK? KOK O70 =0; Maeve eee (42) 
whose general solution is 
V=C,(pK +1)e—P£+0,(pK —l)e?*, ...... (43) 
C, and C, being arbitrary constants. By defining 
MEV ie ae es oe ee eee (44) 
and 
n 
VEX Sg) ee eee (45) 


the solution may be expressed in the form 
V=C,(xa+yF1j)e—C¢tVY+C,(xe+y—l)e@ty. .... (46) 


Outside the current layer, where AK takes the values defined by (21), v is 
governed by the equation 


02 
= <= S05 isis gui yche omar (47) 
which has the solutions 
v=C,e-, wa, ? - (48) 
=U,e" a<—a, J a 


finite as <+>-- oo respectively. OC, and C, are arbitrary constants. 
With the aid of (39) the corresponding solutions for h, are found to be 


i 
b= Gow +y)(Oye- 9) Ce}, —a<a<a, 


ix 
ieee Ae >a, -- (49) 
i 
= 700, a<—a, 


The requirement that h,/K and | be continuous across the planes #=-La 
imposes four relations on the constants 0,,.. ., C,. and it may be shown that 
the condition for the existence of non-trivial solutions is satisfied for all finite 
values of xa such that 


etxa _{(xa +Y +1) — (xo +y)a2h{ (xa —y+1)+(xa —v) 67} 
{(xa Hy 1) + (xa+y)0?}{(xa—y —1) — (xa —y) 8} 


. (50) 
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where 
mA,+nB, | 
mAa+nB’ 
Pete eect wer ascers (51) 
_ mA_+nB_ | 
6 —mAa+tnB 


The condition (50) determines the stability of,the current layer in the 
general case where the magnetic field in the fluid has the form specified by (19) 
and (21). The effect of the magnetic field on the stability enters into the 
condition (50) through the parameters «, 6, and y. In the following sections 
the implications of (50) are illustrated by reference to two special cases. 


*—— 


° O-4 O's 


Ni ea 


Fig. 2.—Variation of real positive root of equation (52) 
with | y |. 


V. ZERO MAGNETIC FIELD OUTSIDE THE CURRENT — 

If the magnetic field vanishes everywhere outside the region bounded by 
the planes «= -La, the parameters « and f in (50) are both zero and the stability 
condition assumes the limiting form 

op ARTE 8 meet 
(xa —1)?—? 

It may be shown that this equation has just one positive real root xa = 
say, corresponding to each value of | y |. The variation of X with | y | is sketched 
in Figure 2. It is clear that X always exceeds 1+| |, but converges rapidly 
to this value with increasing | y |. 
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To an excellent approximation, therefore, the solution of (52) may be 


written in the form 
ROLY |i dai og eee (53) 


Thus the relation (52) requires 


for instability. Since m and n may have any values between —oo and + 0, 
there will clearly be a range of values of m and n for which any layer of finite 
thickness is unstable, and hence such a layer can have no permanent existence. 


€ — 


Fig. 3.—Variation of real positive root of equation (57) 
with «. 


VI. ZERO MAGNETIC FIELD IN DIRECTION OF CURRENT 
In a recent paper Kruskal and Schwarzchild (1954) have examined the 
stability of a uniform current flowing through a region bounded by parallel 
planes, the magnetic field being taken to have no component in the direction of 
the current. On the assumption that the transverse field is greater outside the 
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region than within, these authors conclude that the System is neutral to perturba- 
tions in which Ee two defining surfaces are distorted into sinusoidal wave 
forms. 

In this section the stability condition (50) is applied to the case where the 
transverse field outside the layer bears an arbitrary ratio to that inside. Suppose 
that the field inside is 


and the field outside 
2 be aR SR ee ADI Oe ete (56) 


where y is a constant and < may take any positive value. In effect «¢ measures 
the ratio of the magnitude of the transverse field outside the region to that at 
the boundary of the current layer, and it is to be noted that the discussion is 
equally applicable when H, has the same or opposite sign when # >a and #< —a. 


For this case the stability condition (50) assumes the form 


paeaee {(1 +¢?)xa+1}{(1 —e?)xa+1} 
{(1+e?)xa —1}{(1—e?)xa—1} 


The nature of the possible roots of equation (57) depends on the particular 
value given to the parameter «. It may be shown that (57) has no real positive 
root for any «>1. A separate examination shows that for the value «=1 there 
is also no real positive root. Hence the current layer is stable for all ¢>1. 
This agrees with the result obtained by Kruskal and Schwarzchild. 


However, when ¢ lies in the range 0<e<1, it may be shown that equation 
(57) has just one positive real root Y, say, for each value of c«. The variation 
of Y with < is sketched in Figure 3. It is clear that Y always exceeds 1/(1—e?), 
but converges to this value as e>1. Hence to a good approximation, the 
solution of (57), may be written as 


where 0<e<1. Equation (58) implies that, for any layer of finite thickness 
there are modes of disturbance for which the current distribution is unstable. 
Hence the state of the system passes from one of stability to one of instability 
when ¢ falls below unity. 


VII. CONCLUSIONS 

The general condition for the stability of a plane current layer has been 
derived by the method of normal modes and its implications have been discussed 
with reference to two special cases. In the first case the magnetic field has 
been taken to vanish everywhere outside the current layer, and it has been 
found that, for any layer of finite thickness, there are modes of disturbance for 
which the current distribution is unstable. The second case is an idealization 
of the well-known pinch effect, in which the current is self-constricted by a 
transverse magnetic field. It has been shown that the state of the system 
changes from one of stability to one of instability when the magnitude of the 
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field outside becomes less than that at the boundary of the current layer. This 
conclusion is in conformity with results obtained recently by Kruskal and 
Schwarzchild (1954). 

The velocity of Alfvén waves along a magnetic field in a region bounded 
by parallel planes has been found to be reduced due to the inertia of the sur- 
rounding medium. This reduction is by a factor which approximates to 
(1-++u5/u,)-3, where p, is the mass density of the fluid inside the layer and py, 
the density outside (cf. Fig. 1). 
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APPENDIX I 
In Section II it was pointed out that the stability of the current layer does 
not depend on the compressibility or density of the conducting fluid. An 
equivalent result has been used in an earlier paper by Dr. J. W. Dungey and the 
author (1954), and it may be of some interest to give the proof in the case of the 
plane current layer. 


For a compressible conducting fluid of variable density the equation 
describing small perturbations may be stated in the forms 


oh curl (VX), wees. es Sick 0o.e Sete ee (59) 
Anus, =—grad )+(H. grad)h+(h.grad)H, ...... (60) 

0 

ap = — div Chee ee ae (61) 


where o¢ is the variation in the mass density », which is now a function of a. 
Applying the method of normal modes, solutions are sought in which the variables 
h, v, |, and p are taken proportional to exp i(wt-+-my-+nz). The conditions 
for instability are then obtained by putting w=0; but in this case equations 
(59) and (61) require v—0, and so equation (60) must be supplemented by the 
divergence relation div h=0 to obtain a determinate solution. 

Hence the equations determining the onset of instability in a compressible 
fluid of variable density are identical with those obtained previously for the 
case of an incompressible fluid of uniform density. The conditions for instability 


are thus unaltered when compressibility and non-uniform density are taken 
into account. 


CORRECTING FOR RUNNING MEANS BY SUCCESSIVE 
SUBSTITUTIONS 


By R. N. BRACEWELL* 
[Manuscript received April 22, 1955] 


Summary 

The paper discusses a practical procedure which compensates for the effect of 
taking running means, and a numerical example is worked out. The procedure simply 
requires the evaluation of further running means and should prove readily applicable 
in many cases where the need arises. In this procedure, which has already gained 
importance in more general form in other fields (as the method of successive substitu- 
tions), a criterion of convergence has been given ; and it is a major aim of the paper to 
illustrate, using running means as an instance, that the utility of the method of successive 
substitutions is wider than is indicated by this criterion. The mathematical theory 
shows that the proposed procedure leads to a divergent result in the case of running 
means ; nevertheless the asymptotic nature of the divergence allows results of practical 
value. An illuminating view of the phenomenon is given from the standpoint of Fourier 
analysis, which reveals a counterplay of simultaneous deterioration and improvement 
occurring in different spectral regions. 


I. INTRODUCTION 
It often happens, when a quantity f(x) has to be observed at #=a,, that the 
quantity actually measured is a weighted integral of f(#) over an interval 
surrounding #,. This interval can sometimes be made so small that further 
decrease makes no difference, but often this cannot be done, and the problem 
then arises of allowing for the non-zero width of the interval. 


The nature of the weighting function varies with the circumstances. In 
spectroscopy it is the ‘‘ apparatus profile’, a more or less smooth humped 
curve; in radio astronomy it is the “ aerial directional diagram ’’, a central 
hump with ‘“ side lobes’’; and there are numberless other cases. In many 
circumstances the weighting function is rectangular—this is the important case 
where the observation is a simple running mean of the desired quantity. An 
example of this occurs when a photographic density distribution f(7) is scanned 
by a slit. 

This paper deals with a method of correcting for running means. The 
method, which in its general form has been presented at length in connexion 
with the radio-astronomical problem by Bracewell and Roberts (1954), will be 
referred to as the method of successive substitutions as in the theory of integral 
equations (e.g. Lovitt 1950). The method seems to have been introduced into 
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astronomy by van Cittert (1931), but is not well known in some branches of 
physics where it has immediate application (e.g. Bracewell 1955). It yields a 
sequence of distributions, each derived from its predecessor by a process involving 
a further application of the very effect which it is desired to eliminate. In the 
case of running means the procedure, briefly stated, would be as follows. Take 
running means of the observations, note the small change produced, and apply 
this change as a negative correction to the observations. This gives the second 
member of a sequence of distributions of which the observed distribution itself 
is the first member. The next distribution is obtained by taking running means 
of the second, comparing the result so obtained with the observations, and 
applying the discrepancy as a correction to the second distribution. If the 
discrepancy tends, in successive stages, towards zero, then the distributions are 
tending to a form which, when smoothed by running means, agrees more and 
more closely with the original observations. In other words, the sequence of 
distributions is converging to a desired. solution. 


This procedure involves nothing more recondite than repeated running 
means of the observed data, and, as running means are often easy to get, such a 
procedure would be very attractive in many applications. 


A note of caution now needs to be sounded, for only in favourable cases 
does the sequence converge. For evidence of this, one need only ponder the 
case f(z)=8(%) and weighting function 43(7+1)+46(~—1), where 3(x) is the 
unit impulse function. 

Now the criterion of convergence is known and, when applied to running 
means, reveals that the sequence converges only for initial distributions with a 
certain peculiar type of spectrum. An understanding of the convergence 
question is therefore all important in this method of correcting for running means. 
On the other hand, in radio astronomy, convergence can normally be taken for 
granted. 

The method of successive substitutions is, however, likely to prove of far 
more general use than its failure to satisfy convergence criteria might lead one 
to suppose. As explained later in connexion with Figure 1, it may happen 
that the sequence of distributions, whilst ultimately divergent, nevertheless 
for a few stages approaches the desired solution asymptotically. As it is probable 
that, in the bulk of applications, a procedure would not be considered practicable 
which did not give adequate correction in the first one or two stages, it should be — 
immaterial in practice whether the sequence is, in the end, convergent or 
divergent. This paper is mainly concerned with showing that excellent results 
may often be had in spite of divergence, using the case of running means for 
the purpose. 


Il. DEFINITION OF THE PROBLEM 


Let g(x) be derived from a function f(x) by averaging over an interval bs 
Then 


qe | te at ee ee (1) 
%—} 


The problem is, given g(w), to find f(z). 
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Rewrite equation (1) in the form 


gi =e" ("Z| see, CRA Wate (2) 


where II(t) is the rectangle function of unit height and breadth : 
II (zt) =i, —t<71<h, 

=0, | T [> 2 
The right-hand side of equation (2) may be recognized as a convolution integral, 
which, for clarity, may be written with the asterisk notation} as 

SECON ES AE Ae See ee ee, are (3) 
where II¢(~)=€-1II(€-12). 

Equation (3) is strictly analogous to the aerial smoothing equation discussed 


by Bracewell and Roberts, and it will be seen that IIz is already correctly 
normalized in the sense that 


IE Ilz(x)da—=1. 


The sequence of distributions yielded by the method of successive substitu- 
tions is therefore as follows : 


9, } 
fi=2g— Meng, 
f,=39—3lleeg—-Mleslleeg, - -........... (3a) 


It has now to be considered whether the members of this sequence approach 
the desired distribution f, or, if not, whether any of them is an improvement 
on g. 

III. CONDITION FOR CONVERGENCE 
According to Bracewell and Roberts, the sequence converges if, and only if, 


| 1—Tle(s) | <1 


for all s for which g(s)~0, where Tlz(s) and g(s) are respectively the Fourier 
transforms of IIz and g. In general the sequence converges not to f, but to the 
function whose transform is 


Now 


co 
+ In this notation fxg -{ f(a—u)g(u)du. 
—o 
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Hence | 1 —Ile(s) |>1 for all s such that 


mE *<s<(n+1)e%, 


INN 


where » is any odd integer. 


Consequently the sequence converges only in the cases where g(x) has no spectral 


components in the shaded zones of Figure 1. 
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Fig. 1 


Few distribution functions in practice could be expected to comply with 
such a severe condition. Therefore, in general, the sequence could not be relied 
on to converge. However, there remains the possibility of asymptotic repre- 


sentation and this may be illustrated with a numerical example. 


We adopt the symmetrical distribution g(#), as given in Table 1 and graphed 
in Figure 2, constructed from the assumed distribution f(x) by taking running 


TABLE | 


AN EXAMPLE OF ONE STAGE OF CORRECTION 


x | F() g(a) TlExg ie Discrepancy 
0 8800 8400 8032 8768 —32 (4%) 
8600 8200 7880 8520 =80 (1%) 
2 8000 7680 7440 7920 —80 (1%) 
7000 6920 6760 7080 80 (1%) 
4 6000 6000 5920 6080 80 (1%) 
5000 5000 4992 5008 8 (2%) 
6 4000 4000 4040 3960 =A) 1) 
3000 3040 3120 2960 —40 (1%) 
8 2000 2160 2280 2040 40 (2%) 
1200 1400 1560 1240 40 (3%) 
10 600 800 984 616 16 (3%) 
200 400 560 240 40 (20%) 
12 0 160 280 40 40 
0 40 120 —40 —40 
14 0 0 40 —40 —40 
0 0 8 — 8 — 8 
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means over five values. The column IlIzxg is derived from g(#) in the same 
way that g(”) is derived from f(x). The column f, =29—Ilexg gives the result 
of one stage of correction, and the last column gives the discrepancy between 
the corrected distribution f,(v) and the known original distribution f(x). 


Figure 2 shows the agreement between the corrected distribution (----- ) 
and the known original function f(#), an agreement which for many practical 
purposes would clearly be very acceptable. 
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Fig. 2 


IV. SPECTRAL ASPECT OF ASYMPTOTIC PHENOMENA 
Applying the convolution theorem to (3) we have 


g=llef. 
Hence, from (4), 

. Sin 7&8, 

ers 


This relationship between the spectra f and @ is illustrated qualitatively 
in Figure 3. Now consideration of equation (3a) will show that the transforms 
of the successive distributions fall as in the broken line of Figure 3. In the 
non-shaded strips, the broken line is closer to f than g is, but in the shaded strips 
it is not, and tends to depart further with succeeding stages. 

If then a stage of restoration is to improve the agreement with f, the improve- 
ment occurring in the unshaded strips must outweigh the deterioration setting 
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in in the shaded strips. This will occur when the spectrum of f is weak in the 
shaded strips, as may be shown to be the case in the example of Figure 2. 


V. CRITERIA FOR PRACTICAL USE 
We have now seen that satisfactory results can follow from asymptotic 
sequences, and an illuminating explanation of what happens has been possible. 
In practice, however, the results cannot be verified in the way used here, nor 
can Fourier transforms be considered in detail. A criterion is therefore required 
by which it can be decided whether the corrected distribution f,(#) represents an 
improvement over g(v) as an approximation to the solution f(7). 


Fig. 3 


Fortunately the method itself gives an indication, for, in cases of con- 
vergence, successive corrections become smaller and smaller. Now it is not 
reasonable to attempt to assess the quality of a distribution numerically. For 
example, a corrected distribution might show improvement in some respects 
(say general shape) and deterioration in others (presence of ripple) ; and in some 
circumstances this might be on the whole “ better ”’ and in other circumstances 
‘“ worse’. The required criterion must therefore be a qualitative one involving 
the user’s needs; thus as a practical test, it would seem to be sufficient that 


IIzxf, should agree with g much “better” (for the existing purpose) than g 
does with f,. 
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THE HIGH TEMPERATURE EXCITATION OF HELIUM 
By J. T. JEFFERIES* 
[Manuscript received April 4, 1955] 


Summary 
The relative populations of the helium ground state, the singlet and triplet states 
of principal quantum number 2 and 3, and the ionized state are obtained for an atmos- 
phere isothermal at one of a number of kinetic temperatures in the range 104-105 °K. 


It is shown that the non-appearance of the D, line of helium in the solar Fraunhofer 
spectrum may be reconciled with the simultaneous appearance of the infra-red 410830 
line, provided the mean kinetic temperature of the chromosphere is not too great. 
From an analysis of observations of the D, emission of the solar chromosphere, it is 
concluded that the mean kinetic temperature of the lower chromosphere is most probably 
in the renge 1041-25 x 104 °K. 


I. INTRODUCTION 

The suggestion by Redman (1942) that the solar chromosphere has a high 
kinetic temperature (~30,000 °K) has in recent years stimulated studies of the 
excitation of and emission of radiation from high temperature atmospheres, 
with particular reference to the solar chromosphere and various related features 
such aS prominences and flares. Attention so far has been confined largely 
to the excitation of hydrogen since it is the most abundant element in stellar 
systems and the simplest to consider theoretically and because most of the 
relevant atomic excitation processes have been studied. The data so obtained 
have been applied by the author (1955) to determine the physical conditions in 
prominences, and it is clearly desirable that such computations should be 
extended to other elements so as to check results found for hydrogen and to 
allow interpretation of observations where the results for hydrogen are either 
lacking or equivocal. 

In this paper the excitation of helium is considered for a number of kinetic 
temperatures in the range 104-105 °K, this range being of considerable interest 
in astrophysics. The choice of helium as the next element for consideration 
after hydrogen lies in its importance in the solar flash spectrum and its high 
excitation potential which should make the emission quite sensitive to small 
changes in kinetic temperature. Further, the interpretation of helium spectra 
from the Sun is likely to be more straightforward than for hydrogen, as the 
effects of self-absorption should be far smaller. The rather curious and variable 
behaviour of helium eclipse spectra also makes its study of interest, as it is felt 
that an explanation of such features could assist considerably in solving problems 
of chromospheric structure. 


* Division of Physics, C.S.I.R.O., University Grounds, Sydney. 
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In order to test Redman’s (1942) suggestion of a high chromospheric 
temperature, Miyamoto (1951) considered the excitation of helium in a model 
solar chromosphere at 35,000 °K and showed that, at such a high temperature, 
one would expect strong He 1 and He u absorption lines in the solar disk spectrum, 
contrary to observation. 

We shall consider here the excitation of helium in a high temperature, 
horizontally stratified, isothermal atmosphere of which helium is a constituent. 
The presence of other elements in the atmosphere is taken to influence the helium 
excitation only by increasing the electron concentration and so increasing the 
rate of collisional excitation ; heavy particle collisions are assumed of negligible 
importance. In general the most important element present, at least in astro- 
physical situations, is hydrogen, and the numerical illustrations given here are 
limited to cases where the atmosphere is composed of hydrogen and helium, 
generally with an abundance ratio 5:1. In these cases, the electrons result 
mainly from ionization of hydrogen. The theory, however, is developed using 
the electron concentration N, as a parameter and so may be applied to any 
atmosphere. 

Excitations and de-excitations of the atoms are also caused by radiative 
transitions involving absorption or emission of radiation. Since applications 
will be mainly to solar phenomena, numerical results are confined to the case 
of an atmosphere irradiated by hemispherical black-body radiation at 6000 °K, 
corresponding to solar photospheric radiation. This irradiation will only be 
significant in those parts of the spectrum where the optical depth of the atmos- 
phere is small. Elsewhere radiative excitation is due to the radiation field built 
up by the atmosphere itself. 


As for hydrogen, which was treated by Jefferies and Giovanelli (1954),* 
the problem for helium may be formulated in terms of a set of simultaneous 
equilibrium equations which state that the rate of entry into an atomic level 
equals the rate of leaving, together with a set of second order differential equations 
whose solutions give the intensities in each spectral line and continuum. As the 
solution of such a set is formidable, recourse is made to an approximate treatment 
using a restricted number of energy levels, namely, the ground and ionized 
states together with the singlet and triplet states of principal quantum numbers 
2and 3. The fine structure splitting will be ignored ; where necessary we shall 
suppose these states to be populated in the ratios of their statistical weights. ~ 

-Intercombination transitions between an excited singlet and a triplet level 
will also be ignored. Optically forbidden radiative transitions of this type are 
known to be weak in comparison with the corresponding optically allowed 
transitions. Collisional transitions will be neglected for simplicity, but this 
neglect will not cause much error as the singlet and triplet levels are quite strongly 
linked through the ionized state. Further these intercombination collision 
transitions are unlikely to be more frequent than the transitions between states 
of equal multiplicity, and, since we can hardly do better than guess these latter 
rates, the order of accuracy of the results will not be greatly affected by the 


*This paper will be referred to throughout as paper A. 
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neglect of intercombination transitions. Transitions between the ground state 
and the triplet 2 and 3 states, whose cross sections are quite well known, are,, 
however, taken into account. 


IT. THE EXcITATION RATES 
The total rate of excitation per unit volume from state j to state J is denoted 
P;,N; where N, is the population of the j state. P;, may be dissected into a 
radiative component A ,, and an electron collisional component ;, which contains 
the electron concentration NV, as a factor. The rates of collision excitation 


TABLE 1 
>) 
HELIUM COLLISION OROSS SECTIONS (7a)) 


Transition | Cross Section 

1is—218 3x 10-2 (E,/E) 

114$—21P 1-5x10-1 (E—E,)/(E,,—E,) ; E,,=50eV 
114S—318 3x 10-3 (E,/E) 

14S—31P 3x10-? (E—E,)/(E,,—E,); E,,=100 eV 
114S—31D 8x10-* H,/E 

114sS—23g 410-2 (E,/E)? 

114S—28P | 3x 10-2 (E,/E)® 

11s—33s 2x 10-3 (E,/E)? 

11S8—38P | 1x 10-2 (E,/E)8 

118 —33D | 8x 10-4 (E,/E)4 


follow, assuming a Boltzmann distribution of energy among the electrons, from 
the absolute values and energy dependence of the collision cross sections. For 
collisions from the ground state this information is available for most transitions— 
Bates et al. (1950)—and the values adopted here are shown in Table 1 together 
with our idealized energy dependence. For the optically allowed transitions 
118-21P, 31P, a linear energy dependence is assumed here up to a maximum 


TABLE 2 


ADOPTED VALUES OF q 


| 
Transition 2S-3S 2S-—3P 2S—3.D 2P-3S 2P-3P 2P-3D 


10 10 150 


or 


q (eV) 10 | 100 | 


cross section at H,. Owing to the high values of H, compared with kT, the 
value of the excitation rate is effectively independent of the cross section beyond 
E.. For transitions between excited states some reasonable guess must be made: 
aot data are available. It has been assumed that, for corresponding singlet- 
singlet and triplet-triplet transitions, the cross sections are ane — of the 
form qrae/E ; the adopted values of q obtained from comparison with corres- 
ponding data for hydrogen are shown in Table 2. 

- BB 
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The resultant collisional excitation rates between states of given principal 
quantum numbers are shown in Table 3 for a number of kinetic temperatures. 

The rates of super-elastic collision and of collision ionization are found in a 
straightforward manner by the method used by Giovanelli (1948). The rates of 
photoelectric ionization and of spontaneous recombination are also computed 


TABLE 3 
RATES OF COLLISION EXCITATION (VN, cm~* sEC™+) 


Vu 1-21 1-31 pas | 1-23 | 1-38 
(104 °K) | 

1-00 3-5 x 10-19 2-2 10-22 1-0 10-7 7-5 x 10-19 5-3 10-21 

1-25 4-2 10-17 3-4 10-9 1:4x10-7 | 6-5x10-27 9-0 x 10-19 

1-50 1-0 10-15 1:0 10-17 1-8x10-?7 ~}-—1-3 10-15 2-6 x 10-47 
2-00 6:3 10-14 8-4 x 10-16 2-2 10-7 5-6xX10-44* =| 1-8x10-15 
2°50 7-2 10-18 1-0 10-14 2-5 10-7 4-9x10-13 | 2-2x10-14 
5-00 1-2 10-1 1-8x 10-2 2-8—10-7 3-7x10-2 | 3-3x10-12 
10-00 1-8 10-9 2-4%10- 2-4x10-7 2-7 x 10-10 3-2x10-11 


by a similar method using the Gaunt formula for the continuous absorption 
coefficient, as modified by Menzel (1931). 

a(n, v) =2%r4mZ 4219/3 V 3ch®v3 nee, 
where Neg, is the effective principal quantum number for the level. 


Rates of spontaneous transitions between bound states may be computed 
from tables given by Bates and Damgaard (1949) and are shown in Table 4. 


TABLE 4 
SPONTANEOUS TRANSITION RATES (NV; cm~* sxc“) 


‘Transition j—1 na 21] 3-1 31-21 | 33_93 


Rate - sh 1-62 x 10° 2-15x108 = | 427 x 107 | 4-60 x10? 
| 

Of the intercombination lines, one would expect the most important to 
be the extreme ultraviolet line resulting from the transition 23P—118. Its 
transition probability, however, seems to be very small, as can be inferred from 
photographs given by Hopfield (1930) and we shall ignore it here in comparison 
with other processes removing atoms from the triplet 2 state. It should, 
however, be pointed out that this intercombination line is likely to be important 
in very diffuse atmospheres only faintly illuminated from outside, since in such 
cases it is likely to be the predominant transition from the triplet 2 state. 


III. THE POPULATIONS OF THE GROUND AND IONIZED STATES 
Using excitation rates found as in Section II, we may formulate six 
equilibrium equations for the populations of the 1, 21, 31, 23, 33, and 4 states, the 
last representing the ionized state, He 1. This set may be solved for the ratios 
of populations of any two states; for absolute values we need, of course, one 
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further piece of information which will usually be the total concentration of 
helium atoms and ions. 

The Lyman type radiation arising from the transitions 21-1, 3-1, and 4-1 
will be denoted here by La, Lf, and Le. Since we shall be dealing solely with 
helium radiation, no confusion with the Lyman radiation of hydrogen should 
result. 

Arrivals in the ionized, 4, state are due to: 

(i) ionizations from 1, 
(ii) ionizations from 2! and 3}, 
(iii) ionizations from 2° and 33. 

If the atmosphere is optically thin to L« and L8, the contributions from (ii) 
are negligible compared with (i). Ionizations from the triplet states, however, 
are not negligible since, following the collision excitations 1-2%, 1-33 the most. 
probable result is an ionization, since the rates of the super-elastic collision 
33-1, 28-1 are much less than the corresponding rates of ionization. The 
ionizations (i) and (iii) are balanced by recombinations to the ground and excited 
singlet levels ; any recombination to the triplet levels resulting in a subsequent: 
ionization. It follows then that 


(By 4 +Ry93 +By38)Ny =(Pay +Pa2:+Pa3:) Na, 


Ni Meg +P 42: +P431 
Ng Ryg+Ryq+Ry39 


Excited singlet levels have a high probability of returning direct to the 
ground state emitting a quantum of radiation. If, however, the atmosphere is: 
optically thick to L« and L®§, this quantum is immediately reabsorbed in the 
atmosphere and the process is repeated until an ionization occurs. Thus nearly 
all collisions from the ground state result eventually in ionizations, which together’: 
with the ionizations from the ground state are balanced by recombinations to. 
the ground state only, since a recombination to any excited level will result in 
a subsequent ionization in the great majority of cases. For high opacity in La 
and Lf therefore 


or 


Ny pau Pay 
Na Py +Ryp +3: +Rig +R 3 
If the atmosphere is optically thin in Le, P,, may be replaced by Ry, and 
hence 


(oe (e ea) fe BO) Bae 01 6.676. Ow [6 6 © (6 @e\(e © ‘0 0) a 0) ¢ 


The values of V,/N, shown in Table 5 are obtained on inserting numerical 
values into (3.1) and (3.3). 

If the optical thickness in Le is not small, P,, in (3.2) cannot be replaced 
by R,4, i.e. account must be taken of the effect of Le absorption on the populations. 
N,and N,. Applying the method used in paper A for the corresponding problem. 
for hydrogen it is found that, for high opacity in La, Lf, and Le, 


Ny, 
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TABLE 5 


THE RATIO N,/N, 


Atmospheres Thin | Atmospheres Thick 
a in La, LG, Le in La, LB and 
(104 °K) | Eqn. (3:1) Thin in Le 
| Eqn. (3-3) 
| 
1-00 4-3 x 105 2-4 x 105 
1-25 4-4 x 108 2-2 x 108 
1-50 Wee ihe 8-8 x 10! 
2-00 Bol 1-4 
2-50 ZG LOm tN es 
5-00 Oe 3CalOns 4-5 x 10-4 
10-00 5-0 10-5 2-2x10-5 
| 


where A,, is the scattering parameter for Le radiation, whose value is found, 
using the general method given by Giovanelli and Jefferies (1954), to be given 
approximately by the relation 


(P 423 +P 43s) + 0(P4o: +P 431) 
Py 


i, 
(04 
Au= 


where a’ =Res;/Po4 and a =Roy/Poy4. 
Expressions for A,, in terms of NV, are shown in Table 6. 


TABLE: 6 
THE SCATTERING PARAMETER FOR LC RADIATION 


aE Ara 
(104 °K) 
1-00 7-6 x 10-4N /(1+3-7 x 10-N,) 
1-25 6-4 x 10-4, /(1-+1-0 x 10-22N,) 
1-50 6-3 x 10-4N,/(1-+1-6 x 10-2N,) 
2-00 5-2 x 10-4N,/(1+3-3 x 10-2N,) 
2-50 4-8 x 10°“, /(14+5-0 x 10-2N,) 
5-00 3-8 x 10-4, /(1+1-1 x 10-4N,) 
10-00 3-4x 10-44 /(1+1-5 x 10-4N,) 


Optical depths for an isothermal atmosphere of temperature J are given 
below. The values refer to the line centres for La and L8 and to the head of 
the continuum for Le. 


TLa ager set N,dz, 


4-7 x10-18 2 
VT 


the =6 2 X10-18 | Nae. 
0 


=o ale 


0 


N,dez, 
0 
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Thus for a model atmosphere of thickness 2 x 108 em, electron concentration 
5 x 1011 em-%, and kinetic temperature 7 —104 °K in which the H : He abundance 
ratio is 5 we find, since the hydrogen is nearly all ionized—paper A—while 
the helium atoms are nearly all in the ground state, that N 1~101! em-3, and 
TLB ~9 X 1Q, 
TLe ~10?, 
while for the same atmosphere at 5 x104 °K, N,~5 x107 and 
TL ~2 X 102, 
TLB ~2 x10}, 
The ~6 X10-2. 


IV. THE POPULATIONS OF THE EXCITED STATES 

The equilibrium equations for the excited singlet or triplet states may be 
written ‘ 
Py2N4+P3.N3+Pi,N,=T2N,, t 
P43N, +Po3N > +P13N, =T,N3, 
where T, and T, represent the total rates per atom for departure from the 2 and 3 
states and, since the equations apply to either singlet or triplet levels, distin- 
guishing symbols have been omitted. 

The solutions of (4.1) are 


N= 
: TT's —Po3P 39’ 


= TK, Pk | eer ee ee eww seenee 
TT's —PogP 39° 


_ 13K ,+P3.Ks | 


Ny; 
where 

Ky =P WN, +P 12, 

K3=Py3N4+P33Nj. 


If the atmosphere is optically thin in the 2-3 radiation, the radiative component 
A,, of the transition rate P,, is found from the intensity of the radiation incident 
on the atmosphere. If it is not optically thin, A,, is found from the intensity 
of the radiation inside the atmosphere, which varies from depth to depth and 
may be computed in the manner indicated in paper A. The following remarks 
apply to an atmosphere optically thin in 2-3 radiation, although the modifications 
necessary for a thick atmosphere are straightforward. 

For high opacity in the Lyman type lines, we replace the transition rates 
P12, Poy, P31, P34 by their corresponding collisional transition rates and obtain, 
neglecting some small terms, and assuming P 3 >P.4, which will be so for cases of 
interest here, 
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The triplet populations Ne: and NV, are also given by equations of the form (4.3) 
owing to the assumption of no radiative intercombination between the ground 


and triplet levels. 
If the atmosphere is optically very thin in La and L@ solutions (4.2) become, 


for the singlet states, 


N RigNy4+Pa2N 4 | 
ama Poy 2 
alot haere eee (4.4) 
Nn isi +PasN4 | 
37— P 3 
341 
TABLE 7 


POPULATIONS OF THE SINGLET AND TRIPLET 2 STATES 


T No}/N,N, | No3/N,N, 
(104 °K) (em?) (em*) 
3-5X10-29+7-2%10-MN,/N, | 7-5x10-+2-4x10-N,/N, 
bee 2-510 +8-8x10-°N, 1-4x104 +5-5x10-N, 
4-2X10-1746-1x10-4N,/N, | 6-6X10-17+2-0x10-N,/N, 
ar 2-5x104 +2-0x10-8N, 1-4x10# +1-4x10-8N, 
1-0 10-2545-3x10-44N,/N, | 1-3x10-25+1-8x10-3N,/N, 
aae 2-5x10! +3-5x10-°N, 1-410! +2-5x10-8N, 
64x 10-4 44-3X 10-4 N,N, | 58X10“ 41-4 x 10-18N,/N, 
me? 2-5x104 +7-3x10-°N, 1-4x10! +5-3x10-8N, 
Pas 7°3xX10-743-4x10-14N,/N, | 5-1x10-19+1-2x10-2N,/N, 
2-5x10# +1-1x10-7N, 1-4x10* +8-2x10-°N, 
nee 1-2x10-%42-0x10-4N,/N, | 4:0x10-2+46-9 x 10-4N,/N, 
2-5X104 +2-4x10-7N, 1-4x104 +2-0x10-7N, 
iar 1-8x10-* +1:1X10-4N,/N, | 3-0X10-4+3-7x10-4N,/N, 
2-5x104 +3-4x10-7N, 1-410! +2-8x10-7N, 


which are much smaller than the values given by (4.3). For intermediate 
optical depths in La and Lé approximations to the ratios No:/N, and N3:/N4 
may be found by the method indicated in paper A. We outline the method for 
N2/N,; the procedure for N3:/N, is analogous. ~ 

Provided the optical depth in La is not too low, 


Novag Ae e 
We dang) 


Srthv5 
where py = re =, ®, and w, are the statistical weights, and Jy is the total 
2 


intensity at the level in the atmosphere where the ratio N,/N, is required. The 
value of J is found as in paper A; for a homogeneous atmosphere with no 
incident radiation at the top and total reflection at the base, 


74nd [:- exp (—V3At)+exp [V3A(t—277,)] 
IN 1422/3 +(1—24/2/3) exp moat 


. (4.6) 
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where the source function b and the scattering parameter } may be found, in 
terms of the transition rates, from the method given by Giovanelli and Jefferies 
(1954). 

The ratios No/N, and N»:/N; computed from (4.3) and so applying, for 
the singlet states, only to high opacities in La and L@, are given in terms of NV, 
and N,/N, in Table 7. 


V. DISCUSSION AND APPLICATIONS TO THE SOLAR CHROMOSPHERE 

Comparison of the ratios of the population of the ground state to that of 
the ionized state in helium and hydrogen shows that they are of the same order 
for a temperature 7, in H as for a temperature 27, in He. This is as expected 
since the ionization potentials differ by a factor 2. 

We shall now consider some aspects of solar helium emission. In the 
visible part of the spectrum of the undisturbed disk no trace of He absorption 
or emission lines is found even in the case of the strong D, transition, though the 
23S8—2°P infra-red line at 410830 appears in absorption, indicating very different 
optical depths in these lines. 

The optical thickness in the D,, 33D-2%P, line may be obtained from well- 
known expressions for the Doppler broadened absorption coefficient and, at the 
line centre, is given by 


* 8-4x10-11 
ne i 


———_——_ Nospdz, .......... 5.1 
, /P 23PUn» ( ) 


the integration extending throughout the chromosphere. For the 410830 line, 


2° 1-4 x10-10 
+(10830) = i Nos APs cee ee (5.2) 
7 VT 


We shall consider firstly the ratio of the optical depths in D, and 10830. 
For simplicity we have throughout assumed the states of principal quantum 
number 2 to be degenerate. In fact this is not so; the 238 and 2°P states 
have an energy difference of 1-14 eV and so the two populations are not in the 
ratio of their statistical weights. The relative populations are maintained 
primarily by radiative transitions, so that if the radiation in the atmosphere 
corresponds at 410830 to black-body radiation at a temperature T °K diluted 
by a factor x it follows that 


Nop op ae a a (5.3) 
Nog wag exp (Ho/kT) —1’ 


where E,=1-:14eV. With 7=6000 °K and x=}, the ratio of the optical 
depths given by (5.1) and (5.2) becomes 


Be Ee ee at (5.4) 


(10830) 10° 


According to Mohler et al. (1950) 110830 is depressed about 5 per cent. below the 
local continuum, meaning that the chromospheric optical depth in this line is 
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~0-05. From (5.4), the optical depth in D, should then be ~0-005 which is 
too small to allow D, absorption to be seen. 

The magnitudes of the optical depths may be used to derive an estimate 
of the chromospheric temperature. In the solar chromosphere the concentration 
and distribution of helium is poorly known. To estimate optical depths, we 
use the homogeneous model defined in Section III, which should give results of 
roughly correct order. For 7=104, 1-25 x104, and 1-5 x104 °K the optical 
depths in D, and (10830 are then found, taking Nas=N,/4 and using (5.4), 
to be as shown in Table 8. This table shows that at temperatures above about 
1-1 x104 °K absorption lines should appear in (10830 and at about 2000 °K 
higher they should appear in D3. 


TABLE 8 
OPTICAL DEPTHS IN D, AND (10830 FOR THE MODEL IN SECTION III 


T + (Ds) | = (10830) 
(104 °K) | 
1-00 2x 10-4 | 2x 10-3 
1:25 410-2 4x 10-2 
1:50 410-1 4 


While these results indicate that the mean kinetic temperature of the regions 
responsible for helium emission in the lower chromosphere is of the order of 
1-25 x104 °K or less, the shortcomings of the model make this estimate a rather 
crude one. A better indication of the temperature can be obtained from 
measurements of the helium emission in the chromospheric spectrum such, for 
example, as those of Perepelkin and Melnikov (1935) on the D, line. According 
to these authors, the emission of D, at a height of 1000 km above the solar limb 
is approximately 10-* ergs cm’ sec-!. The population Ns» of the upper 
level of D, is then given by 


AhvN3:p~10-4, eee diets wife © Lane) (es = haseirecane (5.5) 


where A (=7-2 x10" sec~') is the spontaneous transition probability for Dg. 
From (5.5) we find 


Naps ~10- Lome Bee ee (5.6) 


This result may be used, as follows, to infer a value of the kinetic temperature 
in the solar chromosphere at a height of 1000 km above the solar limb. At this 
height the electron concentration is, from observation, ~2 1011 em-3, We 
assume that these electrons arise entirely from ionization of hydrogen and that 
the H: He abundance ratio is 5. From expressions, derived in paper A, for 
the degree of ionization of hydrogen at various temperatures, and with similar 
expressions for helium obtained here, the ground state population of helium, V te 
may be found as a function of temperature. Using the triplet analogue to 
(4.3) we can then compute V3; and hence N3:p=(5/9)N33. In this way the values 
of Nz:p shown in Table 9 have been obtained. Results are shown for both high 
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and low opacity in the Lyman type continuum although the former almost 
certainly applies at 1000 km in the solar chromosphere if the mean kinetic 
temperature is of the order of 1-5 x104°K or less. 

Comparison of the values of N3:p in Table 9 with the result (5.6) indicates 
that the mean temperature is not much higher than 104 °K. Owing to the 
rapid variation of N3:p with temperature, only gross changes in the data could 
materially affect this result. 


TABLE 9 


POPULATIONS OF THE 33D STATE 


fy | N33p (cem-*) 
(104 °K) 
T.>1 Te<1 
1-00 4x1074 LSS a8 
1-25 4x10? 1 
1-50 08 2x 101 
2-00 6 x 104 6 x 10? 


Whether or not this temperature estimate is a unique one depends on the 
corresponding values of N3:p below 104°K. These cannot be obtained directly 
from the computations here or in paper A as these do not extend below 104 °K. 
We can, however, estimate the trend as follows. At 5x10 °K, the various 
populations should be the order of magnitude given by the Saha relation. With 
N,=2x1011cm-* and the abundance ratio used above, it is found that 
N3p~5 X10-8 em-? at 510° °K. It follows that, for a constant electron 
concentration, N3:p decreases quite rapidly below 104 °K, and that the observa- 
tions are uniquely satisfied by a temperature close to 1-0 104 °K. 

Perepelkin and Melnikov’s observations, on which the above has been based, 
are of considerable interest in showing a maximum emission of D, at a height 
of 2000 km above the solar limb. It seems probable that this is due to an 
increase of kinetic temperature with height and the results could be analysed to 
determine this temperature gradient from the helium abundance. An attempt 
along these lines using reasonable values of the latter two parameters has been 
made, but indicates little beyond the fact that the mean temperature in the first 
4000-5000 km of the solar chromosphere is in the range 104-1-5 x104 °K if 
the helium abundance at the base is of the order of 5 x 101° em-%. 
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GALACTIC SURVEY AT 400 Mc/s BETWEEN DECLINATIONS 
—17° AND —49° 


By R. X. McoG#e,* O. B. SLEE,* and G. J. STANLEY* 
[Manuscript received February 16, 1955] 


Summary 
The zone of the sky between declinations —17° and —49° was surveyed with a 


pencil-beam aerial. The operating frequency was 400 Mc/s and the aerial beam width 
2° between half-power points. 


It is shown by means of contour diagrams of equivalent sky temperature that the 
central Milky Way consists of a narrow background of radiation (about 5° between 
half-power points) on which is superimposed a number of discrete radio sources. Test 
measurements at two points on the galactic plane indicate random polarization of the 
radiation. 

A most intense source in R.A. 17 hr 42 min, Dec. —28-5° (1950) is believed to 
represent radiation from the galactic nucleus. 


The radio-frequency spectra of the Milky Way sources and other sources observed 
in the course of the survey are shown to be divided into two classes, indicating two 
different mechanisms in the production of discrete source radiation. 


I. INTRODUCTION 

In general, surveys of galactic radio-frequency radiation have been deficient 
in important respects. On the one hand, wide-beam-aerial surveys have 
produced rather ‘“‘ smoothed out’ contours of radio brightness, and on the 
other, interferometer surveys, while giving lists of many radio sources, have 
failed to show how these sources are associated with the background. Thus 
it has become obvious that improved methods such as pencil-beam surveys of 
high resolution, pioneered by Hanbury Brown and Hazard, are necessary before 
a balanced radio picture of the sky can be produced. 


The present survey was undertaken to apply the pencil-beam technique 
to a sample of sky of outstanding interest, that region of the Milky Way in the 
direction of the galactic centre. 


Reber (1944, 1948), Bolton and Westfold (1950), and others have shown that 
the contours of radio brightness ascend to a rather broad peak close to the 
calculated position of the galactic centre. Bolton et al. (1954), using two types 
of interferometer and a 6° pencil beam in the Scorpio-Sagittarius region, resolved 
the broad radio maximum into two large extended sources. One of these which 
they call “source L”’ corresponds approximately in position to the intense 
discrete source discovered by Piddington and Minnett (1951) at a frequency of 
1210 Mc/s and inferred to be an extended physical object in the direction of the 
centre of the galaxy. Mills (1952) and Bolton, Stanley, and Slee (1954) observed 
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this object as a discrete source with interferometers at 100 Me/s, but it was 
pointed out by Bolton e¢ al. (1954) that the central Milky Way region is rather 
unsuitable for the use of interferometers of moderately broad primary beam 
owing to the confusion caused by a number of sources in such a beam at the 
same time. The present work clears up this confusion to a large extent and 
indicates considerable detail in the fine structure of the Milky Way. 


The survey was carried out over the zone of the sky between declinations 
—17° and —49°. The operating frequency was 400 Me/s, and the angular width 
of the aerial beam was 2° between half-power points. A preliminary report of 
the observations on the region surrounding the galactic centre, which lead 
to the recognition that an intense observed source may well be the galactic 
nucleus itself, has been presented elsewhere by McGee and Bolton (1954). 


The present paper begins with a short description of the aerial and receiver 
used. Following is a discussion of the method of calibrating the equipment in 
order to establish absolute values for observed temperatures so that contours of 
equivalent sky temperatures could in turn be drawn. Results of the survey of 
the central Milky Way are then summarized, with emphasis placed on the 
‘‘ galactic nucleus source’’. The radiation in this region consists of a general 
background on which are superimposed several radio sources, and tests at two 
points on the galactic plane indicate random polarization of the radiation. 
Finally, a list of discrete sources is presented and the more important ones and 
the trends of the spectra discussed. It is shown that the spectra may be divided 
into two classes, some displaying the usual non-thermal type of emission and 
others suggesting thermal emission from a gas cloud over part of the frequency 
range. 

II. AERIAL AND RECEIVER 
(a) The Aerial 

The reflector was a paraboloid of revolution of aperture 80 ft and focal 
length 40 ft set with its axis vertical. The aerial beam width was 2° at 400 Mc/s, 
and the beam could be directed by tilting the mast supporting the feed. The 
reflector was hollowed out of the sandy soil at the Dover Heights field station 
to a maximum depth of approximately 9 ft. The surface was then consolidated 
with concrete and completely covered with wire netting of 4-in. mesh and an 
additional supporting structure was added above ground level to give the full 
80-ft diameter. Overall surface accuracy was maintained to within lin. Thé 
reflector was available for use at any desired plane of polarization of the primary 
feed. A photograph of the aerial is shown in Plate 1. 


The primary aerial consisted of a conical dipole and plane reflector, a 
quarter-wavelength apart, fed by means of a shielded twin-wire transmission 
line. The shield and aerial were supported by a 3-in. aluminium mast guyed 
with nylon parachute cord, a material chosen to eliminate the possibility of 
spurious lobes in the aerial pattern. 


The mast was pivoted and counterweighted on a 3-ft frame in the centre of 


the reflector in such a way that the feed could be tilted in the meridian plane by 
adjustment of the north and south guys. The relation between the angle of 
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tilt of the mast and the zenith angle of the direction of maximum sensitivity 
of the aerial beam was determined experimentally at a number of points by 
observations of the radio star Centaurus-A and of the Sun as it approached the 
summer solstice. The method of tilting the feed to alter the direction of the 
aerial beam has been fully described by Brown and Hazard (1951) and Silver 
and Pao (1944). The experimental ratio between the angle of tilt and the 
zenith angle of the beam was found to be very close to —0-92, given in the 
latter reference, even up to angles of 20°. For a 2° beam it was possible to 
observe at angular distances up to 15° on either side of the zenith without 
serious distortion in aerial beam shape or appreciable loss in power gain.* Silver 
and Pao’s relation between relative gain and angle of tilt was well verified by 
the solar observations. 


The actual setting of the mast was done with the aid of a theodolite so that 
in the mechanical positioning of the beam high accuracy was obtained. 


(b) The Aerial Power Diagram 
The usual method of obtaining a diagram of power directivity of a large 
aerial of this type is to allow a well-established and isolated celestial point 
source to trace out the diagram as it passes through the beam. Since there 
was unfortunately no simple point source available in the zone under survey by 
this aerial, observations on two objects of angular width comparable with the 
beam width were used indirectly to confirm calculations. These were the radio 
source Centaurus-A, which has been found to be a combination of point source 
and associated spread source, and the Sun, whose dimensions at 400 Mc/s are 
fairly accurately known. : 
The primary field diagram was obtained by careful measurement. The 
secondary aerial power pattern was then calculated using the relation derived 
from a well-known formula (e.g. Slater 1942, p. 258) 


Baan rf (r)Jo(Br)dr, 
0 


where F is the relative power, FR is the radius of the aperture of the paraboloid, 
ry is the radial distance, 8 =(27/A)(4x—0), 0 being measured from the zenith, 
and f(r) represents the primary field in the aperture plane. 

Tt will be seen that radial symmetry is inferred. Corresponding values of 
primary field in the # and H planes were so close to one another that a mean 
curve, f(r), was taken as a very good approximation to the primary field. 

The width of the aerial beam between half-power points was 2:1+0-1°. 

Observations made on Centaurus-A with several different orientations of 
the feed showed that the assumption of radial symmetry was justified. 


* Note added in Proof.—Recently the diffraction theory of coma has been applied to the 
aerial in a semi-quantitative way and this aberration was seen to be more serious than had been 
indicated by geometrical optics. It is believed that such effects as the “* bulges ” at declinations 
—921° and —45° in the 50 °K contour on the left-hand side of Figure 2, the appearance of source 
No. 9, and the low level contours in Figure 5 may be attributed to third order coma. 


cc 
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(c) The Receiver 

The observations were made using a Dicke type 25 c/s electronic radio- 
frequency switch which connected a conventional superheterodyne receiver 
alternately to the aerial and to a reference resistor at ambient temperature. 
The receiver output was applied to a synchronous detector, and the noise 
temperature difference was indicated on a recording ammeter. This method 
ensures that receiver gain fluctuations have little effect on the stability of the 
system. 

The receiver noise factor was 11. The average receiver noise fluctuations 
represented an equivalent temperature of 2-3 °K at all aerial temperatures. 


III. CALIBRATION OF THE EQUIPMENT 

In calibrating the equipment the aim was to extract equivalent sky 
temperatures from the observed temperatures. Firstly, it was necessary to 
obtain a scale factor which would refer all observations to a common temperature 
scale. The method used is discussed in Section III (a). 

The equivalent temperature measured at the receiver input terminals 
includes contributions from the ground surrounding the reflector and from the 
aerial feeder as well as from the sky in the aerial beam. The derivation of an 
expression for sky temperature 7’, is given in Section ITI (b), and in Section III (c) 
there follows an estimation of the ground contribution T,. The effects caused by 
loss in the feeder may be measured directly. 


(a) Relative Temperature Calibration 
The scale factor was obtained by daily measurements of Centaurus-A, and 
then all observed deflections were referred to the deflection produced by 
Centaurus-A. 


OVEN 


AAA] MATCHING 
NETWORK 


LINE 
LENGTHENER 


MATCHING 
NETWORK 


RECORDING 
AMMETER 


Fig. 1.—Block diagram of calibration equipment for 400 Mc/s receiving 
equipment. 


The observed intensity of this calibrating source was then converted to an 
equivalent temperature by replacement of the aerial by a thermal load which 
could be cooled or heated over a temperature range extending from 75 °K below 
to 70 °K above ambient temperature. Figure 1 indicates the experimental 
arrangement for these measurements. The matching network of two variables 
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ensured that the thermal load, a carbon resistor of good high frequency 
characteristics mounted in a coaxial line, was very well matched to the receiver. 
This condition was continuously checked by the line lengthener in series with 
the receiver. Satisfactory matching conditions were assumed to exist when the 
eyclic deflections, occurring on the recording ammeter as the line lengthener was 
varied through a wavelength, were no longer visible above the receiver noise 
fluctuations. This is several orders of magnitude better than the best matching 
conditions indicated by the slotted line devices available on the field station. 

The detector law and gain of the post-detector amplifier were checked by a 
carefully matched noise generator, and the recorder deflections were found to be 
proportional within required accuracy to power and hence to equivalent temper- 
ature over the full range of observed temperatures. 

It was deduced from the measurements that the radiation from Centaurus-A 
at 400 Mc/s was equivalent to an aerial temperature of 74-+6 °K above that of 
the cold sky in its immediate vicinity. This value having been determined, all. 
observed recorder deflections could be expressed in relative temperature units. 


(b) The Equivalent Sky Temperature 
In any observation, the equivalent aerial temperature 7, is made up of 
the integrated beam temperature 7’, due to the radiation directed to the primary 
aerial by the reflector, and the unwanted ground contribution 7, resulting 
from thermal emission at ambient temperature, and such sky emission as 
may be reflected from the ground into the primary pattern. 


Tey Or kena gies. ure Heal (1) 


Note that if the temperature of the sky is constant over the solid angle subtended 
by the secondary power diagram of the aerial, 7’, may be called the equivalent. 
sky temperature. 

The quantity which can be measured directly is the equivalent temperature 
at the receiver input, 7,. It is different from 7, because of loss in the feeder. 
The aerial itself is regarded as a lossless element and of the power delivered from 
the aerial, «[k7 Af] arrives at the receiver input terminals and (1—«)[kT Af] 
is absorbed in the feeder. The feeder is at ambient temperature, 7), and so 
contributes a power (1—«)[k7T,Af| at the receiver input. Therefore, the power 
delivered to, the receiver is 

kAf{ol ,+(1—«)Tp}, 


where « represents the effect of power losses in the aerial feeder, k is Boltzmann’s. 
constant, and Af is the bandwidth. For this discussion we write the expression 
in terms of temperatures 
fod LET GH ae A Sa ee (2) 


Therefore, from equations (1) and (2), the required equivalent sky temperature 
T, is 


T, _f, —(1—a)T) 


ye eee (3) 


“w & 
a is obtained by measurement, 7, is estimated as in Section III (¢), and so 7, 
may be calculated. 
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(c) Estimation of the Ground Contribution, Tg 

An unwanted contribution to the observed aerial temperature occurred 
because the pattern of the power directivity of the primary aerial extended 
beyond the limits of the paraboloid aperture and over the surrounding terrain. 
This temperature 7, consists of a small component due to any sky radiation 
reflected from the around and the main temperature 7’,’, say, due to thermal 
emission from the ground at ambient temperature. 

For the calculation of 7,’, we first assume flat ground conditions and later 
try to correct for the irregularities and changes in the terrain. In general, 


au 27 
tor [ A(6, )P(0, ¢) sin 6 d0 de 


(i ie: (0, ©) sin 0 dO de 


where P(0, ¢) is the power diagram of the primary aerial, A(0, 9) is the power 
absorption coefficient of the surrounding medium, and 6 is the angle subtended 
at the feed by a radius of the reflector aperture. The method used to integrate 
equation (4) is given in Appendix I. 

In order to calculate the absorption coefficient A(8, @) it was necessary to 
know the dielectric constant and conductivity of the soil. These constants were 
kindly measured on a number of representative samples by Dr. J. 8. Dryden of 
the Division of Electrotechnology, C.8.I.R.O. The values found were dielectric 
constant 4 and conductivity 1 x10-* mhos per metre. 

Evaluation of equation (4) made 7,'=0-095 T). Corrections were then 
applied to take into account departures from flat ground conditions. For 
example, the aerial is situated quite close to the cliff edge and approximately 
one-sixth of the effective spillover area extends over sea-water supplying a 
negligible contribution at ambient temperature and a small contribution from 
the reflected sky radiation. It is estimated that the equivalent temperature 
from reflected radiation from both sea and soil was only 0-5 °K in the cases 
used here. The low vegetation in places was considered to cause only second 
order effects at this frequency. 

The value of 7, obtained when the region of lowest sky temperature was 
observed with the poral in the zenith position was 22 °K. The errors involved 
in this estimate amount to probably -+-20 per cent. ~ 

Further measurements were made to check on the extent of change that 


could be expected in 7, as the mast was tilted, but the overall effect was well 
within the limits quoted above. 


IV. ABSOLUTE TEMPERATURES AT SOME POSITIONS IN THE SKY 
(a) Observation of the Minimum Temperature of the Cold Sky 
The cold sky, i.e. regions away from the galactic plane and the discrete 
sources, exhibited such slow changes of temperature that it was not considered 
worth while to draw contours. 
Brightness contours in previous surveys, e.g. Bolton and Westfold (1950), 
indicate that there is a large region of minimum sky temperature in the 
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approximate vicinity of the south galactic pole. Since the centre of this region 
Sweeps through the zenith position of the aerial beam it was chosen as the first, 
point for absolute measurement. 


The equipment was set up in the same manner as shown in Figure 1. Inter- 
changes between the aerial and the calibrating resistor at ambient temperature 
were made every 10 min over a 2-hr period. The deflections on the recorder 
chart indicating the differences between sky and ambient temperatures were 
constant to less than 2 per cent. over all measurements. The relative calibration 
by heating and cooling the resistor was then repeated. 7’, remained at 285 °K 
throughout and the observed value of 7,, the equivalent temperature at the 
receiver input, was 90-+6 °K. 

The power loss factor «, measured for both aerial feeder and matching 
network by two independent methods, had a value 0-77 --0-04 which was in good 
agreement with the calculated value. 

Substitution in equation (2) for 7,, «, 7, and 7, resulted in an equivalent 
sky temperature of 10-15 °K (p.e.) at 400 Mc/s for the cold region whose central 
position was R.A. 04 hr 30 min, Dec. —33-9°. 


(b) Observations along the Base Level of the Milky Way Contours 

The same technique was applied at positions that gave an absolute calibra- 
tion for the lowest level contour drawn in the diagrams of the radio Milky Way. 
The positions and temperature are given in Section V (a). 


V. SURVEY OF THE MILKY WAY 

The main effort in this survey was concentrated on the Milky Way in the 
zone of declinations from —17° to —49°. After the daily calibrating observation 
of Centaurus-A the aerial beam was directed towards the region of the sky under 
investigation. Checks were made from time to time to make sure that the 
position of the mast did not change due to the effects of varying weather 
conditions on the nylon guys; under the worst observing conditions the 
maximum movement of the dipole was held to 0-1°. 

The Milky Way was observed on one fixed declination per day, changes in 
Right Ascension occurring as the rotation of the Earth swept the aerial beam 
across the sky. In a preliminary survey observations were made at intervals of 
1° in declination. Later, in order to cover the more interesting regions in greater 
detail, intervals of 4° were used. The record obtained on a particular declination 
was repeated until features of the variation of equivalent temperature with 
sidereal time were either satisfactorily reproduced or revealed as spurious and 
discarded. 

For the analysis and fitting together of the 50 or so individual records the 
adopted unit of intensity was the deflection produced by Centaurus-A above a 
level through points on its observed temperature curve separated by 20 min 
in sidereal time. This level was selected since it was well above the complications 
in recorded pattern caused by the spread object which forms part of Centaurus-A, 
and thus errors which could arise in deciding a true base line for the source were 
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eliminated. When the calibrating procedure described in Section III (a) had 
been carried out, it was found that one ‘“ Centaurus unit ” represented an 
equivalent aerial temperature of 61 °K. 


(a) The Milky Way Contours 

Contours of aerial temperature were plotted directly in celestial coordinates 
(epoch 1950) and the final diagram is presented in Figure 2. Here the contour 
interval is 30-5 °K. The sky temperature along the first contour was checked at 
declinations —49°, —40°, —30°, and —20° by the absolute calibration technique 
referred to in Section IV (b). 

For a general discussion the contours have been replotted in galactic 
coordinates. Precession corrections were applied to the celestial coordinates 
to transfer to epoch 1900 and the Lund Observatory Tables, based on the galactic 
pole R.A. 12 hr 40 min, Dec. +28° (1900), were used for the conversion. This 
plot appears in Figure 3, accompanied by the power diagram of the aerial. 


The ability of the aerial to separate out some of the radio fine structure of 
the galaxy is now apparent. There are a number of intensity maxima repre- 
senting discrete sources superimposed along the radio galactic plane. Particulars 
of these are given in Section VI (b). Studying what appear to be the contours 
of the background radiation, one can observe a fairly uniform increase in bright- 
ness from each side towards galactic longitude 1=328°. It is estimated that 
here the background radiation from the Milky Way reaches a sky temperature 
of about 260 °K. 

The diagram shows that almost all of the 400 Mc/s Milky Way in this zone 
is confined between +10° in galactic latitude. The mean width between 
half-power points is, in fact, only 5° over the observed range of /. The centre 
line of the marked concentration of radio brightness runs approximately along 
galactic latitude —1°. A fuller discussion of the shape of the observed contours 
will be given in a later paper. 


(b) The Galactic Nucleus Source 

The outstanding difference from previous radio surveys is the manner in 
which the prominent discrete source near the galactic centre emerges from the 
rest of the Milky Way. This source is probably the galactic nucleus itself. 
Its position is very close to the generally accepted position of the galactic centre, 
its coordinates being 1=327-9°, b=—1-0°, with an estimated probable error in 
position of -+-0-2° in each case. 

Statistical analysis of the counts of globular clusters, variable stars, and 
distant highly luminous objects such as planetary nebulae and novae, coupled 
with results obtained from measurements of galactic rotation and the motion of 
high velocity objects, place the direction of the galactic centre at 327° in galactic 
longitude with an uncertainty of about +1°. The optical analysis of the region 
is, however, difficult because parts are heavily obscured, up to 8 magnitudes 
in some places, by clouds associated with the Ophiucus dark nebula. They 
include an area containing the very positions quoted above and as yet even 
infra-red observations have failed to locate the galactic nucleus. 
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Until recently radio estimations of the position of the centre have been 
subject to as much uncertainty as have optical estimations. However, since 
this present survey was completed, a number of other high resolution observations 
have been made and in these there is agreement to within 0-5 min in Right 
Ascension and -+0-25° in declination. The details are summarized in Table 1. 


TABLE 1 


RECENT RADIO OBSERVATIONS OF PROBABLE GALACTIC NUCLEUS SOURCE 


Position 1950 Aerial Beam 
Frequency Flux Density Width at Observers 
(Me/s) R.A. Dec. (W m-? (e/s)-1)| Half Power 
(hr min) (deg) 
250 17 43 —28-5 10 x 10-24 1-:2° in R.A. | Kraus, Ko, and Matt 
17° in Dec. (1954) 
400 17 42 —28°-5 16-4 x 10-74 Roll Present authors 
760 17 42 —28-5 _- iey79 Present authors (un- 
published data) 
1420 Lia 43 —28-75 17x 10-4 0:-9° Hagen, McClain, and 
Hepburn (1954) 
3200 17 42-5 —29-0 4-8x10-%4 | 0-4° in R.A. | Haddock, Mayer, and 
0-45° in Dec. Sloanaker (1954) 


Knowledge of the size would be a most important factor in identifying this 
source with the galactic nucleus. Dr. Baade (private communication) has 
pointed out that for the Andromeda nebula M31, which is probably a close 
counterpart of our own galaxy, the semi-stellar nucleus has a diameter of 2-5 sec 
of arc. He therefore expects that the nucleus of our galaxy, which is 73 times 
closer, would have a diameter of 3 min of are. 


Up to the present the radio data on size is conflicting. In the 400 Mc/s 
survey (beam width 2°) the source appears as a point source when separated 
from the background. The separation was effected by studying profiles taken in 
several directions through the point of maximum intensity. It was estimated 
that the general Milky Way radiation rises to an equivalent sky temperature 
of 260 °K and that the “‘ nucleus source ”’ centred on the position of the maximum 
produces a further equivalent temperature of 180 °K. The authors also made 
some exploratory observations at 760 Mc/s with an aerial beam of 1-2° between 
half-power points but again failed to resolve the source. Moreover, from the 
information published by Haddock, Mayer, and Sloanaker (1954), it is inferred 
that the source was effectively a point source even to their 0-4° beam at 
3200 Me/s. 

The confusion in size arises at the lower frequencies and is probably due 
to the use of interferometers and low resolution aerials to survey a region whose 
structure is so complex. The source, as observed at 100 Mc/s by the inter- 
ferometers of Mills (1952) and Bolton, Stanley, and Slee (1954), would appear 
to be small in size. But Bolton et al. (1954), using a 6° pencil beam and an 
azimuth interferometer, report that the source is 12° by 2° to fifth-power points 
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with a strong central concentration. Shain and Higgins (1954) infer from 
scintillation observations at 18-3 Mc/s that the angular size to half power is 1° 
or greater. 

Turning now to a discussion of the intensity of radiation from the nucleus 
source, the flux density is plotted against frequency for the determinations 
listed in Table 1 together with those at 18-3 Mc/s (Shain and Higgins 1954), 
100 Me/s (Mills 1952; Bolton, Stanley, and Slee 1954; Bolton et al. 1954) 
and 1210 Mc/s (Piddington and Minnett 1951). The order of the resolution 
in each case is indicated by the relative size of the symbols in Figure 4, circles 
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Fig. 4.—Radio-frequency radiation from the ‘ galactic nucleus 
source ”’. 


being used to denote pencil-beam surveys and bars to denote interferometer 
surveys. A smooth spectrum curve could be drawn through the points above 
250 Mc/s in frequency, especially since there are uncertainties of at least 20 per~ 
cent. in all the flux density values given. However, at 100 Mc/s, although the 
two interferometer points confirm one another within experimental error, the 
third point at this frequency, already a lower limit, has a flux density which is 
greater by a factor of 100. Under the circumstances no attempt is made to 
draw in a possible spectrum. It may be noted, though, on the one hand, if 
Mills and Bolton, Stanley, and Slee observed the same source as did Haddock, 
Mayer, and Sloanaker (unresolved with a 24’ beam), there is no reason to suspect 
that their values of flux density would be too low, and on the other, that 
Piddington and Minnett (1951) published for this source a smoothly descending 
spectrum which is similar to the first class of spectra discussed in Section VI (c). 
The latter spectrum is apparently supported by the point at 18-3 Me/s. 
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Because of these discrepancies in size and intensity it appears possible 
that the nucleus source may have a complex structure with different parts of it 
displaying differing spectra. High resolution surveys at frequencies near 
100 Me/s and 20 Me/s can make important contributions towards clearing up 
the present confusion. 


(¢) Polarization Measurements at 400 Mc/s at Two Regions in the Milky Way 

Two regions were selected for some trial polarization measurements. They 
were centred on Dec. —23-5° and. —42-75° at the radio galactic plane. The 
method was the simple one of twisting the primary dipole and reflector into a 
number of positions removed from the original and checking for any change in 
the recorded temperatures in any of the positions. 

On each of five successive nights the following series of observations was 
taken: the usual Centaurus-A transit at Dec. —42-75° for relative calibration, 
the transit of the galaxy at the same declination, and the transit of the galaxy 
at Dec. —23-5°. On the first night the equipment was set up using the normal 
east-west polarization of the dipole. On the second night the dipole was turned 
through 45° into a polarization approximately parallel to the galactic plane. 
On the third and fourth nights the dipole was placed in the north-south plane 
and in the direction perpendicular to the galactic plane respectively. The 
measurements were concluded with the dipole in its normal operating position 
as on the first night. Noise factor measurements indicated that the receiver 
sensitivity remained unchanged (to within 2 per cent.) over this period. 

The recorded equivalent temperatures of each of the galactic regions exactly 
coincided on every run except No. 2 (polarization parallel to the galactic plane) 
when the temperature increased by 1 per cent. approximately. Thus, since 
reproduction of sensitivity could not be guaranteed to less than 2 per cent., 
it is concluded that at regions centred in R.A. 16 hr 54 min, Dec. —42-75° 
and R.A. 17 hr 55 min, Dec. —23-5° plane polarization of the radiation at 
400 Me/s is less than 2 per cent. 


VI. DISCRETE SOURCES OBSERVED AT 400 Mc/s 

The discrete radio sources observed in the course of this survey are set down 
in Table 2. The first two columns of the table give the reference number 
(assigned in order of increasing Right Ascension) and constellation in which 
the source is located. The next three columns give respectively the position 
in Right Ascension and declination for epoch 1950 and the estimated flux densities 
at 400 Mc/s for both planes of polarization in units of 10-°* W m~? (c/s). 
Other authors’ catalogue numbers of sources which appear to correspond are 
noted in the sixth column, and the final column contains remarks. The table 
is divided into two halves : sources 1-7 are isolated discrete sources lying outside 
the region covered by Figures 2 and 3, while sources 8-14 result from the analysis 
and composite plot of the Milky Way observations. 


(a) The Isolated Sources Nos. 1-7 
Since the survey was not designed for the searching out of discrete radio 
sources, there was not the same attention given to establishing their presence 
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as was given to checking the features on the central region of the Milky Way. 
Thus quite a number of possible source observations have had to be omitted 
and sources 1-7 are those whose positions correspond fairly closely to previously 
observed sources. Some of the more important ones are discussed further. 


Source No. 2 in Pictor 

The observations on this source are interesting in that they reveal two 
maxima of approximately equal intensity. One, located in R.A. 05 hr 09 min, 
Dec. —42-+75°, corresponds to the position of source 22 observed on the sea 
interferometer by Bolton, Stanley, and Slee (1954), while the other, in R.A. 
05 hr 16min, Dec. —45-0°, agrees approximately in declination although 
not in Right Ascension with Mills’s source 05-4 (1952) observed with a Michelson- 
type interferometer. At 400 Mc/s the source is slightly wider in angular extent 
than the aerial diagram. 


Source No. 3 in Puppis-Vela 

Unfortunately only a restricted number of observations could be made on 
this region and good accuracy cannot be claimed for the positions given. At 
400 Mc/s an extended source covers a large area of the sky approximately bounded 
by 08 hr 05 min and 09 hr 10 min in Right Ascension and by —38° and —48° 
in declination. It lies in the Ha« emission region reported by Gum (1952), 
but there is no sign of correlation between the radio features and the stronger 
emission patches. 

Superimposed on the general pattern of the observed radiation is a point 
source in R.A. 08 hr 24 min, Dec. —43-2°. This is most likely to be Puppis-A, 
identified by Baade and Minkowski (1954) with an unusual nebulosity in R.A. 
08 hr 20 min, Dec. —42-8°. The extended source reaches a maximum equivalent 
temperature of 138 °K above the surrounding cold sky temperature in R.A. 
08 hr 35 min, Dec. —45-1°. Neither of these radio positions is in good agreement 
with results by observers at other frequencies. 


Source No. 6 in Centaurus 

This is Centaurus-A, NGC5128, which has been extensively examined 
since its discovery and suggested identification by Bolton, Stanley, and Slee 
(1949). The R.A., 13 hr 22-5 min, was taken as a reference for this survey and 
the Dec., —42-75°, was that of the observed maximum brightness. The region 
was carefully observed and analysis of the records enabled the contour diagram™ 
of Figure 5 to be constructed. The contours are spaced at intervals of approxi- 
mately 9 °K in equivalent aerial temperature and are plotted in celestial 
coordinates (epoch 1950). They have not been corrected for the effects of the 
aerial beam. The source appears as a spread object of approximate dimensions 
5° by 3° to half power. Mills (1953) and Bolton et al. (1954) have referred to 
the fact that Centaurus-A consists of a point source and an associated spread 
object. In the present survey the point source is not separately distinguished. 


(b) The Central Milky Way Sources Nos. 8-14 
These sources are the maxima appearing along the surveyed zone of the 
Milky Way. The discrete source radiation merges into the general radiation 
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and it is difficult to decide where a separation should be made. In extracting a 
source from the ‘“ background” the following method was employed. The 
brightness contours in Figure 3 were imagined continued through the particular 
source under analysis according to the trend obtaining on either side, and points 
of equal excess brightness over them were joined to give a second system of 
contours, those of the ‘‘ superimposed ”’ source. With the exception of No. 9 
all sources were unresolved by the 2° beam, and for flux density estimations 
they have been considered as point sources. All have been reported by other 
observers. 

Observing at frequencies of 81-5 Mc/s and 210 Mc/s, Scheuer and Ryle 
(1953) discovered a narrow feature, 2° in angular width, superimposed on the 
background radiation between galactic longitudes 16°-338°. They attribute it 


DECLINATION 


MAX. TEMP. 74°K 


i EPOCH 1950 
-50° 


14.00 13.40 13.20 13-00 
RIGHT ASCENSION (HR) 


Fig. 5.—Contours of equivalent aerial temperature at 400 Mc/s of the discrete 
source Centaurus-A. Contour interval is 9-25°K. (Not corrected for 
aerial beam.) 


to Hu emission. In order to test whether any correlation exists between the 
400 Mc/s sources Nos. 8-14 and optically observed emission regions, a comparison 
is made in Figure 2. The shaded circles in the figure represent emission regions 
published by Sharpless (1953) in the zone of declinations north of Dec. —40°, 
and by Gum (1953) south of Dec. —35°. It will be noticed that the H a regions 
are closely grouped about the “400 Mc/s galactic plane” but there is ue a 
one-to-one correspondence with the radio sources. This may be due to insufficient 
aerial resolution. Haddock, Mayer, and Sloanaker (1954) with their 24’ beam 
width at 3200 Mc/s have positively identified the positions of four of the sources 
in Table 2 with Hu emission regions. However, on the present evidence 
concerning the radiation spectrum, to be discussed in Section VI (ce), it cannot be 
claimed that these sources are entirely due to thermal emission. More accurate 
spectrum information obtained by high resolution surveys at various frequencies 
is desirable for deciding whether or not the origin of this radiation is H 1 emission. 
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Source No. 9 in Scorpius 

Reference to the contour diagrams of Figures 2 and 3 shows that source No. 9 
is an extended line of increased brightness inclined to the galactic plane. But the 
fact that the line is approximately coincident with the parallel of declination 
—44° suggests the possibility of a spurious effect, e.g. an unaccounted change in 
receiver sensitivity over the observing period or an unusual aerial response when 
the mast is in this particular setting. No explanation of this nature was 
established. Several observations were taken on the central declination (—44-5°) 
and each time a similar pattern was obtained. Also closer spaced observations 
on either side of this declination merely confirmed the structure as plotted. 


(c) Discussion of the Radio-frequency Spectra 

All of the discrete sources under discussion have been observed by other 
workers at one or more different frequencies (see references in Table 2), and 
so the opportunity has been taken to examine trends in the radio-frequency 
spectra. In Figure 6 observed flux density in W m-? (c/s)-1 is plotted against 
frequency in Me/s. Although the diagram suffers from the fact that in most 
cases there are too few points through which the spectrum curves are drawn it 
serves to illustrate the striking feature that the spectra of the 13 sources are 
divided into two distinct classes. 

One class, characterized by a rapid decrease of flux density with frequency 
up to about 100 Mc/s and a subsequent gradual flattening out, is most fully 
represented by the spectrum for source No. 6, Centaurus-A. This curve is an 
extended version of the one published by. Piddington and Minnett (1951). 
Closely following the same shape are the spectra of the well-known sources No. 1, 
Fornax-A; No. 2, Pictor-A; and No. 3, Puppis-A. Source No. 7 shows a 
similar curve over the range for which it is known. 

The second class of spectra includes those of sources Nos. 4, 5, 9, 11, 13, 
and 14. The available data start at 100 Mc/s. The spectra exhibit an increase 
in flux density between 100 and 400 Mc/s followed by apparently the same type 
of gradual decrease towards high frequencies as in the first class. However, the 
increase may go past 400 Mc/s in the manner shown by the spectrum of No. 13. 
Sources Nos. 11 and 13 have been identified as H 1m regions by Haddock, Mayer, 
and Sloanaker (1954) while Nos. 9 and 14 may be associated with emission regions 
shown in Figure 2. At the low frequencies the spectra are similar to that of- 
thermal emission from a cloud of ionized gas discussed, for example, by 
Piddington and Minnett (1952). Source No. 10 has a rather flat spectrum com- 
pared with either class but is identified with an H 1 region at 3200 Me/s. 

This division into two classes of observed spectra must correspond to an 
essential difference in the nature of the sources in the two groups. Two possible 
explanations are suggested, and in considering them one is reminded of the 
difficulties encountered in the nucleus source spectrum discussed in Section V (b). 

One alternative is that a real difference in the spectra exists, thus giving 


evidence of a different mechanism in the production of radio-frequency radiation 
in each class of source. 
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The other, that the difference in Spectra is only apparent, depends on the 
possibility that there has been an underestimation of flux densities at 100 Me/s 
in the second class of sources. The observations at this frequency were made 
with interferometers of wide Spacing and, if it happens that all these sources 
are systematically large, say, of the same order as the fringe spacing in angular 
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Fig. 6.—Radio-frequency spectra of 13 discrete radio sources. 


size, then the interferometer observations would indicate intensities which 
were too low. The true flux densities may then be of such values that no 
division of spectra is warranted. 

The question can be decided either when the true sizes of the second group 
have been established and all the flux densities are modified accordingly, or by 
observing the sources at similar resolving power to the present survey at. fre- 
quencies near 100 Mc/s and lower. It is hoped that new instruments already 
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developed in this Laboratory, such as the Mills’s “‘ Cross ” at 85 Me/s, will soon 
supply the answer. 
VII. ACKNOWLEDGMENTS 

The authors pay tribute to Mr. J. G. Bolton of this Laboratory, who initiated 
the survey and was always ready to assist in the work.. They wish to thank 
their Group Leader, Dr. J. L. Pawsey, for his advice on calibration methods and 
most helpful criticism of the manuscript. Finally, the discussions and criticisms 
by the visiting astronomer, Martha E. Stahr-Carpenter, and by other colleagues 
are sincerely appreciated. 

VIII. REFERENCES 

BaapE, W., and Minxowskt, R. (1954).—Astrophys. J. 119: 206-14. 
Botton, J. G., Stanntey, G. J., and Sten, O. B. (1949).—Nature 164: 101. 
Bouton, J. G., Sranuey, G. J., and Sten, O. B. (1954).—Aust. J. Phys. 7: 110-29. 
Botron, J. G., and Westrotp, K. C. (1950).—Aust. J. Sci. Res. A3: 19-33. 
Bouton, J. G., WEestFoLp, K. C., Stanuey, G. J., and Sten, O. B. (1954).—Aust. J. Phys. 


7: 96-109. 
Brown, R. H., and Hazarp, C. (1951).—Mon. Not. R. Astr. Soc. 111: 357-67. 
Gum, C. S.. (1952).—Observatory 72: 151-4. 
Gum, C. 8S. (1953).—Observatory 73: 123-5. 
Happvock, F. T., Mayer, C. H., and StoanaKer, R. M. (1954).—Nature 174: 176. 
Hacen, J. P., McCuain, HE. F., and Hepsurn, Nannretou (1954).—Astr. J. 59: 323. 
Kraus, J. D., Ko, H. C., and Mart, §. (1954).—Astr. J. 59: 439-43. 
MoGrz, R. X., and Bouton, J. G. (1954).—Nature 173: 985. 
Mitts, B. Y. (1952).—Aust. J. Sci. Res. A5: 266-87. 
Mitts, B. Y. (1953).—Aust. J. Phys. 6: 452-70. | 
Pippineton, J. H., and Minnert, H. C. (1951).— Aust. J. Sci. Res. A4: 459-75. 
Pippineton, J. H., and Minnert, H. C. (1952).— Aust. J. Sci. Res. A5: 17-31. 
REBER, G. (1944).—Astrophys. J. 100: 279. 
REBER, G. (1948).—Proc. Inst. Radio Engrs., N.Y. 36: 1215-8. 
ScuEvER, P. A. G., and Ryze, M. (1953).—Mon. Not. R. Astr. Soc. 113: 3-17. 
SHain, C. A., and Hicers, C. 8. (1954).—Aust. J. Phys. 7: 130-49. 
SHarpuess, 8. (1953).—Astrophys. J. 118: 362-9. 
Sitver, S., and Pao, C. 8. (1944).—M.1I.T. Radiation Lab. Rep. 479. 
SnaTer, J. C. (1942).—‘‘ Microwave Transmission.”” (McGraw-Hill: New York.) 


APPENDIX I 
Calculation of Aerial Temperature due to Thermal Emission from the 
Ground Surrounding the Paraboloidal Reflector 

In Section IIT (c) equation (4) states that the temperature contribution Des 
at the feed and the ambient temperature 7, are in the ratio of the power received 
by the feed from the surrounding medium other than the reflector itself to the 
power that would be received were the feed completely enclosed in a black 
body space at ambient temperature. 

Equation (4) may be rewritten in the form 


wT 27 
| | (Ai, 9)Pi(0, @)+4..(0, @P (0, 9)} sin 0 dO dg 


dh sail, Te 2m ; > ++ (5) 
| | P(6, g) sin 0-40 de 
0 0 
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in which A(@, 9) and P(0, @) have been split up into components parallel (sub- 
Script ||) and perpendicular (subscript |) to the plane of incidence. 

The observed power directivity pattern of the feed could be expressed 
analytically to a very close approximation by 


P(9, o)=(1—sin? 6 cos? »)* sin? (47. cos 0). ....2....... (6) 
Then 
P\\(9, @) =sin? (47 cos 0){(1 —sin? 0 cos? ~)?—sin? o}, .... (7) 
P , (9, p)=sin? (47 cos 6) sin? ¢. 


Equation (5) now becomes 


27% (437 
oalp fs sin? ($7 cos 0) sin 6 ‘es ){(1 —sin? 0 cos? ~)? —sin? OM 
i Ue 5 —= 
T (tT 
ik i sin? ($x cos 0) sin 6 (1 —sin? 0 aa o)> dde 


The denominator of equation (8) was evaluated by analytical integration and 
for the numerator integration was performed analytically with respect to » and. 
numerically with respect to 0. 

Absorption coefficients A,, and A, were calculated from the usual Fresnel 
equations using the measured values of soil conductivity and dielectric constant. 

Although integration is carried out over the full hemisphere bounded by 
the plane reflector, the power directivity term ensures that outside the ground - 
over which the aerial pattern extends there is a negligible contribution to T7,’. 


THE OBSERVATION AND INTERPRETATION OF RADIO EMISSION 
FROM SOME BRIGHT GALAXIES 


By By. Mitie* 
[Manuscript received April 12, 1955] 


Summary 

Preliminary attempts to observe 13 bright southern galaxies are described. Of 
these 10 were detected, including the Magellanic Clouds. The latter were studied in 
detail. Supplementary measurements on the Milky Way near the galactic centre 
were made and also some unsuccessful attempts to observe two globular clusters. Taking 
these results in conjunction with some observations of Brown and Hazard it is possible 
to derive a consistent picture of the radio emitting properties of ‘‘ normal” galaxies. 
It is found that radio emission probably occurs with two markedly different distribu- 
tions, one displaying characteristics of a type I population, the other having a 
very extensive, roughly spherical, spatial distribution quite unlike any known stellar 
population. Both distributions have a non-thermal spectrum, and the relative contri- 
butions of each appear to vary between different galaxy types. In general terms, 
although not altogether in detail, these results support the conclusions reached by 
Shklovskii concerning the distribution of radio emission in the Galaxy ; also his inter- 
pretation of the spherical distribution as the result of relativistic electrons radiating 
in weak magnetic fields is examined, and found, with some modifications, to afford a 


plausible explanation of the observed differences between the radiating efficiencies of 
different types of galaxies. 


I. INTRODUCTION 

A large radio telescope intended primarily for the study of cosmic radio- 
frequency radiation has recently been put into operation near Sydney. The 
telescope, which consists of a cruciform arrangement of two arrays of dipoles, 
operates at a wavelength of 3-5 m, has a beam width between half-power points 
of 50 min of are and a sensitivity which, under ideal conditions, approaches 
10-2 W m-? (c/s)! ; the principle of operation has been described by Mills and. 
Little (1953). It is arranged as a transit instrument and altered in declination 
by phasing the elements of the arrays. As a consequence, at zenith angles 
greater than about 45°, the sensitivity and resolution begin to deteriorate rapidly. 
The sky coverage for useful observations from Sydney (latitude 34 °S.) therefore 
lies between declinations of about +10° and —80° in most circumstances. 


A detailed account of the equipment is being prepared for publication by Mills, 
Little, and Sheridan. 


This radio telescope, being a pencil beam instrument, may be used to study 
both the discrete sources and the general background radiation, and eventually 


* Division of Radiophysics, C.S.I.R.O., University Grounds, Sydney. 
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a detailed survey of the distribution of cosmic noise in the southern sky will be 
undertaken. Before commencing such a survey, however, it has been found 
desirable to spend some time testing and calibrating the equipment, while at the 
Same time observing special objects of astronomical interest. This paper 
describes the results of observing some bright galaxies, including the Magellanic 
Clouds, and some regions of the Milky Way. 


For the purpose of studying their radio emission, ‘ normal ” galaxies may 
be divided into three classes: (i) comparatively distant and faint galaxies 
in the magnitude range from 7 to 11 for which the only observation possible 
with this instrument is their total radio emission (or lack of it) ; (ii) close galaxies. 
such as the Magellanic Clouds and M31 (the latter unfortunately being outside 
the coverage of the aerial) in which the distribution of radio emission over the 
galaxy may be mapped and compared with that of various stellar populations 2 
(i) the Milky Way which is unique in the wealth of detail which may be obtained, 
but in which the edge-on view leads to difficulties of interpretation requiring the 
use of supplementary information derived from studies of the first two types. 

Attempts have been made to observe 11 galaxies of the first type of which 
8 were probably detected; also both Magellanic Clouds have been observed 
and their radio and optical properties compared. In addition a few galactic 
sections have been obtained in the region of the galactic centre. Taken together 
these observations appear to provide a consistent picture of the distribution of 
radio emission throughout a galaxy and of its dependence on the constituent. 
stellar populations. In general the observations tend to support the ideas of 
Shklovskii (1952, 1953) in which the galactic emission is considered to be 
distributed in two subsystems, one showing a discoidal distribution highly 
concentrated towards the galactic plane, and the other a very dispersed and 
approximately spherical distribution concentric with the galactic centre. 
However, contrary to Shklovyskii’s interpretation, it is found that the contribution 
of thermal emission from ionized hydrogen to the discoidal distribution is likely 
to be small. 


II. RADIATION FROM THE MAGELLANIC CLOUDS 

Study of the radio emission of the Clouds is difficult because both have a 
relatively low surface brightness compared with irregular variations in back- 
ground brightness in their neighbourhood. The Small Cloud presents the 
greatest difficulty, particularly in its outer regions, but even in the Large Cloud 
the distribution of emission can be determined with confidence only near its 
centre. A further difficulty arises because a radio telescope of this type is 
relatively insensitive when observing extended distributions ; consequently, 
very high stability is required from the equipment, and random drifts must be 
kept below the level of thermal noise fluctuations for the period of the observa- 
tions, that is, about 7 hr. The electronic portion of the equipment meets the 
stability requirement, but it is not yet known how the aerial itself is affected by 
changes in temperature or humidity. Fortunately, the main conclusions do not. 
depend on an exact knowledge of the detailed structure in the outer parts of 


the Clouds. 
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In Figure 1 is shown a facsimile of a record taken on the Large Magellanic 
Cloud at a declination of —69°26’. Recordings of this type were made at 
declination intervals of one beam width between declinations of —62}° and 
751°, together with “ scanning” records over the central regions of both 
Clouds. In the scanning observations the aerial beam is electrically scanned 
back and forth over five declinations slightly less than half a beam width apart, 
and the section at each declination is separately recorded. It has been shown by 
Bracewell and Roberts (1954) that no information is lost by making measurements 
at intervals of less than a certain critical interval which is approximately half 
the beam width. Outside the central regions where scanning was not employed 
the critical interval was exceeded so that fine detail in the distribution may 
have been overlooked. 

To construct a contour map from the series of sections so obtained it is 
desirable to obtain absolute levels of brightness. However, the calibration 
of the equipment was not sufficiently accurate to enable an undistorted map to 
be constructed, since small variations between different declinations and on 
different days were of the same order as the excess brightness due to the outer 
regions of the Clouds. Therefore a method of matching the temperatures at a 
particular Right Ascension has been adopted. A region from 23 hr 00 min to 
23 hr 40min has been chosen because observations with other equipment 
suggest that over the declination range of interest the galactic radio isophotes 
lie roughly parallel to an hour eirele. As a first step all temperatures were 
equalized over the chosen period after excluding any weak discrete sources 
which were present. The resulting isophotes suggested strongly that north of 
—68° the temperatures were all too high and consequently all temperatures 
north of this declination were reduced by 100 °K and the isophotes redrawn. 
The result is shown in Figure 2 (a). The contour interval is 125 °K and the 
temperatures are all measured above a base temperature 7. The value of 7 
is estimated as approximately 700 °K.* 

The optical centres for the Clouds are, for the Large Cloud, 05 hr 24 min 
and —69-8°, and for the Small Cloud, 00 hr 51 min and —73-1°, so that in 
Figure 2 (a) the excess radiation near the centres of the Clouds may be readily 
seen. However, the isophotes also include irregularities in the background 
radiation and discrete radio sources so that it is difficult to determine the outer 
boundaries of the Clouds or their integrated emission. In Figure 2 (b) are shown 
the outer boundaries derived from a careful examination of the original records. 
The dark areas include radiation connected to the main systems by strongly 
closed contour lines and therefore almost certainly belonging to the Clouds. 


*It has been shown that with a radio telescope of this type the absolute temperature is 
obtained very closely by the addition of two temperatures, one corresponding to that of the 
pencil beam and showing the fine detail and the other corresponding to the absolute temperature 
of the arrays (Mills and Little 1953). This method was used for estimating the temperature 7’, 
but variations of the array temperatures at other Right Ascensions were ignored since they have 
only a very small gradient. Because of this, errors of up to 100 °K may be produced at any one 
point, but the shape of the contours would not be significantly affected. 


RADIO EMISSION FROM SOME BRIGHT GALAXIES aii(al 


The lighter areas are regions of excess radiation, often quite strong, but in 
which the connexion with the Clouds is not so obvious ; they nrresent the 
extreme limits to which Cloud radiation may be dereurebis with the present 
equipment. The dotted lines are the limits from which the 21 cm line radiation 
from neutral hydrogen has been detected by Kerr, Hindman, and Robinson 
(1954). It will be noted that the bright region south of —75° stretching from 
one Cloud to the other shown in Figure 2 (a) has been omitted in Figure 2 (b), 
There is no evidence to show that it is associated with the Clouds, and from the 
distribution of brightness along it the alternative explanation that it represents 
an irregularity in the galactic radiation is more probable. 

The agreement of the outer boundaries of both the 21 cm line radiation 
and the 3-5 m radiation over extensive regions is striking and suggests, inter 
alia, that the excess 3-5 m emission north following the main body of the Small 
Cloud is actually associated with it, something which is quite impossible to 
decide from the records themselves. The “link” between the Clouds at a 


o6 os 04 
RIGHT ASCENSION (HR) 


Fig. 1—A typical record of the Large Magellanic Cloud at a declination of 69° 26'S. 


declination of —72° may not be real, as such an effect could result from a small 
error in the original matching of the profiles or from long-period drifts in the 
equipment. However, there is no internal evidence in the observations to 
throw doubt on its existence, so it has been retained in the diagram as a possible 
feature of the systems. The link is some 2° to the north of a possible link 
suggested by the optical evidence. 

A photograph of the Clouds is shown in Plate 1, Figure 1. There appears 
to be little resemblance between the photographic appearance and the distribu- 
tion of radio emission, because of differences in the shapes of the brighter features 
and the apparently greater extent of the radio distributions. However, de 
Vaucouleurs (1954), by means of long exposure photographs and star counts, 
has traced the outer regions of the Large Cloud over very wide areas, in places 
exceeding the radio boundaries. He finds no optical extension of the Small 
Cloud in a north-easterly direction, corresponding to the possible extension 
of radio emission. 

It is interesting to compare the brighter features of the three distributions 
in 3-5 m continuous spectrum radiation, in 21 cm line radiation, and in wisible 
radiation. A striking circumstance is the complete absence of the bright visible 
axial bar of the Large Cloud at a wavelength of 3-5 m, although it is slightly 


DD 
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visible in the 21 cm line radiation. A similar discrepancy in the Small Cloud, 
although present, is not so obvious. The greater tilt of this system makes it 
more difficult to observe such structural features. In both Clouds the region of 
maximum radio emission is displaced towards the greatest concentration of 


3 HR 


Fig. 2 (a).—Contour maps of the 3-5 m isophotes in the vicinity of the Magellanic Clouds ; the 
contour interval is 125 °K. 


Fig. 2 (b).—The boundaries of the Clouds at 3-5 m wavelength compared with the hydrogen 

line emission boundaries. The dark areas represent definite regions of 3-5 m radiation and the 

lighter areas possible regions of the radiation. The dotted lines outline the neutral hydrogen 
boundaries. 


bright stars (m<14) which, according to de Vaucouleurs (1955a, 1955b), also 
show no concentration in the axial bars. However, the “ wing” of the Small 
Cloud, although very rich in such stars, shows no trace of 3-5 m radiation. The 
positions of maximum brightness of the two types of radio emission agree 
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—65° 


DECLINATION 
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Fig. 1—A photograph of both Magellanic Clouds. 


30 DORADUS 


Fig. 2.—A photograph of the Large Magellanic Cloud 
in He light. 
Aust. J. Phys., Vol. 8, No. 3 
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closely, being for the Large Cloud, 05 hr 40 min, —69-6° at 3-5m* and 
05 hr 38 min, —70° for the hydrogen line emission and, for the Small Cloud, 
00 hr 56 min, —72-9° at 3-5 m and 01 hr 00 min, —73-1° for the hydrogen line 
emission ; the agreement is within the experimental error. The general distribu- 
tions of the radio emissions are also similar except for the discrepancies in the 
axial bar of the Large Cloud and the lack of 3-5 m radiation south following the 
main body of the Small Cloud where there is an extensive region of neutral 
hydrogen. 
TABLE 1 
CENTRES OF THE LARGE MAGELLANIC CLOUD DISTRIBUTIONS 


Centre R.A. Dec. 

(br min) (deg) 
Centroid of neutral hydrogen = se 05 35 —68-5 
Centroid of bright stars “ils as ae 05 33 —67-7 
Optical centre (brightest part) 2 oe 05 24 —69-8 
Centre of rotation (radio data) ae ne 05 20 —68:8 
Centroid of 3-5m radiation .. aie a 05 17 —69-3 


Comparisons may be extended further by considering the centroids of the 
various distributions (Table 1) and their average radial decrements. The 
centroid of the 3-5 m distribution in the Large Cloud has been calculated by 
making reasonable estimates of the percentage of radiation originating in the 
outer regions and is probably accurate to about half a degree. Ignorance of 
the distribution of weak radiation far from the centre is the chief cause of 


TABLE 2 
CENTRES OF THE SMALL MAGELLANIC CLOUD DISTRIBUTIONS 


Centre R.A. Dec. 

(hr min) (deg) 

Centroid of neutral hydrogen us ae Ol 20 —72°5 
Centroid of bright stars AS a oe 01 00 ols 
Optical centre (brightest part) ae ae 00 51 EY i| 
Centre of rotation (radio data) a he Ol 10 == Ro Pas} 
Centroid of 3-5m radiation (bright regions 00 54 Holy 

only) 


uncertainty. Other data have been taken from de Vaucouleurs (1955a) and 
Kerr and de Vaucouleurs (1955). 

All the centres differ in position, but in view of the uncertainties involved 
no definite conclusions can be drawn. 

A similar comparison may be made for the Small Cloud (Table 2) but the 
uncertainty in the centroid of the 3-5 m radiation is even greater. The value 


* The prominent maximum in the distribution of 3-5 m radiation near this position is thought. 
to be due to the nebula 30 Doradus, as explained later. The maximum in the general emission 
remains, however, after the effect of the nebula is subtracted. 
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given is that of the dark area of Figure 2 (b). If the suspected outer component 
is included the centroid would be moved in a north-following direction. 

Again the centres differ and the uncertainties are such that it is difficult 
to come to any conclusions. It does seem, however, that the main mass of the 
system is east of the brightest regions so that again the indications are that the 
3-5m radiation could extend in the manner suggested. 

Following de Vaucouleurs (1955a), the distributions in the Large Cloud 
may be further compared by plotting average values at given angular separations 
from some assumed centre, in this case taken as the optical centre. It does 
not seem worth while carrying out this procedure for the Small Cloud, however, 
because of its marked elongation and asymmetry. The data for the Large 
Cloud are presented in Figure 3 where the number density of bright stars, the 
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Fig. 3.—A comparison of the average radial distributions of 
3-5 m radiation, 21 cm hydrogen line radiation, and bright stars 
in the Large Magellanic Cloud. 


H siline integrated brightness, and the 3-5m temperatures are plotted as 
logarithmic functions of the radius, with arbitrary zeros. The general similarity 
is obvious, particularly for radii between 2° and 6° where the logarithmic 
decrements are identical. Differences towards the centre reflect the detailed 
differences already discussed. 

Although neither these bright stars nor the neutral hydrogen show a 
one-to-one correspondence with the distribution of 3-5m radiation, all the 
distributions have a considerable similarity, which strongly suggests that the 
radiation is associated with the presence of interstellar matter and of bright 
stars, that is, that it has a Population I type of distribution. The possibility 
that a large proportion of the radiation might be due to thermal emission of 
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ionized hydrogen therefore demands investigation. This is most readily checked 
in the Large Cloud. An inspection of Figure 2 (a) reveals a marked concentration 
of radiation at a position centred on R.A. 05 hr 40 min and Dec. —69-3°. The 
source is not resolved in an east-west direction but is slightly extended at right 
angles.* The excess radiation most likely originates in the giant emission nebula 
30 Doradus at a position of 05 hr 39-9 min, —69-1° and the neighbouring 
emission regions to the south. With this interpretation the flux density of 
30 Doradus is about 3 x 10-25 W m-? (e/s)-1 and the average of the other emission 
regions is about 2-5 x10-?5 W m-? (e/s)-4. These values seem quite consistent 
with thermal emission, since, if 30 Doradus is assumed to be optically thick at a 
wavelength of 3-5 m, of angular size 15 min, and of temperature 10,000 °K, the 
flux density would be 3-4 x10-25 W m- (¢e/s)-1. 

This result may be used to show that the greater part of the radia- 
tion from the large Cloud probably has a non-thermal origin. Thus it is 
shown later that the integrated emission from the whole Cloud is approximately 
2 x10-?3 W m-? (c/s)! so that, if this also were due to thermal emission, the 
mass of ionized hydrogen in 30 Doradus would be very small compared with 
the total mass of ionized hydrogen in the Cloud. This seems very improbable ; 
see, for instance, a photograph of the Large Cloud taken in H« light by C. Gum 
of Mt. Stromlo Observatory (Plate 1, Fig. 2) where the nebula 30 Doradus 
dominates the whole picture. Recently this conclusion has received confirmation 
from some unpublished results of J. H. Piddington and G. Trent of the Radio- 
physics Laboratory who, observing with an aerial of 3° beam width at a wave- 
length of 50 cm, find that the only detectable excess radiation in the region 
is a source of small angular size close to 30 Doradus and of flux density very 
roughly 1:5 x10-24 W m~-?(e/s)-4.. Since the flux density at a wavelength of 
50 em would be equal to or greater than that at 3-5 m if the emission had thermal 
origin, the conclusion that at 3-5 m thermal gas emission is only an insig- 
nificant proportion of the total appears inescapable. The radiation from the 
Small Cloud is too weak to apply similar tests, but there seems to be no 
reason for assuming that the results would be any different. The probable 
extensions of the radio emission of the Cloud in regions where no emission 
nebulae are observed (see, for instance, Henize and Miller 1951) support this 
conclusion. 

A further check on the relation of radio emission to population types is 
afforded by the presence near the Small Cloud of two bright globular clusters, 
NGC 362 (m,=6-0) and 47 Tucanae (m,=3-0). Neither gives any detectable 
radio emission although, if the ratio of radio to optical emission in 47 Tucanae 
were the same as in late-type spirals, a signal nearly 500 times the minimum 
detectable level would be expected. It therefore appears safe to conclude 
that the bright type II stars found in globular clusters do not contribute 
significantly to the total energy of cosmic radio waves. 


* At the large zenith angles at which these observations were made the aerial beam becomes 
elongated in a north-south direction, but the apparent extent of the soyrce is greater than that 
of the aerial beam. 
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Summing up the results of these comparisons it appears that at a wavelength 
of 3-5m the emission from the Magellanic Clouds originates principally in a 
non-thermal process and has a distribution which is closely related to the inter- 
stellar gas and bright stars. The bright type II stars of globular clusters are 
not associated with radio emission, but whether the fainter type II stars found 
in elliptical galaxies and the disks of spirals are so associated needs further 
investigation, including comparisons of the Clouds, which appear to lack such 
stars, with other galaxies. 


TII. THE INTEGRATED EMISSION OF THE CLOUDS 
The total emission from each of the Clouds can be obtained by direct 
integration of the contours, the flux density being given by the relation 


2k 


The value obtained is naturally very dependent on the distribution in the 
outer regions where, although the temperature is low, the solid angle is very 
great. Values obtained assuming an extent given by (a) the minimum shown 
by the dark area in Figure 2 (b) and (b) the possible extent indicated by the 
light area in the same figure are as follows : 


LMC S,,)=1-7 X10-23 W m-? (¢/s)-3 
Si) =2°2 X10-23 W m- (c/s)-2 

SMC S,.)=1-15 x10-24 W m- (¢/s)-2 
Si =3°7 x10-24 W m-? (e/s)-2 


The flux density of the Large Cloud may be estimated in another way 
from the radial decrement curve of Figure 3. This method has been used by 
de Vaucouleurs (1955a, 1955b) and by Kerr and de Vaucouleurs (1955) in 
estimating the total stellar populations and the mass of hydrogen. The curve 
of log 7 plotted against radial angle is extrapolated to infinity as a straight line 
of uniform slope, and the integral performed. This integral will always 
converge, and in the present case leads to a value of the total emission of 
1-95 x10-23 W m-? (c/s)-! in very good agreement with the results above. 
‘The value is, however, rather lower than S,,,, indicating that not all the excess 
radiation in the vicinity is associated with the Cloud. 3 


For comparisons with other galaxies it is convenient to assign definite 
values to the flux densities which are estimated to be as follows : 


LMC S§=2x10-%3 W m- (c/s)-2415% 
SMC §=3 x10-*4 W m- (c/s)-1+30%. 


The flux density of the Large Cloud is hardly affected by the uncertainties 
in the outer boundaries, and the main allowance in the estimated probable error 
is for calibration errors in the equipment. The relative importance of the 
errors is reversed in the Small Cloud, and here the flux density is taken nearer 
the higher value as it is considered probable that most of the excess radiation 
within the confines of the Cloud, as defined by the hydrogen boundaries, is 
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associated with it. It will be shown later that this assumption is consistent 
with what is known of the distribution of radiation in other galaxies.* 

To compare the flux densities of the Clouds with those of other galaxies 
it is convenient to express them in the magnitude scale of Brown and Hazard 
(1952), applying a correction for the difference in wavelength so that the northern 
and southern observations may be directly compared. 


The uncorrected values are as follows: 


LMC MR3-5 m) = —D3°4—2:°5 logy S(3-5 m) 
=3:°35+0-15 
SMC MRB-5 m) =0 °4-40-35. 


To convert to the wavelength of 1:9 m (158 Mc/s) used by Brown and Hazard 
it is assumed that the spectrum is of the form S ocA?7+0'1, which gives a difference 
in magnitude of 0-47+0-06. We therefore have for the radio magnitudes at 
I= A : 


LMC Mp=3°8+0-2 
SMC mp=5-9+0-4. 


IV. OBSERVATIONS OF OTHER BRIGHT GALAXIES 
Attempts have been made to observe eleven other bright galaxies in the 
southern sky. Of these, eight were probably detected and three could not be 
observed. Several of the galaxies were barely above the sensitivity limit of the 
equipment so that an accurate position measurement and certain identification 
could not be expected. Others are in regions of radio source concentrations, 
again leading to difficulties of identification and of flux density measurements. 


The aerial may be directed to a series of standard declinations at approxi- 
mately 20’ intervals. Observations were therefore made by directing the 
beam to the declination nearest to that of the galaxy and observing its meridian 
transit. If no signal could be detected after two such transits the galaxy was 
noted as undetectable and an estimate made of the upper limit of its flux density. 
If a source was observed at the correct Right Ascension (within 0-2 min for the 
stronger sources and 0-5 min for the weaker ones) checking observations were 
made at declinations on either side. The result was a declination accuracy of 
only about half a degree, but it was considered that this was adequate to ensure 
generally that no spurious identifications were made. Intensity measurements 


* The values above may be compared with some early measurements obtained with the 
experimental version of the aerial, of 8° beam width (Mills and Little 1953), and quoted in an 
U.R.S.I. report (1954). They were as follows : 


LMC S=3-T x 10- 
hoe lena 
SMC S=9-0x10-*4 


It seems fairly clear that because of the low aerial resolution all the excess radiation in the vicinity 
was then included in both Clouds. 
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are accurate to about 10 or 20 per cent. and are expressed in the same magnitude 
scale as used for the Clouds. The results of observations of these galaxies, the 
Clouds, and the previously mentioned globular clusters are summarized in 
Table 3. The individual observations are discussed in more detail below. 


The Large Magellanic Cloud 

The radio observations have been discussed already. The photographic 
magnitude is an estimate of de Vaucouleurs (Buscombe, Gascoigne, and de 
Vaucouleurs 1954) and is based on several discordant published measurements. 
It does not have a very high weight. Exactly the same difficulties arise in 
obtaining the photographic and radio magnitudes, that is, an uncertainty as 
to the contribution from the faint outer regions. 


TABLE 3 


A COMPARISON OF THE RADIO AND PHOTOGRAPHIC MAGNITUDES OF SOME SOUTHERN NEBULAE 


Nebula Type Mp Mp Mp—M, 
MC ier (M) 3°8 0-5 3°3 
SMC (M) 5-9 2-0 3°9 
NGC 55 (M): 11-4 7:8 3°6 
NGC 253 Se 9-4 7:6 1-8 
NGC 300 Se 10-4 8°5 1-9 
NGC 5236 (M83) SBe 8-9 7:4 125, 
NGC 4945 SBe: 9-2 7°8 1-4 
NGC 6744 SBbe 10-7 9-1 1-6 
NGC 1068 (M77) Sb 8-9 9-6 —0:7 
I 5267 Sb Thiel 10:8 0:3 
NGC 4594 (M104) Sab >11-8 8-9 >2-9 
NGC 1291 SBo >11:6 9-5 >2-1 
NGC 3115 E7 >11:9 10-15 Sei 
47 Tucanae Globular Cluster >11-0 3:0 >8-0 
NGC 362 Globular Cluster >10-8 6-0 >4-8 


The Small Magellanic Cloud 


Again the photographic magnitude is an estimate of de Vaucouleurs 
(Buscombe, Gascoigne, and de Vaucouleurs 1954) and the same difficulties ~. 
apply. However, in this case the uncertainty in the radio magnitude probably 
exceeds that in the photographic. 


NGO 55 


The astronomical data for this and the following have been taken from 
‘A Revision of the Harvard Survey of Bright Galaxies”? (de Vaucouleurs 
1952-53), supplemented at times by additional information supplied by its 
author. In this Catalogue the photographic magnitudes are total magnitudes 
and are based on the best available standards. There is some difficulty in 
classifying NGC 55, as it is seen nearly edge-on, but the photographic evidence 
for classification as a Magellanic type appears quite strong and it has therefore 
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been adopted. As will be seen later this is consistent with the radio evidence. 
The source was near the limit of detectability and several observations were 
required to be sure of its existence. A sample record is shown in Figure 4 (a). 
The flux density is 1-8 x 10-2 W m-? (c/s)! and the radio magnitude has been 
calculated as before. 


NGC 258 

This is a relatively strong source and quite free of confusion so that reliable 
measurements are possible. The photographic magnitude is also reliable. 
A sample record is shown in Figure 4 (bd). 


NGC 55 
@) Metre i 
NGC 253 
(b) 
NGC 4594 


© Be tee err eae 


Fig. 4.—Records obtained on some bright galaxies. (a) A very weak 

radio source, NGC 55; (6) A relatively strong radio source, NGC 253 ; 

(c) The region around NGC 4594 (M104), a galaxy which could not be 

detected. 
NGC 300 
This galaxy is in a region of many weak radio sources and it is therefore 

difficult to estimate its radio emission or even to be sure of the identification. 
The radio source appears superimposed on a weaker source of large angular size 
and its apparent position is about 10 min of arc east of the galaxy, but the 
displacement could well be due to insufficient resolution. The photographic 
- magnitude is also uncertain as the galaxy has a very low surface brightness and 
the published measures differ widely. The value quoted is an unpublished 
‘‘ best estimate ”? of de Vaucouleurs. Not very much weight can be given to 
the final value of mz—m,. 


NGC 5236 (M83) 
This galaxy gives a clear record without confusion but the photographic 


magnitude is of low weight. 
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NGO 4945 

A good radio observation but the photographic magnitude does not carry 
much weight particularly as the galactic latitude is low and absorption effects 
uncertain. The galaxy is a late type seen nearly edge-on but the exact classi- 
fication is in some doubt. 


NGC 6744 

The radio observations of the galaxy are good but the photographic 
magnitude has not much weight, particularly as the galactic latitude is relatively 
low. 


NGC 1068 (M77) 

Both the radio and optical observations of this galaxy are reliable. Although 
classified as an Sb it is of a fairly unusual type which shows strong and broad 
emission lines in the nucleus (Seyfert 1943). The relatively high value of radio 
emission is therefore not unexpected. 


I 5267 

An attempt was made to observe this comparatively faint galaxy primarily 
because a similarity in its appearance to that of NGC 5128 and NGC 1316 had 
been suggested by Evans (1949) and both the latter are now thought to be strong 
radio sources. The identification is not a good one as it is based on one observa- 
tion only at an adjacent declination and there is some confusion from nearby 
sources. However, it is considered that there is a good chance that the identifica- 
tion is correct and the observation is in any case interesting as it demonstrates 
that the radiation is not markedly abnormal, if at all. Moreover, on plates 
taken by de Vaucouleurs there is no obvious similarity to NGC 5128. 


NGC 4594 (M104) 


This is a measurement of theoretical importance as M104 is a giant galaxy 
very rich in type IT stars and also relatively bright. A sample record is shown 
in Figure 4 (¢c). Although there are several sources preceding and following the 
galaxy the region of its immediate vicinity shows no trace of excess emission. 
It is possible that a depression of the background radiation coincides with the 
position of the galaxy, but a more natural and likely interpretation is that the 
radio emission is too weak to be detected. Two particularly good records~ 
permit a very low upper limit to be set on its radio emission. 


NGC 1291 


This is one of the brighter early types accessible to the instrument, but the - 
photographic magnitude is not known accurately and the value quoted is a 
“best estimate’. There is no trace of radio emission. 


NGC 3115 


This is an almost completely dust free and probably gas free system and 
the photographic magnitude has a very high weight. Again there was no trace 
of radio emission on two consecutive high quality records. 
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Several northern galaxies have been detected by Brown and Hazard (1953). 
Their measurements are given in Table 4. One of their suggested identifications 
(NGC 5457) has been omitted as the position agreement was considered too 
poor, the discrepancy amounting to nearly 3°. The photographic magnitudes 


TABLE 4 
A COMPARISON OF THE RADIO AND PHOTOGRAPHIC MAGNITUDES OF SOME NORTHERN NEBULAE 


Nebula Type Mp My Mp—My, 
NGC 5194-5 (M51) ae Se Soa 8-5 1-2 
NGC 224 (M31) i af Sb 6-0 4-0 2-0 
NGC 3031 (M81)... Se Sb 8-9 107s iloil 
NGC 4258... ae Hs Sb 9-8 geil 0-7 
NGC 2841 4° oe ate Sb 10-4 10-2 0-2 
NGC 891 ae ES rad Sb 9-0 10:7 —1-7 


are again derived from de Vaucouleurs’ revision of the Shapley-Ames catalogue, 
and therefore differ from those quoted by Brown and Hazard who used the 
original catalogue. 

The two sets of observations are combined in Figures 5 (a) and (b) in which, 
firstly, the radio magnitudes are plotted against the photographic, and secondly, 


at UNDETECTED SOUTHERN GALAXY 


@® SOUTHERN GALAXY 
& NORTHERN GALAXY 


E,So Sa Spb 


GALAXY TYPE 


Sc 
(a) (b) 
Fig. 5 (a).—A comparison of the radio and optical emission of all galaxies which have 


been detected. 
Fig. 5 (6).—Illustrating the different radio emitting efficiencies of different galaxy types. 


the differences between the two magnitudes are plotted against the type of 
galaxy. If all the galaxies had a constant ratio of radio to optical emission the 
points in Figure 5 (a) would lie on a straight line of slope 1 ‘0. The line of this 
slope which fits the data best is shown; it corresponds to a mean value of 
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Mp—m, of +1-4, individual galaxies having a dispersion of 1:5 magnitudes. 
The northern galaxies fall mainly below this line and the southern galaxies 
mainly above it so that some calibration discrepancy might be suspected. 
However, there is no reason for supposing that galaxies of all types should have 
similar radio emitting efficiencies and it is desirable to compare the galaxy types 
separately. 

In Figure 5 (b) where this is done it can be seen at once that there is no 
suggestion of any discrepancy. Unfortunately, the northern and southern 
galaxy types so far observed have little overlap, and significant cross checking 
of calibrations is not possible. However, it appears fairly safe to conclude that 
galaxies of intermediate type are more efficient emitters than both earlier and 
later types. The means of the various types, excluding the Sbe galaxy, together 
with their standard errors, are as follows: 


Sb,  mg—m,=1+0-340-4, 
Se, Mp—M, = t1-6+0°-2, 


(M), mp—m,=+3-6+0°-2. 


The difference between Sb and Se galaxies is hardly significant but the 
Magellanic types are very significantly weaker in radio emission than both. 
In view of earlier evidence concerning the type I distribution of emission in the 
Clouds, it is surprising that the Magellanic type galaxies which contain pro- 
portionally the greatest mass of type I population should be relatively weak 
radio emitters. This apparent anomaly will be discussed later after reviewing 
the evidence from the distribution of radio emission in our own galaxy. It is 
found to have a natural interpretation. 


V. RADIATION FROM THE MILKY WAY 

Although many attempts have been made to study the distribution of radio 
emission in the Galaxy, none has been completely successful. The difficulty is 
that at long wavelengths the aerial resolution has been insufficient to obtain 
unambiguous results while at short wavelengths the low receiver sensitivity 
and the low brightness of the non-thermal background component combine to 
restrict the useful information available. The resolution limitation imposed 
by a long wavelength, wide beam aerial has often been overlooked, but it is of 
vital importance because detail below a certain size is irretrievably lost (Bracewell 
and Roberts 1954). In one well-known survey (Bolton and Westfold 1950) 
this lower limit of size is nearly 8°. Some interferometer measurements of 
Scheuer and Ryle (1953) partly overcame this difficulty and gave effectively a 
high resolution at right angles to the galactic plane, but the poor resolution 
along the plane and the assumption of symmetry which had to be made produced 
results of doubtful quantitative value. Nevertheless, it is now found that these 
observations appear to give a good qualitative picture of the distribution at the 
longer wavelengths. 

A complete survey of the southern sky is to be undertaken goon which, 
it is hoped, will give an accurate overall picture of the distribution, but, owing 
to the vast amount of detail which is discernible, it will be some time before the 
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results become available. Meanwhile it is possible, by obtaining a few galactic 
sections near the centre at fixed declinations, to check the various distributions 
already proposed. Three such sections are shown in Figure 6, and it can be 
seen at once that these do not fit the concept deriving from some of the earlier 
surveys, namely, that the spatial distribution is similar to that of the mass of 
the Galaxy (Westerhout and Oort 1951). Under such a hypothesis the width 
between half-brightness points should be about 17°. It appears instead that two 
galactic distributions are involved, one very sharply concentrated towards the 
galactic plane with a width between half-brightness points of about 3°, and less 
sharply but quite markedly towards the galactic centre ; the other very broad 
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Fig. 6.—Some galactic sections near the centre. (Accuracy is 
about 10-20 per cent.) 


and flat, with an estimated angle between half-brightness points (after allowing 
roughly for an isotropic extragalactic contribution) of 60 or 70°. The exact 
amount of extragalactic radiation cannot be estimated from these observations. 
It is no longer permissible to equate it to the temperature at the galactic poles 
which could be largely due to the very broad galactic distribution. 

Such an overall picture has already been deduced by Shklovskii (1952, 
1953) from an analysis of previous surveys. He maintains that the flattened 
distribution is due to thermal emission from ionized gas, and the broad distribu- 
tion, which he concludes forms a spherical spatial distribution concentric with 
the galactic centre, to synchrotron type emission from relativistic electrons 
radiating in weak magnetic fields. Also from consideration of the contours of 
the Andromeda nebula obtained by Brown and Hazard (1951) he deduced a 
similar spherical distribution in that galaxy. The latter deduction has received 
support from some later measurements of Baldwin (1954). 

The symmetry of the broad distribution of Figure 6 with respect to the 
galactic centre cannot be checked with a few observations because of the many 
and large brightness irregularities. However, two obvious properties of a 
spherical spatial distribution that might be roughly tested are that at a given 
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declination the sky brightness should, after excluding the contribution from the 
flattened subsystem, have its maximum value at the Right Ascension of the 
galactic centre and be a function only of the angular separation from the centre. 
Reference to Figure 6 shows that the sections are approximately consistent with 
these properties, and a few other observations of absolute temperatures which 
have been made also seem consistent. 

It therefore appears safe to conclude that a division of the galactic radiation 
into the two subsystems proposed by Shklovskii can be assumed as a working 
hypothesis. It does not follow, however, that his interpretation of the 
mechanisms involved need be accepted ; in fact it is quite easy to show that, 
contrary to his suggestion, the major contribution to the radiation from the 
flattened subsystem in the vicinity of the galactic centre must have a non- 
thermal origin. This follows immediately from a comparison with two higher 
frequency surveys, namely, those of Piddington and Minnett (1951) with a 
beam width of 2-8° at a wavelength of 25 em, and by McGee and Bolton (1954) 
with a 2° beam at 75 cm wavelength. At a declination of —294° these surveys 
yielded temperatures of 17 °K at a wavelength of 25 cm,* and 150 °K at a 
wavelength of 75cm; at 3-5m the temperature of the flattened subsystem at 
the same declination is 13,000 °K. The apparent temperature spectrum of a 
mass of thermally emitting gas is given by T'och”, where n lies between 0 and 2, 
depending on the opacity. The temperature at 3-5 m is far too high to be fitted 
by this law which would predict a temperature less than 3400 °K at that wave- 
length. However, comparisons between the two other measurements suggest 
that the radiation at shorter wavelengths is predominantly due to thermal 
emission from the ionized gas. By means of similar comparisons it is easy to 
demonstrate that the spherical subsystem also has a non-thermal spectrum. 


The thickness of the flattened subsystem near the galactic centre is about 
400 parsecs, corresponding to the observed angular width of 3°. This is compar- 
able with the thickness of the neutral hydrogen layer, which suggests a relation 
to the Population I component of the Galaxy. <A similar estimate for the 
spherical subsystem is necessarily very .crude. The value obtained, which 
depends greatly on the form of the radial distribution, is of the order of 10 
kiloparsecs. The radio emission undoubtedly extends much further in an 
attenuated form. It is not possible to decide at present whether the distribution 
is oblate, or truly spherical. The observations tend to favour the first possibility. 


VI. DISCUSSION 


The radio emitting properties of a selection of galaxies have now been 
examined. Data have been presented showing the total emission of considerable 


* The discrete source near the galactic centre has been ignored in estimating the observed 
temperature of Piddington and Minnett because it is quite clear from several other observers’ 
results that its declination is approximately —284°, i.e. well removed from the comparison 
declination of —29}3°. The declination scale of Piddington and Minnett appears to be in error 
by about 14°. 
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numbers of relatively bright galaxies, the total emission and the distribution of 
radiation in the Magellanic Clouds and some features of the distribution of radio 
emission in the Milky Way. It is interesting to speculate on the interconnexion 
between the sets of observations and to attempt to explain the data by a general 
theory of the radio emission of a “ normal” galaxy. 


It has been shown that the galactic radiation can be assumed to originate 
in two distinct subsystems, one highly flattened and apparently related to the 
type I population of the Galaxy and the other, roughly spherical, concentric 
with the centre of the Galaxy and very diffuse, forming a corona surrounding 
the system. One or the other of these subsystems is recognizable in other 
galaxies also. In the Clouds the Population I type appears to predominate, 
as the distribution of radio emission is similar to that of the gas and early type 
stars. However, the almost plan view of the systems precludes a direct measure- 
ment of the thickness of the distribution. In M31 and possibly on a very much 
smaller scale in the Small Cloud the spherical subsystem can be recognized. 
In both the Galaxy and M31 this spherical system must be the major source of 
radiation since in the former it is easily seen that its integrated emission far 
exceeds that of the sharply concentrated type I component even though the 
data are insufficient to compute the ratio with any accuracy ;* similarly the 
contours of M31 obtained by Brown and Hazard show no evidence of a flattened 
subsystem so that, if present, it must be weak. A natural assumption is that 
the same two subsystems are present in a greater or lesser degree in all normal 
galaxies. The relatively high emission of intermediate type galaxies may then 
be interpreted as due to the possession of a more developed ‘ corona’ than 
either earlier or later types. 


It is interesting to observe that the ‘‘ abnormal ”’ radio galaxy NGC 5128 
also displays two subsystems of radio emission, one associated with the band of 
dust crossing the nucleus and the other forming an extensive corona surrounding 
the system (Mills 1953). 


The flattened subsystem has two basic components. One is due to free-free 
emission from ionized hydrogen: as the brightness due to this emission process 
is independent of the wavelength when the opacity is small, it becomes important 
at the shorter wavelengths. This emission process in the Galaxy has been 
discussed by many authors, e.g. Reber (1940), Piddington (1951), Westerhout 
and Oort (1951), Shklovskii (1952, 1953), Haddock, Mayer, and Sloanaker (1954), 
and many others. The other component is of non-thermal origin and increases 
in brightness at the longer wavelengths to dominate the picture entirely. 
Identifications which have been made between some strong radio sources and 
peculiar galactic nebulae (see for instance a summary by Pawsey (1955)) suggest 
the possibility that the integrated emission from similar nebulae may be the 
main source of the non-thermal component in the Galaxy. If so, it is possible 
that it cannot be classed as purely a Population I type of distribution because 


* A rough estimate of the ratio is about 5 or 10. 
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included among these identifications are the nebulous remains of supernovae, 
and it is thought that these may be associated with Population Li? 


The spherical subsystem, while superficially resembling a pure Population II 
system, lacks the high central concentration which they display, and in fact, 
as pointed out by Shklovskii, is quite unlike any known optical feature of the 
Galaxy. In addition radio emission is absent from the type II stars of globular 
clusters and a relatively low upper limit can be set to the emission from early 
type galaxies which have a high proportion of Population Il. It therefore 
appears that this subsystem is unrelated to any distribution of Population II 
stars, and in general the total radiation of a galaxy at the longer wavelengths 
cannot be ascribed to a subclass of objects belonging to Baade’s Populations 
igor Lik 

Turning now to speculation concerning the mechanism of non-thermal radio 
emission, it has been suggested by Hoyle (1954) and Twiss (1954) that some 
of the galactic radio nebulae which are associated with highly turbulent ionized 
gas may represent localized regions containing high energy electrons accelerated 
by the turbulent gas in a Fermi type process to relativistic energies (Fermi 
1949). The relativistic electrons would then radiate at radio frequencies in the 
concomitant magnetic fields. The observed properties of such nebulae are 
readily explicable in this way and the necessary physical conditions are reason- 
able. It is natural to attempt to extend this concept to the spherical subsystem 
also. 

It has been shown by Pikelner (1953) that magnetic fields are likely to 
exist in the highly rarefied medium between gas clouds with approximately the 
same average strength as they exhibit inside the clouds. From equipartition 
considerations this implies that the random macroscopic velocities of the rarefied 
medium are higher than those of the gas clouds by a factor of the order of 10. 
It is easily shown that, because of its high velocity, this rarefied medium and 
its associated magnetic fields must tend towards a spherical spatial distribution. 
Shklovskii (1953) has suggested that the source of the spherical subsystem of 
radio emission is the radiation from relativistic electrons moving in this spherical 
field system. However, he ignores the dynamic effect of the turbulent medium 
in accelerating charged particles and consequently considers the relativistic. 
electrons to be introduced at their full energy from an external source, in fact, 
from novae and supernovae. While it is possible that these could be a source of 
high energy electrons, it appears probable that the electron energy would be 
increased or at least maintained against radiation losses by the energy of the 


* Shklovskii (1953) maintains that all non-thermally emitting nebulosities are the remains of 
supernovae, but Baade and Minkowski (1954), basing their argument on the frequencies of 
supernovae observed in external galaxies, conclude that such objects must be comparatively 
rare and, if their figures are accepted, could account for only an insignificant proportion of the 


total observed brightness. It is hoped that a current series of radio observations of some southern 
emission nebulae will help clarify the matter. 
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turbulent gas which would most likely be the dominant factor in determining 
the total radio emission.* 


This theory has attractive features and leads to a simple explanation of 
the observed differences in the radio emission of different classes of galaxies. 
Early type galaxies, comparatively lacking in interstellar gas, are deficient in the 
corona of gas and magnetic fields ; consequently the emission is low. Late type 
galaxies of the Magellanic type, on the other hand, possess abundant supplies of 
gas but do not have sufficient gravitational energy to retain a high velocity 
corona. Intermediate types possess a good supply of gas from their type T 
population and a high gravitational energy because of their type II population 
and therefore radiate strongly.t 


The operation of this radiation process in the Galaxy may be investigated 
quantitatively to determine the physical conditions required. First we may 
estimate the mean energy of relativistic electrons by equating the rate of gain of 
energy due to “ magnetic collisions ”? (Fermi 1949) to the rate of loss by radiation 
(Schwinger 1949), thus, 

2 


‘Va 2 
iG Aes -15 772 
G. Be ve -6 X10 aay vee (1) 


where V, is the turbulent velocity of the corona, v, is the ‘‘ magnetic collision 
frequency ”’ in the corona, # is the electron energy, and H the magnetic field. 
The latter may be obtained from the following relation : 


Ppa = 
SIO TNR Ge Aa eantee (2) 


where op, is the density of the coronal gas. 
Combining (1) and (2) and inserting some physical constants we have 


HR KAO oVet Ae ee (3) 


c 


* Tn his theory of particle acceleration Fermi (1949) found that the rate of gain of energy of 
electrons is insufficient to counterbalance the loss by ionizing collisions with hydrogen atoms. 
However, he was considering regions very close to the galactic plane where dense neutral hydrogen 
clouds abound and random velocities are low. If a corona of tenuous high velocity gas does 
exist, the rate of gain of energy, which is proportional to the square of the velocity, must be 
increased by several orders of magnitude. It also seems possible that such a gaseous envelope 
would, at least in the Galaxy, be largely ionized because the shielding effect of the dense hydrogen 
clouds would be small in directions normal to the plane. The radius of a Stromgren sphere in a 
medium of density 10-2 atoms cm-* surrounding an early type star is of the order of several 
thousand parsecs (Stromgren 1939); so that ionization is possible at large distances from the 
plane. Collisional ionization is also a possibility. Such an ionized corona would be unobservable 
optically since its emission measure would be only of the order of 10 to 100. 


+ An attempt has been made to extend this idea a little further by comparing the radio 
emission of a galaxy with the kinetic energy of its corona. In a few cases the kinetic energy 
has been estimated by assuming a mass proportional to the Population I component and a velocity 
determined by the total gravitational energy. By adopting reasonable values for these parameters 
a strict proportionality between kinetic energy and radio emission is obtainable. However, 
uncertainties in the astronomical data are so large at present that no positive conclusions can be 


drawn. 
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Plausible values of v, and 9, are 10-1 sec“! and 3 x10~° g cm~? respectively, 
yielding an average electron energy of 10% eV. 

By using some formulae given by Ginsberg (1951) the frequency of maximum 
radio emission (Vmax.), may be calculated, and also the electron density n required 
to produce the observed radio emission at that frequency, thus 


Via = DK OO a atheros aioe a eee ee (4) 
kl [Vmax.\? 

=—10?8 aed We MP ES A aA 3 5 

n 10 “all ‘ )> (5) 


where D is the distance through the corona in the direction the measurement is 
made and 7 is the brightness temperature of the radio emission. 


The magnetic field H may be estimated from equation (2) using the value 
adopted earlier for e, and a velocity of 200 km/sec. The velocity has been 
obtained using the virial theorem which seems permissible since the corona is 
approximately spherical. The resulting field is of the order of 10-° gauss which, 
when substituted in equation (4), yields a frequency of maximum emission of 
the order of 5 Me/s. 


No observations are available at this frequency, the nearest being those of 
Higgins and Shain (1954) at a frequency of 9-5 Mc/s. If their results are 
extrapolated to the lower frequency a brightness temperature of about 5 x10® °K 
is obtained near the galactic centre. Taking D equal to 6 x1072cm we then 
find from equation (5) that the electron density is of the order of 10-14 to 10-12 
electrons cm-3. 


All the calculated values seem very plausible and do not appear to contradict 
any observational results. We may therefore conclude that the mechanism is 
a possible one. 


VII. CONCLUSIONS 
It appears that the major portion of the radiation of ‘‘ normal” galaxies 
at metre wavelengths can be explained qualitatively and perhaps even quanti- 
tatively by emission from relativistic electrons radiating in weak interstellar 
magnetic fields. It should be emphasized, however, that this conclusion does 
not follow as a necessary consequence of the data. For this reason the theory. 
has been developed only in a very sketchy form. 


On somewhat firmer ground is the conclusion that radio emission ean occur 
with two separate and distinct distributions, one displaying characteristics 
of Baade’s Population I, and the other having a diffuse roughly spherical spatial 
distribution forming a “ corona ’”’ around a galaxy not, however, related to the 
corona of globular clusters often observed. Both distributions have a 
non-thermal spectrum and the relative contributions of each vary between 
different galaxy types. Very late type galaxies such as the Magellanic Clouds 
possess a high proportion of the Population I type while early type galaxies are 
deficient in both. Intermediate type galaxies, by virtue of an extensive 
‘corona ’’, are the most efficient radio emitters. 
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THE RADAR DETERMINATION OF METEOR SHOWERS IN THE 
SOUTHERN HEMISPHERE 
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[Manuscript received May 20, 1955] 


Summary 

During the greater part of 1953 a radar survey was made of meteor activity in 
the southern hemisphere. The results are presented, together with a brief description 
of the apparatus used. Radiants are calculated from daily range-time plots of meteor 
echoes, and the resulting showers are in accord with data reduced from earlier visual 
observations. 

Both radar and visual data for the southern hemisphere show many night radiants 
between mid June and mid August. Showers in this period are clearly defined but 
overlap in date, and there is a marked drift in the direction of the meteor activity 
as the date progresses. Two new southern hemisphere daylight showers of moderate 
strength have been found by radar in June and October respectively, and considerable 
confused night activity is present in early December. The greater proportion of both 
the northern and the southern hemisphere meteor shower radiants appear to lie close 
to the plane of the ecliptic. 

I. INTRODUCTION 

Meteor showers have been studied extensively in the northern hemisphere 
(Almond, Bullough, and Hawkins 1952; Hawkins and Almond 1952a, 19526 ; 
Bullough 1954 ; Prentice 1955). Most Users contain many individual meteors 
of sufficient size to leave visual trails in the upper atmosphere, and recur annually 
at fixed dates. The meteors in any given shower travel in a definite orbit about 
the Sun, and this orbit generally intersects the Earth’s orbit over a number of 
days, determined by the width of the stream at the chord of the Earth’s crossing. 
Knowledge of individual meteor shower directions in space, or radiants, seen 
from the northern hemisphere is fairly complete, but the southern hemisphere 
radiants, which have been based on comparatively few visual observations, are 
much less well known. 


The aim of the present paper is to indicate the technique and present the 
results of a radar survey of meteor activity in the southern hemisphere carried 
out in 1953. These results are compared with earlier visual observations which 
are outlined in Section II. Finally, when the principal northern and southern 
hemisphere meteor radiants are plotted together it is shown that many of the 
major meteor showers lie closely in the plane of the ecliptic. 


II. Most PROBABLE SOUTHERN HEMISPHERE METEOR SHOWERS 


Lists of southern hemisphere visual meteor observations have been published 
by Hoffmeister (1948) and by McIntosh (1934, 1935, 1936, 1940). Radiants 
found from these visual observations were based on very small numbers of 
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meteors, and in consequence many sporadic groupings have undoubtedly been 
regarded as radiants. Sporadic meteors from random directions are always 
present, and no criterion has been established which specifies the number or the 
rate of arrival of meteors from a particular direction which can be regarded 
as constituting a stream. A radiant due to McIntosh requires a minimum of 
four similarly directed meteor paths on a single night. Separate radiants are 
recorded on separate nights and on separate years. These results have been 
reduced to Table 1, in which showers seen by McIntosh are only included if 
nine or more separate but coincident radiants have been listed. Hoffmeister 
gives a probability rating from 1 to 10 for observed radiants, and of these only 
probability 10 has been included in Table 1. Visual showers recorded on a 
single night only have been excluded independent of rating. 


A complete radar study of the meteor streams incident in the northern 
hemisphere has been made by the Jodrell Bank research team of the University 
of Manchester (Almond, Bullough, and Hawkins 1952; Hawkins and Almond 
1952a, 19526 ; Bullough 1954), and their results have been shown to be in accord 
with the less complete early visual work. Northern hemisphere radar experience 
indicates that showers of lower altitude than about 20° above the horizon at 
transit are only weakly recorded. In considering northern hemisphere radar 
results for possible inclusion in Table 1 all showers for which the mean radiant 
exceeds 26-5° N. have therefore been excluded, as the altitude of such showers 
at transit is less than 20° above the horizon at Christchurch, New Zealand 
(43-5°S.). Mid northern and mid southern hemisphere observations overlap 
in an equatorial belt. 

The primary purpose of the present paper has been to identify showers. 
The accuracy of the Christchurch radar observations does not yet justify a 
determination of the slight day-to-day changes in radiant as the Earth moves 
through a particular shower. Consequently where such variations have been 
reported elsewhere, they have been grouped as mean radiants in Table 1. 


III. EQUIPMENT AND METHOD 

Surplus defence radar equipment provided the basic transmitting and 
receiving units. Pulses of 75 kW peak power and 3-5 usec width were generated 
by the transmitter at a frequency of 69 Mc/s and a recurrence rate of 145/sec. 
Automatic control was provided, so that reswitching was effected after transient 
overloads or failures in the mains power supply. The equipment was kept 
inoperative between 14 and 21 hr L.T. each day in order to conserve power 
and film when the rate was at its minimum. 

The aerial array consisted of 12 horizontal half-wavelength dipoles, all 
lying in the one vertical plane and end-fed in pairs, with each vertical stack 
containing three elements. Fine gauge wire netting, located one-eighth wave- 
length behind the plane of the dipoles, served as a reflecting screen, and the 
centre of the array was located one wavelength above the ground. The measured 
and calculated horizontal radiation patterns agreed very closely. The vertical 
pattern, which could not readily be measured, was calculated on the assumption 
of perfect ground reflection. The resulting cone of radiation has maximum 
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power at 15° elevation, with beam widths between half-power points of 14° and 20° 


respectively in the vertical and horizontal directions. 
75 is obtained compared with a half-wave dipole. 


TABLE 1 


An aerial power gain of 


Small side lobes are situated 
on either side of, and at the same elevation as the main lobe, but the power gain 
is only 4-4 per cent. of the maximum. Smaller lobes present at greater elevations 


OCCURRENCE OF SOUTHERN HEMISPHERE METEOR SHOWERS ESTIMATED FROM SOUTHERN HEMI- 
SPHERE VISUAL DATA AND NORTHERN HEMISPHERE RADAR DATA 


Shower Apparent Radiant 
Number Date* Constellation | Observert 
R.A., Dec. 
Jan. 
Feb. Nil 
Mar. 
I | Apr. 1-21 228/239°, —19/—22° x Libra M (V) 
II | Apr. 4-30 2084°, —10° a Virgo M (V) 
III | Apr. 28-May 16 | 3303/3464°, +33/—3° La Aquarius M (V) 
May 1-6 313/338°, +3/—4° | f J (R) 
IV | Apr. 29-May 7 3232°, —17° y Capricornus| M (V) 
V | May 29-June 19 | 38/50°, +16/+30° Aries J (R) 
VI | June 1-16 57/722, +14/+ 30° C Perseus J (R) 
VII | June 1-10 250/259°, —22/—23°| & Ophiuchus M (V) 
VIII | June 25-28 196/199°, —17/—23°|; yy Hydra H (V) 
IX | June 26-July 4 81/92°, +13/+26° 8 Taurus J (R) 
X | June 30—July 10 | 262/275°, . —20° u Sagittarius M (V) 
XI | July 2-19 283°, —15° Sagittarius M (V) 
XII | July 5-9 257/261°, —8/—12° uw Ophiuchus M (V) 
XIII | July 5-8 238°, —19° 8 Scorpius M (V) 
XIV | July 10-Aug. 5 300/325°, = —10/—19° Capricornus | M (V) 
XV | July 22—Aug. 15 | 331/351°, 0/—17° M (V) 
July 29-31 345°, —20° 8 Aquarius H (V) 
July 25-Aug. 6 339°, —12° L (R) 
340-+5°, —1742° K (R) 
XVI | July 19-Aug. 1 352/11°, —18° 8 Cetus M (V) 
XVII | July 14-Aug. 22 | 330/339°, —30° 8 Pisces M (V) 
Australis 
XVIII | July 26—-Aug. 8 337/350°, © —30/—33° a Pisces M (V) 
: Australis 
XIX | Oct. 15-25 97°. +11° Orion J (R) 
XX | Oct. 26-Noy. 16 58°, + 23° Taurus J (R) 
XXI | Nov. 17-18 150/151°, -+21/+22°|) | 7 Leo H (V) 
Nov. 15-20 152°, +22° \ , B (R) 
Dec. Nil 


Number 
of 
Radiants, 
or 
Rating 


bow Fe 
or PoP FR RB 


Py. 10 


* Dates in this table are based on N.Z.S.T.=U.T.+12 hr. 
+ (V)=Southern hemisphere visual observations, (R)=northern hemisphere radar observa- 
tions. M=McIntosh (1934, 1935, 1936, 1940) ; J=Jodrell Bank group, University of Manchester 
(Almond, Bullough, and Hawkins 1952 ; Hawkins and Almond 1952a, 19520 ; Bullough 1954) ; 


H=Hoffmeister (1948) ; 
Handbook, 1955. 


L=Lindblad (1952); K—=McKinley (1954); B=British Astr. Ass. 


SOUTHERN HEMISPHERE METEOR SHOWERS 393 


can only give rise to short range echoes. The effect of the side lobes is thus 
slight, and has not been further considered. In order to determine radiants the 
array, which was rotatable in azimuth, was held at 22-5° N. of W. and 22-5° 
S. of W. respectively on alternate days. 


Before observations were commenced a new input stage was built for the 
receiver which had been supplied, giving an overall receiver noise figure of 
6-8db. The bandwidth was 300 ke/s. The system sensitivity was adjusted 
so that the non-shower rate lay roughly between 5 and 10/hr throughout the 
year. The figure of 8/hr given by McIntosh (personal communication) for 
visual viewing in New Zealand with a 50° viewing cone is therefore somewhat 
less than the radar rate, when the smaller radar viewing angle is taken into 
account. 

Intensity modulation was used to present the receiver output signal on the 
oscillograph, which was viewed by 35 mm film moving at 1-23 x10-2 cm/sec. 
A continuous record was thus obtained showing echo range transversely and 
time longitudinally. (A small step voltage was added on alternate sweeps 
across the screen, causing genuine echoes to appear as close dense twin spots or 
lines, against the random spots resulting from background noise.) 


A radiant passing through the aerial beam is characterized by a rise in 
echo rate and a progressive increase in echo range to a maximum, followed by a 
fairly rapid collapse (Clegg 1948). Some 50,000 echoes, recorded during the 
survey, were plotted on daily range-time graphs. Transparencies of all possible 
radiant envelopes were drawn independently by both authors, following the 
Clegg technique (Clegg 1948 ; Aspinall, Clegg, and Hawkins 1951). The reality 
of the various envelopes was considered, and similarly shaped envelopes were 
then looked for on adjacent days, since two days with different aerial azimuth 
setting are necessary before a radiant can be calculated. The remaining radiant 
results calculated from these envelopes, after all dubious envelopes or results 
had been discarded, were then grouped where possible into adjacent pairs of 
days with similar radiants. Interlocking radiants and subgroups made the 
whole procedure formidable but not impossible. (Envelopes of meteors referring 
to possible showers from the direction of the South pole could not be delineated.) 


IV. SoUTHERN HEMISPHERE RADAR SHOWER RESULTS 

The reproducibility of results is indicated in Figure 1. The top two plots 
are for adjacent nights with the same aerial setting, and the third plot is for the 
same night and aerial setting as the second plot, but in the following year when 
the sensitivity had been adjusted slightly below that of the 1953 records. Echoes 
in general are only observed when the aerial beam is at right angles to the 
incoming meteor trails (Clegg 1948). In all three cases a major group passes 
through the aerial beam with maximum range at approximately 15 hr. Another 
group is indicated at 13 hr. Mid-morning activity is also pronounced, with a 
group present at 21 hr and another probably present at 22 hr 20 min. During 
the first half of June, for other reasons, the aerial was not turned, so radiants 
could not be calculated during this period, but the activity—both day and 
night—outweighed that of any other month. 


EE 


394 


RANGE (KM) 


C. D. ELLYETT AND K. W. ROTH 


70o JUNE 11/12, 1953 


| 
i 
tl 


goo JUNE 10/11, 1953 


| JUNE 10/11, 1954 
700 


IS) 21 23 1 
U.T. (HR) 


Fig. 1.—Meteor echoes, received with directional aerial array, 
showing strong day and night activity. 
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For comparison a September plot with unchanged sensitivity is shown in 
Figure 2. During this month echoes were scattered, and no radiant could be 
identified which lasted for more than two adjacent nights. 

Each radiant group, found as described in Section III, was given an arbitrary 
grading. This was based on the consistency of the shape, range, and strength 
of the group, combined with factors incorporating the number of envelopes 
seen, the number of pairs calculated, and the compactness of the radiant limits. 
Four grades were made. Grade A is considered to be certain, and grade B is 
highly probable. The final results obtained are set out in Table 2. 
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Hig. 2.—Meteor echoes received during an inactive period. (Mean rate=8-6/hr.) 


A comparison between the most probable southern hemisphere meteor 
showers evaluated from visual data (Table 1) and from the radar results (Table 2) 
is given in Figure 3. Showers shown in contact are considered to be subgroups 
of a single major radiant. In general the radar activity associated with any 
given shower covers fewer nights than the visual estimate, although this is only 
to be expected since the radar technique is more stringent in its selection. 
Showers of similar radiant determined by the two methods are connected by 
cross lines. The overlap of dates is often incomplete. However, there is a 
sufficiently high degree of correspondence to identify the radar observations 
clearly with the earlier visual results. 

Of the 21 visual showers listed in Table 1, only numbers IV, V, VI, VII, 
VIII, XIII, XIX, XX, and XXI are not immediately evident by radar. Of 
these, numbers V, VI, XIX, XX, and XXI are essentially northern hemisphere 
radiants. Some radar trace of the Leonids (X XI) was found, but was considered 
insufficient to include in Table 2. The Leonids (X XI), Taurids (XX), and 
Orionids (XIX) are known to be weak, and their absence at an observatory 
situated at 43-5°S. is not surprising. Numbers V and VI are very strong 
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TABLE 2 


SOUTHERN HEMISPHERE METEOR SHOWERS CALCULATED FROM RADAR METEOR ECHOES 


P ge 
as ie Mean a9 BE op & 2 
38 sa he Apparent Limits of Radiant, g 5 = ‘3 
é g Date* 5 a Radiant Constellation 2 ae 9 
BA 74 4———— | RA. Dec. 45S 
R.A. Dec. 
1 Feb. 17-22 6 297°, —6° 296/298°, —1/—10° Aquila D 
2 | Apr. (10)-(15) 5 212°, —9° 208/214°, 0/—14° Virgo Cc 
3 Apr. 29-May 8 9 228°, —23° | 226/229°, —19/—24° Libra C 
4 | Apr. 29-May 4 B | $49°) Seye. S49 7344°) o/s Pisces/ D 
Aquarius 
5 June (17)-29 12 303°, —21° | 302/305°, —19/—23°| co Capri- B 
cornus 
6 June 19-25 6 268°, —23° | 268/269°, —23° vy. Sagittarius C 
7 | June (17)-28 is) 270°, —13° | 267/274°, —10/—15° Ophiuchus/ A 
Aquila 
8 | June (17)-28 10 263°, —21° | 260/266°, —19/—23°| & Ophiuchus A 
9 | June (17)-21 5 252°, —20° | 249/254°, —19/—21°| 7 Ophiuchus D 
10 | June (17)-26 9 84°, +23° 82/85°, +20/+25°) B/¢ Taurus B 
ll June 19-27 8 69°, —27° 65/71°, —23/—30° Eridanus B 
12 June 18-21 4 48°, —25° 46/50°, —21/—26° Eridanus D 
13 July 3-13 9 302°, —33° | 301/303°, —32/—34°| 0 Sagittarius B 
14 June 29-July 13 13 300°, —19° | 299/301°, —18/—20° Sagittarius B 
15 July 5-15 11 310°, —33° | 309/311°, —26/—38° Capri- A 
; cornus/ 
Micro- 
scopium 
16 | July 3-9 5 317°, —17° | 316/318°, —15/—18°| 6 Cap ri- D 
cornus 
17 | July 17-25 8 275°, —8° 2H 279250) —— | oectilen C 
18 July 16-25 10 321°, +2° 319/322°, +1/+2° 6 Aquarius A 
19 | July 20-Aug. 2 12 299°, —3° 297/302°, +1/—7° 0 Aquila A 
20 | July 21-30 8 322°, —17° | 320/322°, —14/—19°) 8 Capri- C 
cornus 
21 July 21-26 5 328°, —27° | 3826/329°, —26/—27° Pisces B 
Australis 
22 July 30-Aug. 5 7 338°, —18° | 334/338°, —14/—22°| § Aquarius A 
23 July 29-Aug. 12 14 301°, —10° | 297/304°, —7/—14° | « Capri- HN SE 
cornus 
24 | Aug. 1-12 13 321°, —8° 319/323°, —2/—11° | € Aquarius B 
25 | Aug. 2-9 8 | 329°, —11° | 328/331°, —9/—14° | 8 Aquarius Cc 
26 Oct. 7-14 6 63°, —-8° 62/65°, .—8/—9° € Eridanus D 
27 Oct. 9-16 8 49°, +3° 48/50°, 0/+6° Cetus D 
28 Oct. 23-31 8 46°, 0° 44/48°, +1/—8° a Cetus Cc 
29 Oct. 22-28 ut 200°, —19° | 199/201°, —10/—24° Virgo/ B 
Hydra 
30 | Oct. 31—Nov. 7 7 | 204°, —6° 202/205°, —1/—8° a Virgo C 


* Dates in this table are based on N.Z.8.T. Dates shown in brackets represent activity 
present immediately before or after a non-operative period. Such showers may have started or 
terminated earlier or later respectively than the date shown, 
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TABLE 2 (Continued) 


i 


oe ne Mean be wif 
ga Sey Apparent Limits of Radiant FS ore 
° 5 Date* - PS Radiant @onstellan: Homo 
2 PRES stellation | (5 g¢2"5 
Bi Zas R.A. Dec. 4584 
R.A. Dee. 
31 | Nov. 12-(16) 5 78°, —15° 76/79°, —11/—19°| uw Lepus D 
32 Dec. (1)-8 5 224°, —27° |-222/228°, —25/—29°| o Libra C 
33 Dec. (1)-10 zi 147°, —5° 147°, —1/—9° vy Sextans D 
34 Dee. 2-11 6. | 253°, —20° | 252/256°, —18/—23° Ophiuchus D 
35 Dee. (1)-11 6 235°, —19° | 234/235°, —15/—22°] @ Libra D 
36 Dec. 2-10 6 114°, —25° | 112/116°, —24/—26° Puppis C 
37 Dec. (1)-6 5 88°, —3° 86/91°, —2/—-4° Orion D 
38 Dec. 12-19 D 112°, —16° | 109/114°, —14/—18° Puppis D 
39 Dec. 12-20 8 193°, —31° | 190/195°, —26/—35° Hydra/ D 
Centaurus 
40 Dec. 12-20 7 230°, —3° 228/231°, —2/—3° Libra/ B 
Serpens 


* Dates in this table are based on N.Z.S.T. Dates shown in brackets represent activity 
present immediately before or after a non-operative period. Such showers may have started or 
terminated earlier or later respectively than the date shown. 


northern hemisphere daylight showers. They occur in the June period when 
the aerial was not being turned daily, and hence it can only be shown that the 
known radiants do in fact give rise to envelopes at the time expected. By this 
means, however, these two showers have definitely been confirmed, and part of 
the morning activity seen in Figure 1 is due to their presence. Shower VII was 
not clearly found as it also occurred in the June period of aerial non-rotation. 
Tt will be shown in Section V that it is possible to include numbers VIII and 
XIII in a more general radiant scheme. Consequently number IV, referring 
to an April-May y-Capricornid group is the only visual shower for which no 
evidence at all has been found. 


(a) Night Radar Showers 

It is remarkable that at the time of the very strong northern hemisphere 
June daytime activity there is also very strong southern hemisphere night 
activity (Fig. 1). In July all the strong southern hemisphere visual showers 
reported by McIntosh (1934, 1935, 1936, 1940) have been found, and no new 
activity is apparent in this month. No other particularly strong night activity 
hag been found, but there is considerable confused activity during the earlier 
part of December. No visual night activity at all has been reported during 
December, January, February, or March. Long hours of daylight, would tend 
to engender this result for visual observations in these months, so it is of interest 
to find from the radar observations that the latter half of December, February ; 
and March do in fact appear to be largely inactive. (January has not yet been 
sufficiently investigated by radar to allow an estimate of activity to be given.) 
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(b) Daylight Radar Showers 
No previous observations exist for southern hemisphere daylight meteor 
activity.* A weak grade D shower is possible in February. A new shower 
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Fig. 3.—Comparison of visual and radar estimates of southern 

hemisphere meteor shower activity. (The dotted rectangles 

covering the whole of the night and day radar columns indicate 
periods when the equipment was inoperative.) 


* Note added in Proof.—Subsequent to the submission of this paper for publication a paper 
has Seah published by Weiss (1955) in which six showers have been investigated in some detail 
at Adelaide by radar methods. The results are in general agreement with those in the present 


paper. Weiss mentions daytime activity on five scattered days in July b : 
showers, vy yo ut finds no daytime 
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from the direction of Eridanus is present in late June, and there appears to be a 
Strong and quite enduring shower from the direction Virgo over the period 
October 22—-November 7. Early December activity is again confused, but some 
weaker radiants appear to be present. No significant daylight activity has 
been found over the other months. 


V. THE SPATIAL DISTRIBUTION OF METEOR RADIANTS 
Southern hemisphere night meteor activity is very strong between mid 
June and mid August, with a number of radiants clearly defined but 
overlapping in date. When the activity is grouped as in Figure 4 a marked 
drift in the origin of the meteor activity over the two-month period becomes 
apparent. 


PREVIOUS 
VISUAL OBSERVATIONS 


er 


250/270, 


1953 RADAR 
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(h 260/280, - 10/-20 


300, 320/340, \ 
-10 -10/-20 6 AQUARIUS \ 
330/350, 
0/-20 
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AUSTRALIS 


Fig. 4.—Interrelation of major night meteor showers in the period 
June-August. 


The visual observations (based on Table 1) commence with possible activity 
from the region (200°, —20°) of the sky. The Right Ascension drifts with date 
through the region 240°, and then 260/280°. At the same time there is a 
progressive downward drift in declination, as shown by the connexion of showers 
with dotted arrows. The Capricornids, 5-Aquarids, and Pisces Australids are 
all very strong showers which fit into this progression, concluding about mid 
August with coordinates (340/350°, —30°).* 


* Note added in Proof.—The drift within the §-Aquarid shower radiant found by Weiss 
(1955) conforms with the general drift of all showers in the July-August period as found in the 


- present paper. 
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The same tendency is evident from an examination of the radar results. 
Every group except one can be paired with a visual report, and the coordinates 
and date of the one isolated group are not greatly divergent from the general 
trend. 

This passage of activity across the sky with date is similar to the northern 
hemisphere daylight activity (Almond, Bullough, and Hawkins 1952 ; Hawkins 
and Almond 1952a, 1952b; Bullough 1954) and led to the construction of 
Figure 5, which is a plot of the divergence of mean shower radiants from the 
ecliptic. The two dotted lines represent a divergence of 10° from the plane of 
the ecliptic, and both northern and southern meteor radiants have been included, 


DECLINATION (DEG) 
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Fig. 5.— Meteor radiants plotted in relation to the plane of the ecliptic. 
A, Arietid; G, Geminid; L, Lyrid; NA, night Arietid; NT, night Taurid ; 
P, €-Perseid; R, Orionid; 7, 8-Taurid. 


excepting grade D showers of Table 2. Three northern hemisphere showers, 
namely the Ursids, Quadrantids, and Perseids, have not been shown on Figure 5 
as they are of very high northern declination. The present radar apparatus” 
as mentioned earlier, is not suitable for the detection of high southern radiants 
so similar high declination southern showers may yet be found to exist. It 
is clearly apparent, however, from Figure 5, that a high proportion of the major 
meteor shower radiants lie close to the plane of the ecliptic. 
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THE DISTRIBUTION OF THE RATIO OF TWO QUADRATIC FORMS* 
By G. 8S. WATSONT 
[Manuscript received March 31, 1955] 


Summary 
The exact probability distribution of the ratio of two quadratic forms is given in 
the case where the quadratic forms and the multivariate normal distribution of the 
variables is such that the ratio is a ratio of linear functions of gamma variables of integral 
order. 


I. INTRODUCTION 
The distribution of the ratio of two quadratic forms in normal variables 
is required for a variety of problems, especially in the analysis of time series. - 
In general it is required for non-null distributions of serial correlation coefficients. 
Dixon (1944) proposed the problem of finding the distribution of 


N 
= (©; —20; 41 +0; 45)" 
ee ee ee (1) 
= (©; —2; 41) 
i= 


With %y413=%, Ly,g=%q, When #,,..., 2 are N.I.D. (0,1). Dixon found the 
mean and variance of the smoothed distribution of this ratio. 


Gurland (1953) has shown how to express the distribution of 


where x is a vector of N.I.D. (0,1) variables and A and B are real symmetric 
matrices, B positive definite, by a Laguerrian expansion. Pitman and Robbins 
(1949) give a different series solution for the same problem. In many cases of 
interest, however, these series converge very slowly and are therefore of no 
practical value. The Pitman and Robbins method was applied by the present 
writer to the distribution of von Neumann’s ratio and the series found by using 
the EDZAC, Cambridge Mathematical Laboratory ; the terms of the series 
did not begin to decrease until the 37th term! Less elegant methods (which 
give no estimate of error) are thus still necessary in many problems. It is 
therefore worth while to have an exact distribution, which is available in certain 
cases, to provide a check. 


* This paper was written when the author was Research Officer, Department of Applied 
Economics, University of Cambridge, and formed a part of a thesis issued by the Institute of 
Statistics, University of North Carolina, Mimeograph Series.No. 49, 1951. 


j Australian National University, Canberra, A.C.T. 
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II. AN Exact DISTRIBUTION 
We suppose that the matrices A and B of (2) are commutative so that they 
may be diagonalized by the same orthogonal transformation and, furthermore, 
that their latent roots are equal in pairs. Then we may write 


P2Gth, 
r= oe AMG Sed sera eueeh ade ieee ape PAsion (3) 
Ey 
where w; (j=1,...,) are independent y (1) variables, and where Air By 
(j=1,.. ., n) satisfy the conditions 
Ay By ee 
Iy= < [0 (all j <j’), 
5 {2;’ 
yu; >0 CUS is on on re (4): 
ee 
A; U5 #0 (all kAj Aj’). 
| 
| i 2; 


It may be verified that the ratio (1) may be put into a form (3) satisfying all 
these conditions if N is odd. The same is true of the circular lag—1 serial 
correlation with a mean correction when the population is a circular second 
order autoregressive process. 


Before we can proceed we need the following 


Lemma 
If, for any real numbers A,, uy, (kK=1,. . ., n), 
| a 
1 ~A;) py, |#40 (all unequal k, 9, 7’), 
| al hj’ (2; / 
then 
| ij v; n—2 
f of 1 
—— See awit ATES ISSIR ATE (ES OTT 
TT (12g?) gg | ee : : 
ae 1 Aj By | 
| al hj’ Lj’ 
Proof 


For n=3, the lemma may be simply proved by considering the identity 
t= s A,(1—A,w—p,v). Successive applications of the result for n=3 then 
k=1 


give the general result. 
F 
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The joint characteristic function of 1 and m, ¢ (u, v), Say, is given by 


n 
p(u, 0) = Il (1—iwd; —ivp,;)* 


=H 
| i; Ls; lane? i 
Sy a 5 a ee 
j<ey TL | 1 Aq ve | (Lid; ipo) —1Aj-u —ip,0) aerate), 
ad LA By; 
Ly? py’ 


by the lemma. Thus the joint probability density of / and m is given by 


fm =| - [" ou, ve! —Prdude. 65.5 (6) 


~ — 


where the integration is to be performed separately on every term of (5). But 


u Oe cine exp (—iul —ivm) 
aol ole , ipa, —iop,)d =i fil, aa 


is the joint probability density of 


Lig SAW yj TAjWjy Mig =D; Bj, 
if 
poe 


Sar ee + 
feet Lee See 
or zero otherwise. This density may be found ab initio and is given by 


H al Lee M; 5 


on exp ea TSX 7 
J 55’ J 55° : ie Y; , ee eC ONC Omen Gs (7) 
jy” 
since J;;/70 by (4). Thus, 
Ain bn 
Poy es Mea ee 
fijymJ=d = Jy °e! peel 
inva oie 
; j=l jf’ =i4+1 is Laie Wp ee J 53/ " By; (8) 
k#j,5 ‘l , B; vi [;” 
Le a 
Now 
[Lele wae 
1 1 
Jo | a i ae 


L Ay pj’ 
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so the joint density of the variables r=l/m and m is 


i n Ba 
jf. mya. +); 2 
j=1 f=i+1 II Bs A We 
kAJ,j 
1 Aj Yj 
il Aj! Le; 
m ; 
emp } Fay — wey AM fy os (9) 


for Alpi? >Visal Bis For fixed r, m may run between zero and infinity. 
Integrating out m, the density of r is found to be 


i mn 2 fora uf 
fr)=x xX — oT ___. ’ (10) 
j=1 7=i+1 II a at | [My —pg)r —(A *—h,)]* 
kj, j 
Bay Sap 
1 Aj’ [5 | 


for A,/u;>7>Ajas/pi41. Integrating with respect to 7, the distribution function 
of r is given by 


ho i nm —1L yay 
Bit ts) = ee Re: In Ji ia 


i=1 j=1f=iti TT | 1 & YU 1. Bi-1 Oa, 
kei’ 
ee | 1h By 1A; Bj Low By 
| 1 hj’ [.;” 1 jf 5” | dj! [23 
Ss ae ae igs tabig) 
gti7=i+1 I a oe Ue ila, Dae Ne 
k#j, 7 
LA bY, TA Bi LA By, 
Tt i,’ [477 hj? [2;’ alt hj! 2,’ 
Bi ead) wat ate a ashore a, stew (11) 
for 
; Ny 
Diyos 0 
Vig Piosd 


TII. AN ALTERNATIVE FORM 
The expression (11) would be difficult to calculate, even for small n. How- 
ever, the use of the ratio device leads to a much simpler result. Box (1954) 
has given a general theorem on the distribution of ratios of quadratic forms of 
the type we are dealing with. Instead of stating his theorem, it is preferable 
to derive the distribution directly by his methods. ; 


Writing v;=Ryu,;—A,;, we have 


P(r <R) =P(E(A; —Ry,)w; <0) 
es p80)! + ot, nai eine Aloe: (12) 
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To evaluate (12), we notice that the characteristic function of Xv,w,, P(t), 
admits the partial fraction expansion 


n—1 fi 


aS i (v,’s distinct). .... (13) 


Nn 
1 IL (v,—v) (1—iv,t) 
gt a= 
(7 #5) 


Thus the density of Xv,w 


)W;, f(a), Say, is given by 


where k is defined by A,/y,<R<A,-3/U,-1. Thus 


Pirak)=| fia)dz 
0 
== 2 
j=k U(v;—vj’) 
n (Ru; —),)"—1 


This is the required distribution. It is important to note that, had we sought 
by these methods an expression for P(r >R) we would have found 


k (A; —Ru,)"—-1 
IQDGSIH) = >, u re 
) j=1 Baty —),’) —R(u; —y,’)]’ 


where k would be defined by A,/u,>R>Aj43/Uya1- 

Since P(r<Rk)+P(r>R)=1, we can use for calculation the formula with- 
the shorter summation. In applications of Box’s theorem, two formulae will 
always be available and the shorter will naturally be used. 

It will be noted that, if all the uy, equal unity, the formula (16) reduces 
to that given by Anderson (1942) for the distribution of the first circular serial 
correlation coefficient, as it should. 

The expressions (15) and (16) are not as convenient as (10) for the calcula- 
tion of the exact moments of r. In practice, approximate moments could be 
found by using the easily determined moments of J and m. 
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THE DESIGN OF A MULTIPLE-WIRE PROPORTIONAL COUNTER AND 
ITS USE IN THE STUDY OF THE «-PARTICLES FROM 
THE REACTION 7Li+pt+ 


By A. C. Rivieret and P. B. Treacyt 


Introduction 
This counter was designed originally for the study of a two stage break-up 
process such as 
1B+p > a,+*Be, 
‘Be > a+, 


where correlations are sought between «, and a, as discussed by Treacy (1955). 
In this case the «-particles «, and «3 are emitted into a cone of semi-angle 10° 
and could readily be accepted by the counter. The design was not specific 
to this experiment but enables «-particles of energies up to 8 MeV, falling within 
a cone of semi-angle 60° to be detected with electron collection times of less 
than 1 psec. 

A proportional counter was chosen but, since the particle ranges must be 
contained wholly within the sensitive region of the counter, it is difficult to 
achieve fast electron collection in a single-wire counter with an E.H.T. supply 
of the order of 1 kV. This difficulty can be avoided by subdividing the sensitive 
region into a number of separate counters, each with its anode and cathode. 
In such a system the speed of collection can be increased considerably without 
changing anode wire diameter or E.H.T. voltage. 


Construction 

Figure 1 shows a schematic cross section of the counter. The sensitive 
region is within a cube of side 8 in. containing 16 independent anode-cathode 
systems. Each anode wire A is located at the centre of a square array of eight 
thicker wires C all earthed and which form the cathode. The dotted lines in 
Figure 1 indicate the cone of semi-angle 60° within which particles from a 
target T' at the cone apex can be detected and which has no line of axial symmetry. 
Thus detection occurs with equal speed and efficiency for all directions within 
this cone. 

The anode wires are of 0-0035 in. diameter beryllium-copper and are 
attached at their ends to two ebonite sheets mounted by screws on a brass 
frame F. This frame has large holes H drilled through it to expose the ebonite E 


+ Manuscript received February 10, 1955. 
t Research School of Physical Sciences, Australian National University, Canberra. 
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around each anode wire and thus allow the necessary insulation. The common 
anode lead emerges through a spring-loaded contact to a ‘“ Kovar ”-glass seal 
and is arranged so that the top flange of the vacuum box, with frame attached, 
can be lifted out of the cylinder. The cathode wires are of 0-010 in. diameter 
copper and are attached directly to the frame. 


The outer vacuum box comprises a 12 in. diameter cylinder (rolled from 
0-25 in. brass sheet) with rubber vacuum seals. It may be evacuated through 
a glass tube held by a semi-flexible O-ring seal. There is provision elsewhere 
for two similar glass seals, so that the counter gas may be circulated over sodium 
metal for purification. A thin mica window, supported on a brass grid, is shown 
in Figure 1 attached to the target box. The holes of the grid are countersunk 
at the back to allow wide angle penetration of the counter. 


Fig. 1—Schematie view of the counter in cross section. 


Performance 

The counter is used in conjunction with a linear amplifier having rise and 
clipping times of 0-16 and 1-6 psec respectively. With the+counter filled to 
38 em Hg pressure with argon (99-8 per cent. pure) and operated at an H.H.T. 
voltage of 720 V, a 5:3 MeV «-particle, after traversing the 7 mm mica window, 
produces a pulse equivalent to 7-65 10° ion pairs. This represents a gas 
amplification factor of about 4-7 times with a noise equivalent at the input of 
2-7 x104 ion pairs. The noise in the absence of the counter capacity, 56 yuk, 
is effectively 7-8 X10? ion pairs, the reduction being ascribed to shot effect. 


In practice the gas gain can be increased up to the Geiger region ; moreover, 
the performance of the counter is quite conventional. As is shown below, in 
discussing Figure 2, the counter is proportional, having a pulse spread for 
9-0 MeV «-particles of approximately -+-6 per cent. at half height: this spread 
is attributed to the grid-like construction and “ square”’ geometry of each 
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cathode, which results in variation of electric field in different directions out 
from the anode wire, and also to small non-uniformities of wire diameter. 

Under the conditions quoted above, the pulse rise time due to positive 
ion motion was measured as 2-4 usec, using the method given by Gillespie 
(1953). This represents a constant delay in pulse rise which is limited by the 
size of the anode wire and could be reduced if desired. The electron collection 
time, which is subject to fluctuations, is estimated to be less than 1 ysec. Good 
linearity was obtained in the experiment referred to in the introduction, with 
a coincidence resolving time of 1-2 psec. 


COUNTS/200 KV x 1072 
N 


@Q-PARTICLE ENERGY (MEV) 


Fig. 2.—«-Particle spectra from ‘*Li+p. Full curve, spectrum taken at 

proton energy of 0:47 MeV; circles, mean of spectra at proton energies of 

0:40 and 0:54 MeV ; broken curve, spectrum of ?!°Po «-particles. All curves 
are normalized to 5x10* counts in the main group B. 


The «-Particles from the Reaction *Li+p 
The behaviour of the counter can be illustrated by results obtained on the 
‘spectrum of «-particles produced by bombarding lithium with protons of energies 
in the neighbourhood of the 440 keV resonance. This experiment, although of 
interest in the study of *Be, has not previously been carried out in any detail 
(Ajzenberg and Lauritsen 1955). «-Particles can be produced by the following 

processes : 

"Lip — ®*Be--y, y 

‘Bole ie Cr oe (1) 


"Li+p => *He-F*H es (Ae eeeeee eee 
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In reaction (1) the various Be levels give rise to a-particles of different 
energies. Burcham and Freeman (1950) have analysed the a-particles of energy 
up to 2-4 MeV from reaction (1) and found that the ground and first excited 
states of *Be are formed as intermediate stages. In reaction (2) a direct process 
occurs giving a single group of «-particles of energy 8-98 MeV (Strait et al. 
1951). «-Particles of energies between these limits would be expected corres- 
ponding to other *Be levels. These levels would be formed by y-ray emission 
from the 17-63 MeV state formed at the 440 keV resonance (Inall 1954) unless 
such photon emission is of high multipolarity resulting in a relatively low 
intensity. 

To examine these possibilities an experiment was carried out as follows. 
The counter was set at 90° to the proton beam of the Canberra 1:2 MeV 
accelerator, the beam being collimated by a #3, in. diameter aperture and allowed 
to strike a 50 keV thick, solid-backed target of lithium aluminium hydride. 
a-Particles passed through an aperture subtending -+10° at the target and 
entered the counter through a mica window of 7 mm air equivalent. Each pulse 
from the counter was displayed on an oscillograph and recorded photographically. 
The «-particle spectra detected at 0-40, 0-47, and 0-54 MeV proton energies are 
represented in Figure 2. The run at 0:47 MeV proton energy is drawn as a 
full curve and, for comparison, only the points of the mean of the upper- and 
lower-energy runs are plotted. It is evident that no resonant effects are present. 
The positions of known ®Be levels are indicated by arrows labelled with the 
appropriate excitation energies. The resolved peaks A and B are due to 
18O(pa)15N and reaction (2) respectively. All results are normalized to 5 x104 
counts in the main group B. 

Apart from these a background is present which is due to the counter. 
This can be seen from the dotted curve in Figure 2 which is the spectrum obtained 
for a ?4°Po «-particle source where the counter gas pressure has been reduced 
to 16cm Hg. At this pressure the range of ?!°Po «-particles in the counter is 
equal to that of the «-particles from reaction (2) under the previous conditions. 
A range-energy relation for argon was derived from data given for air by Bethe 
(1950), the non-linearity of which accounts for the difference in shape between the 
dotted and full curves. 

From the known target thickness, data on total «-particle and y-ray yields 
(Boyle and Inall, personal communication 1954) and by using the yield curve 
from Heydenburg et al. (1948) it can be shown from the results that, if *Be levels 
between 7 and 15 MeV are excited, their intensity must be less than 3 per cent. 
of the intensity of the transitions to the ground state. As the transition to the 
8Be level at 7-5 MeV is only of relative intensity 1 per cent. (Inall 1954), this 
would not have been detected above the background in the present experiment. 
Transitions by reaction (1) to levels higher than 15 MeV (Wilkins and Goward 
1953) would here be masked by the «-particles produced by reaction (2). 


This work was done as part of the research programme of this laboratory 
under Professor E. W. Titterton. The authors are indebted to Mr. R. G. Hawkins 
for much technical assistance. 
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ON STARTING ROUTINES FOR THE C.S.1.R.0. MARK I COMPUTER* 


By G. W. HiILtt and T. PEARCEYT 


Introduction 


High speed computers have a normal mode of operation whereby operations 
are specified by ‘‘ commands ’”’ from stored programmes. This mode cannot 
be used for starting a cleared computer since there are no stored commands to 
perform the organized process of assembling commands from the input medium. 
Additional equipment is therefore required in order to provide another mode of 
operation for inserting the first, or primary, routine. 


Primary Routine ; 


The C.8S.I.R.O. Mark I computer can insert a primary routine from stepping 
switches, as is described in previous papers (Pearcey and Hill 1953a, 1953b) 
from which the notation in this article is adopted. Other non-normal modes of 
operation are included for purposes of testing the computer. One of these 
modes is used to insert the primary routine, listed in Table 1, from punched tape 


into the store. The special equipment required for the previous primary routine 
is therefore redundant. 


For testing purposes, commands can be taken from the switchboard of the 
console, instead of from the store, by special modes of operation controlled from 
the switchboard. A switch denoted as “ S & NV, to TNT ”’ enables performance 
of the logical sum of sequence register contents (increasing serially) and the 
command on the switch-set register V,. If this command is “ (I) — M’’ then 
this mode of operation reads rows of punched tape from the tape reader into 


serial locations in the store. In this manner the primary routine listed in Table 1 
is inserted into the cleared computer. 


* Manuscript received May 18, 1955. 
} Division of Radiophysics, C.S.I.R.O., University Grounds, Sydney. 
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Since the input equipment of the C.S.I.R.O. Mark I computer reads 10-hole 
tape rows into digit positions p,—p,, and the X and Y holes into digit positions 
Pip ANd Po, respectively, the primary routine must not require digits in the 
positions p,,-p,3. This adds a fourth requirement to the three requirements 
of any primary routine. Thus the primary routine must: 


(1) assemble 20-digit commands from two 10-digit tape rows according 
to the convention that the address-digits row (if any) is followed by an X-punched 
operation code row ; 


(2) insert assembled commands in serial locations of the store ; 

(3) cause Y-punched ‘ control designations ’’ to shift control out of the 
primary routine for performance of special operations ; 

(4) be composed of digits in the p,—p4) and py9, Po positions only. 

The primary routine set out in Table 1 satisfies all these requirements. 


TABLE 1 
PRIMARY ROUTINE 
Location Command Operation 
0 (0) + s* [4] Command itself contains 3 digits, shifts control to 4 
1 (C) Lk Address in C is added to the following command 
2 c(A) 7 0 Transfers command in A to store location specified by (C) 
a Pu ca CG Adds unity to the address in C for serial storage 
4 (Z) 7B Sets (B)=0; indicating ‘“ non-X ”’ row for command 15 
5 (Dj) = A, Sets 10-digit input into H 
6 (Do) 7 Do Dy contains py) only if X-hole just recently read 
7 8(Do) 7 S Tests whether recently read row is X-punched or not 
8 (0) +s [12] Jumps three commands to 12, to add non-X punched row 
to upper half 
9 Din B Sets (B)=p,,; indicating “‘ X-row ” for command 15 
10 (H,) tA Adds operation code to pp; positions to assemble 
command 
11 Dp, + gs Jump next command 
12 (H,,) SA Adds address code to ,,-Po) positions to assemble 
command 
13 (Died, Reads tape row into Dy with py, for X, poo for Y 
14 8(Do) ss If Y-punched row, jump to command 16 
15 (By aas) [0,1] | Shift to 1 or 0 if previous row X-punched or not (resp.) 
16 [(Do) + H,] These four commands are overwritten by subsequent 
17 (a) eC] input after being used to set 16p,, in C by shifting 
18 hve De! 16p, read from tape through H into upper half of C 
19 [(Z) 7 S] [0] and then clearing Dy and S 
Blank tape Restore normal mode of operation by hand (switch 
rows “(5 & N, to INT” off) 
16Y Y-detection by command 14 shifts to special operation 
of setting the starting address in C 


* Command “ (0) & S” on the tape is immediately preceded by an X punch. 
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The first requirement is satisfied since the 10-digit row read from tape by 
command 13 is added ag an upper half address by commands 8, 12 if commands 
6, 7 indicate the row is not X-punched, or is added as a lower half operation 
code by commands 9, 10, 11 if commands 6, 7 indicate the row is X-punched. 
Serial storage of assembled commands by commands 1, 2,3, whenever unity in 
B indicates previous row as X-punched, satisfies the second requirement. 
Command 14 detects Y-punched rows and shifts control out of the primary 
routine to command 16, thus fulfilling the third requirement. 

To satisfy the fourth requirement, this primary routine uses commands 
with zero addresses and holds necessary addresses in registers. Sequence 
shifts, which normally imply addresses, are replaced by the “‘ sequence jump ”’ 
command ‘ (0) $ 8’, which jumps three commands for the three digits in the 
command itself. Register B is used to hold addresses 1 or 0 corresponding to 
X-hole or blank on the row previously read. The ‘‘ storage address ”’ in register 
C is set initially by commands 16, 17, 18, 19 as soon as the routine reads the 
16Y row and this address is combined with command 2 by use of the “ + ” 
facility to store subsequently assembled commands in serial locations from 
16 onwards. 

Insertion of the primary routine requires a sequence of switching operations 
on the console switchboard, which is similar to that required previously for the 
stepping-switch primary routine. 

(1) Clear store. Clear all registers. Switch on reader motor and ‘ tape 
read ”’ switches. , 

(2) Set“ (J) =-7'¥ on W,. “Set “S65 VN, to JNT ”. 

(3) Start computer. Computer will stop after initial ‘“‘ XY ” is read in. 

(4) Set “ (1) —~= M” on N,. Clear sequence register and restart. 

(5) Just before ““16Y ” is read, switch ‘‘S& WN, to INT” off, without 
stopping the machine. 

(6) Further commands punched in the normal convention will be stored 
serially from location 16 onwards. | 


Control Routine ; 

In most cases, as soon as the primary routine is inserted, it is used to insert 
a ‘‘ control routine ’’ from tape. This control routine provides special operations 
useful in assembling elaborate programmes by suspending command assembly ~ 
and serial storage while either 

(1) the command just assembled is performed instead of being stored, 

(2) the ‘‘ storage address ’”’, n,, is replaced by n, 

(3) the current storage address, n,, is placed in location n of a parameter 
block, or 

(4) the parameter in location » of the parameter block is added to the next 
command assembled, 
where » is the address number recently read from tape. 

The control routine listed in Table 2 is inserted in store locations 16-28 
following the primary routine. When a Y-punched “ control designation ”’ is 
detected by command 14, control is shifted to command 16 of the control routine. 
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The number, x, punched in the “ control designation ”’ row is used by commands 
17, 18 to shift control to command 19-2. 


For «<3, constants are added to the address nm, previously assembled in A. 
to form a command, which is set in location 24 and performed. Thus n7, 
coded as n;0Y, sets np,, in C so that serial storage will continue from address n. 
When the storage address is m, the control designation nS, coded as n;2Y, 
sets m in store location 28-+n, i.e. the nth parameter of the block. Subse- 
quently, the control designation nC, coded as ;1Y, will reset the transfer address 
to that held as the nth parameter ; e.g. m in location 28+-n. The designation 
nA, coded as n;3Y, sets the nth parameter, held in location 28-+-n, into A so 
that the next command assembled will be added to this parameter and the sum 
stored. 

TABLE 2 


CONTROL ROUTINE 


| 
| 


Location Command | Operation 
16 (Z) 7 B _ Clear B to indicate “‘ previous column not X-punched ” 
ub (Do) 7 A, ‘The “ control-designation ’” number in the Y-punched 
18 (H,) Ss i ¢ row is used to select the control operation required 
19 (28) 3A nT (transfer), command 24 becomes ‘‘ n to” n;0Y* 
20 (27) S A | n C (continue), (A)+(27)+(26)+(19) =“ (28-++-n) ~~ C” 
nly 
21 (26) tA n S (store), (A)+(26)+(19) =“ (C) > 28+” n;2Y 
22 (19) > A | n A (add), (A)+(19) =“ (28-4n) > A” n3Y 
23 c(A) > 24 | D (do), command in A set in 24 and performed 34Y 
24 Ce U (unchanged), re-performs previous control 
| operation 30Y 
25 3577S | N (null), has no effect during insertion 5 Ola 
26 Om OZ 13, 27> Se) a= IVE ess’ oai(20)) 4+ A”) Constants equal to dif- 
27 <31, 31; 18, 14> Soy (VL) arn Or leis al (CO) eer nae ferences between coded 
28 <31, 4; 26, 0» a (E0) Necarel Oem OSS ire ( 25) jarani commands 


* Punch codes for control designations. 


A command followed by D, punched as 4Y, is set by command 23 into 24 
and performed. The last control operation performed may be repeated by 
using the designation U, punched as 5Y. The null operation, NV, punched as 6Y, 
has no effect during insertion of commands, but incidentally is used by the 
routine for printing punched tape as symbolic commands to provide spaces 
between printed routines. 

These control operations are similar to those used in association with the 
stepping switch primary routine. However, the number « of the control 
designation is now to be punched as a binary number rather than as w holes in a 
row. Also the operation of replacing the storage command, FR, has been changed 
to the operation, C (continue), which restores the storage address to that held in 
location n of the parameter block. The main use of operation R was for replacing 
the storage command in order to insert programmes in the backing store instead 
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of the high-speed command store. This effect can be obtained by the sequence 
of operations : 

c(A) +2, D 

c(A) — M’, U. 


The primary and control routines listed in Tables 1 and 2 provide all the 
facilities furnished by the previous starting routines while the store space 
occupied is reduced from 32 to 29 commands because the “ +k” function is 
used. Since these routines can be inserted without using equipment such as 
stepping switches, not otherwise required for testing purposes, considerable 
economy in equipment is possible, and the starting procedure is simplified. 
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EIGEN OSCILLATIONS OF COMPRESSIBLE, IONIZED FLUIDS* 
By R. E. Lovennrapt 


The frequencies of eigen oscillations of regions of uniform magnetic field 
may be derived very simply from the hydromagnetic equations for a compressible 
fluid of infinite electrical conductivity in the cases where the regions are bounded 
by cylindrical and plane-parallel surfaces. 


For small oscillations these equations may be written in the forms : 


oh 

ap curl 2G BRR eerie ree agra in sicher ce (1) 
uiuers =(curl H) xh-+(curl h) xH—4z grad p, ...... (2) 

de 

a, = div CAV)? 2oGs Scere ae oe eee (3) 

Op 20 

Ot =q Bi. DCR osc > OLumOECO OOOO Glo 6. Genuh Ge 6 o o.5 ceases (4) 


where h is the perturbation in the steady magnetic field H, v the corresponding 
change in the fluid velocity, p the variation in the steady mass density yu, p the 
variation in the gas pressure, and q the velocity of sound in the fluid. 


* Manuscript received June 1, 1955. 
} Division of Physics, C.S.I.R.O., University Grounds, Sydney. 
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Suppose a uniform magnetic field H, is confined within a circular cylinder 
of radius R whose central line coincides with the z-axis. In cylindrical co- 
ordinates the equations for radial oscillations may be written in the forms: 


7] 
ioh,=—— - ap (hor Dee ier eiael pent Saar (5) 
4 Cae H 2 
TL, = — > _( Se pE TOTO) si ce wieber capsiia ots (6) 
fre ted 
1Q) e =S- 7 ay Yr)» Shelia) (6Ne16) jopasse) (wiie: eile) es, ‘al (exes (7) 
in which the variables are taken to be proportional to ei, The boundary 
conditions across the surface r=R follow from equations (5). . . (7), namely, 
A(v,H,) =0, 
aN O29 ee iat ive) |= a (8) 
A(u0,) = J 


Inside the cylinder, where the magnetic field has the constant value 
te 2 2 Ie Mar ee ers EO cs RR (9) 


the variation of v, is found to be governed by the equation 


1 Ov, af 
= ae or ike 7a) %r=0, CGO she Ba Gu GND (10) 
where 
= Hy ‘) 11 
v=(2 +4 Keo OG ul Cdecic GO.d ( ) 


is the velocity of hydromagnetic disturbances propagated at right angles to the 
field H,, u, being the fluid density inside the cylinder. The solution of (19), 


finite on the axis r=0, is 
wr 
1 =AS,(F), eS See (12) 


where J,(a#) is Bessel’s function of the first kind of order unity and A is an 
arbitrary constant. Outside the magnetic region v, obeys the equation 


2 
ao, 1 Ov, (7: ~a)-=0 MPR os ee eS 2 (13) 


y2 


whose solution, finite at infinity, takes the form 


1B, ‘) +ov,(4). petess aie (14) 


In this equation Y,(y) is Bessel’s function of the second kind of order unity and 
B and C are arbitrary constants. 
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The boundary conditions (8) impose three linear relations on the constants 
A, B, and C and the condition for the existence of non-trivial solutions reduces 
to the equation 


zt v) | Tg )(@ ) af) a() f= 


However, by a standard result in the theory of Bessel functions (cf. Watson 
1944)* 


YT (Y)Yo(¥) Joly) VY 1(y)} =2/z, 


and hence equation (15) is satisfied if 


Equation (16) has an infinity of real roots corresponding to the zeros of the Bessel 
function of the first kind of order unity. Let j, (n=1, 2, 3, .. .) denote the 
infinity of real roots of the equation 


J,(x) =0, 


then the eigen-frequencies of the various modes of radial oscillation of 
the magnetic cylinder are given by 


where #=1,.2,.3,.-% 

In the second case consider a uniform magnetic field H, confined within a 
pair of parallel planes «= -La, referred to Cartesian axes Oa, y, 2. Then, by a 
similar analysis, the eigen-frequencies of unidimensional oscillations in the 
x-direction at right angles to the magnetic field are found to be given by 


wheres? =) 92,3... 2). 


The analysis may be generalized to cover the situation in which the magnetic 
field takes the values H,—H, for r<R or —a<a<a, and H,=H, for r>R 
or | «| >a, respectively. It is found that the eigen-frequencies given by (17) 
and (18) remain unchanged provided, of course, that H,~H,. 


* Watson, G. N. (1944).—‘‘ Theory of Bessel Functions.” p. 77. (Cambridge Univ. Press.) 


A PROPORTIONAL COUNTER WITH GRID CONTROL* 


By R. J. NoRMANt 


Introduction 

Where accurate energy loss measurements are to be attempted, counter 
proportionality must be preserved over the entire active length of the anode 
wire. This may be endangered by attachment to electronegative impurities 
in the counter gas ; or by the counter end effect, which causes a serious loss of 
gas amplification at the wire terminations (Curran, Angus, and Cockroft 1949 ; 
Rossi and Staub 1949). 


The end effect may be considerably reduced either by using large 
length/diameter ratios (Curran, Cockroft, and Insch 1950), when the contribution 
of a given end effect may be made small ; or by some improvement in the design 
of the wire terminating system. Two common methods are to use either an 
earthed guard tube (Curran, Angus, and Cockroft 1949), insulated from the 
centre wire, or an effective thickening of the centre wire itself (Coon and Nobles 
1947). If the latter system is used, the terminating rod diameter must be chosen 
so that the gas amplification at its surface will be negligible compared with that 
along the wire. A recent technique (Curran and Cockroft 1951), ideally suited 
to short counters, employs field adjusting tubes located at each end of the 
counter, and these limit electron collection to a region free from end effects. 


An alternative method of eliminating end effect is advanced, in which a 
grid system of fine wires completely surrounds the anode wire, as in Figure 1. 
Since the effective counter diameter is now reduced to that of the grid system, 
a large length/diameter ratio will be obtained, while the full counter diameter 
is still available for electron collection. 


The Gridded Counter 

Construction.—The proportional counter, shown sectionally in Figure 1, was 
designed for a cosmic ray shower experiment, in which a large collection volume 
was required together with rapid electron collection. In order to test the field 
configuration, a double scale model of the grid and anode structure was sub- 
merged in an electrolytic tank and a three-dimensional field plot taken, particular 
attention being given to the region near the wire termination. It was found 
that the lines of force became radial within 3 mm from the end of each guard 


* Manuscript received June 7, 1955. 
+ Physics Department, University of Melbourne. 
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tube, indicating constancy of gas amplification over all but 6 mm of the 56-8 cm 
effective wire length. 

The counter wall was rolled from 0-006 in. tinplate to minimize transition 
effécts, and the joins within «-particle range of the collection volume soldered 
with pure tin instead of ordinary lead solder, which is. badly contaminated 
(Bearden 1933). Accurately machined ‘ Micalex ” insulators carried the 
24 stainless steel grid wires, and located the anode wire on the axis of the grid 
system to within 0:001in. The central wire was made of spring steel, 
examined microscopically for defects, and reduced to a constant diameter of 
0 -0225 40-0001 in. over its entire length. This was the greatest diameter for 
an operating potential below 3 kV, and permitted a more accurate wire treatment. 
Removable end pieces carried the anode and grid assemblies, and were screwed 
tightly into place prior to outgassing, after which the O-ring seals were inserted 
to make the counter vacuum tight. A filling tap is provided which is vacuum 


CONTROL GRID 
LEAD THROUGH 


0-006 TINPLATE WALL'(CATHODE) 


SENSITIVE WIRE LENGTH 56:8 CM 
ANODE WIRE 0-0225 IN. 


q = 
es 
FILLING TAP 4 24 GRID WIRES 0-005 IN. 
EARTHED GUARD TUBE = 

INSULATED FROM 


ANODE WIRE 


Ly 

Cre ar = > O-RING RUBBER SEALS ° 1 2 3 
NUT aL_€ - 

SS SCALE INCHES 


[mo steet WA ICALEX" INSULATORS AQ "Kovar"-GLass SEALS 


Fig. 1.—Sectional diagram of gridded proportional counter. Gas filling consists of 5 cm 
methane+argon to 8l1em Hg. Gas amplification is 400 for anode-grid voltage of 3kV and 
anode-cathode voltage of 5 kV. 


tight when closed, or when opened to the filling system. Gravitational sag is 
made the same in each wire by adjusting the tension with springs. The counter 
is enclosed in a thin metal shield to reduce radio-frequency interference, and to 
provide a safety precaution because of the high voltage present on the cathode. 


For a gas amplification of 400, the grid is maintained at —3 kV with respect 
to the centre wire, and the cathode or case at —5 kV, allowing 2 kV for electron 
collection. The anode and guard rings are, of course, at earth potential. 


Gas Filling.—The counter was outgassed for several days, at 160 °C during 
the day ; and left under static vacuum at room temperature overnight. When 
the vacuum remained better than 0-001 mm Hg for 24 hr, the counter was filled. 
Of the counter fillings tried, the most successful proved to be a mixture of 
Arc-argon and 6 per cent. commercial methane, dried with phosphorus 
pentoxide. Drift velocity data for these gases are available (English and Hanna 


1953) ; the most important impurity being 0-2 per cent. oxygen in the Arc- 
argon. 


SHORT COMMUNICATIONS 421 


The question of electron attachment to the oxygen impurity due to its known 
electronegative nature (Wilkinson 1950) may now be investigated by means of 
the control grid, since the grid conveniently partitions the counter into two 
sections ; one being a high field region inside the grid wires which is most 
unfavourable for electron attachment, and the other being the large volume 
outside the grid system where attachment may occur. The latter occurs on 
forward collection where electrons liberated anywhere within the counter travel 
to the centre wire ; whereas the former applies on reverse collection where a 
reverse field prevents electrons released outside the grid system from making 
any contribution. 

A molybdenum filter on an X-ray tube concentrates the transmission 
radiation at its K absorption edge, providing a sufficiently homogeneous calibrat- 
ing source to check the pulse distribution widths for both forward and reverse 
collection. These are shown in Figure 2 (a), the one for reverse collection being 
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ae y \ 
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(2) PULSE SIZE (ARBITRARY UNITS) (b) PULSE SIZE (ARBITRARY UNITS) 
Fig. 2 (a).—Experimental pulse distributions obtained with transmission X-radiation 
through 0-017 in. of molybdenum, for a proportional counter filling mixture of unpurified 
commercial methane and Are-argon. Percentage width at half height for A is 13 per cent. 
and for B 12 per cent. 

Fig. 2 (b).—Pulse distributions for a filling mixture of 6 per cent. ethyl formate with Arc- 
argon. Distribution width for the high field region inside the grid wires, B is 14 per cent. 
A represents the distribution from the entire volume and C, the contribution from the 
low field region outside the grid, has no peak, indicating a very high attachment rate. 


12 per cent. width at half height, and for forward collection 13 per cent. This 
discrepancy in widths could be accounted for by the increased attachment 
outside the grid system, although this is by no means certain since some increase 
in width is to be expected from the X-rays which eject photoelectrons from the 


counter wall. 

Two other counter fillings had previously been tried, one being Arc-argon 
with 6 per cent. ethylene. After working well for some time, it quickly 
deteriorated and produced a white deposit, presumably of some ethylene 
polymer, over the anode wire. The second filling contained oe cent. ethyl 
formate as quenching agent, and gave evidence of overwhelming attachment 
despite intense efforts to purify the liquid by distillation and outgassing at 
low temperature. The only conclusion possible was that ethyl formate is itself 
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slightly electronegative. This effect has not been observed with Geiger counters, 
possibly since they operate at a higher value of Y/p than that outside the control 
grid system but comparable with that inside it, where X is the field strength in 
volt/em and p the pressure in mm of Hg. The experimental pulse distributions 
for argon with ethyl formate are shown in Figure 2 (6), in which curve B is the 
contribution from inside the grid wires. Here the low distribution width 
provides evidence for only a small amount of attachment. In contrast to this, 
the distribution O obtained from the lower field region outside the grid wires 
exhibits no peak at all, and is indicative of an enormous attachment rate. The 
possibility of the collection field straddling an attachment peak may be dis- 
counted, since the field strength increases continuously, changing by an order of 
magnitude between cathode and grid. 


15) 


ot 
K ABSORPTION EDGE 
OF MOLYBDENUM 
EXPERIMENTAL PULSE DISTRIBUTIONS 
A,B,C, AND CALCULATED TRANSMISSION 
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OF 
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Fig. 3.—Theoretical and experimental curves for transmission X-radiation 

passing through the counter wall and shield (0-010in. iron) plus various 

thicknesses of molybdenum. The energy scale is located by using the 46:7 keV 
y-ray line from Ra D+E-+F as a pulse size reference. 


Calibration with Transmission X-radiation 

A method of X-ray calibration with transmission radiation, utilizing the 
abrupt transmission discontinuity at the K absorption edge, has been found to 
yield excellent results. White radiation from an X-ray tube falls on a thin 
sheet of molybdenum, and the emergent radiation is grouped strongly below the 
K absorption edge at 20-0 keV. The fraction transmitted through various 
thicknesses of molybdenum, plus the 0-010 in. iron counter wall and shield is 
shown as a function of energy in Figure 3. As the thickness of molybdenum 
increases, the transmitted energy band becomes narrower and approaches Keres 
and the maximum thickness of molybdenum usable will then be governed by 
intensity considerations. 


The experimental pulse distributions are also shown in Figure 3, and are 
accurately located on the energy scale by using the 46-7 keV y-ray line from 
Ra D+E-+-F as an energy reference. The experimental distributions are seen 
to coincide on the high energy edge; and to exhibit a similar behaviour to the 
computed curves on the low energy side, which will be emphasized since the 
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counter detection efficiency at 15 KeV is just twice that at 20 keV. There will 
also be some contribution from fluorescent radiation at the smaller absorber 
thicknesses, since some higher energy radiation which penetrates the absorber 
will be accompanied by fluorescent radiation being continuously produced. 
The experimental peak occurs at 19-9 keV, which is equal to the energy of 
the absorption edge at 20-0 keV within the experimental error. 

While there are objections to this type of calibration in principle, since the 
calibrating wavelengths are not homogeneous, in practice the width of the 
experimental pulse distributions is large compared with that of the transmitted 
energies. One may even assume that the latter are centred at the K absorption 
edge at 20 keV, the error so incurred being quite unimportant. It must also be 
emphasized that the calibration distribution width of 12 per cent. obtained 
with 0-017 in. molybdenum is not the smallest width available using the trans- 
mission method, but, when a tungsten anode X-ray tube is operated at 16 kV 
(r.m.s.) and 0-5mA, a greater thickness that this will reduce the count rate 
through the single analyser channel to a value below 30 counts/sec. The homo- 
geneity of the transmitted beam may be further improved by removing the 
contribution made by transmission fluorescent radiation. This fluorescence is | 
produced by some of the higher energy X-rays which penetrate the absorber, 
and may be eliminated by a reduction in operating voltage. 

The transmission method has several advantages. Firstly, a thin window, 
in the usual sense, is not necessary, provided that the counter wall itself does not 
cause too much attenuation. Of course the absorption edge of the wall material 
(6 keV) must be well below that of the transmitting element (20 keV). As 
a possible alternative, either some part or all of the counter wall may be con- 
structed from the transmitting element. This can facilitate calibration of high 
or low pressure counters. 

Secondly, since the emerging wavelengths are grouped strongly above the 
absorption edge, only one material is required for calibration. This contrasts 
favourably with either fluorescent X-radiation or K-capture calibration 
techniques, where the radiator or K-capture source emits all the characteristic 
wavelengths of the element concerned, and to produce a homogeneous beam for 
calibration we must use a selective filter to remove the K®@ component. Conse- 
quently, if a selective filter is used, the number of calibrating energies available 
will be greatly reduced. 

Finally, scattered radiation is completely eliminated since the counter 
may now be completely shielded with lead except for the transmission window, 
through which all the detected radiation must pass. The trouble experienced 
with scattering becomes very serious when fluorescent X-radiation is used for 
calibration. Here the contribution from scattered radiation makes the distribu- 
tion peak shift with a change in X-ray tube voltage; even in the position of 


minimum scattering. 
A debt of thanks is due to Mr. P. J. Walsh for the precision construction of 


the counter. The author also wishes to thank Professor L. H. Martin and 
Associate Professor ©. B, O, Mohr for their continued interest in the project, 
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THE SOLUTION OF LINEAR SIMULTANEOUS EQUATIONS BY 
MATRIX ITERATION 


By J. GUESTT 
[Manuscript received April 22, 1955] 


Summary 


In a recent paper Stiefel presented a method designed for a high speed computer, 
for solving simultaneous linear algebraic equations of the type 


n 
x a,u,+1,=0, t=1, 2,3,...,n. 
b—st 


The method proposed here arose from that paper. Moreover, since Stiefel fully 
examined the symmetric case, a;,=a,,, it seemed natural to develop the present theory 
for non-symmetric matrices also. Actually, Stiefel and Hestenes also touched on 
the non-symmetric problem but did not pursue the subject very far. A comparison, 
between their method and that proposed here is given. As in Stiefel’s theory the 
iteration ends at step n, which actually represents the exact solution provided no 
rounding-off errors have been committed. However, a different type of orthogonality ° 
and conjugate relation is used here as both D (i.e. the matrix [a,,]) and its transpose 
D* are operated with simultaneously. Formulae have been found for the characteristic 
polynomial of D and for its inverse. 


I. INTRODUCTION 
The problem is to solve a set of linear non-singular simultaneous algebraic 
equations 


n 
eS Ta eae C5 a] 2 Mabe ie opt Ib) oe ws wants (1) 


For values of 7 up to 10 this is probably best done by well-known methods 
such as Crout’s. For n greater than 10, and especially when automatic equipment 
is available, iteration methods with accelerated convergence are superior. 
These methods have the advantage that inevitable rounding-off errors are kept 
in check and at the same time iteration methods are more suitable for digital 
computers. 

The method outlined here is based essentially on the method of ‘‘ minimal 
iterations ’? as described by C. Lanczos (1950). The problem dealt with here 
has been recently discussed by Hestenes and Stiefel (1952). When the matrix 
[a,,] is non-symmetric it appeared advantageous to depart from his suggested 
procedure and an alternative method is investigated. 


+ Aeronautical Research Laboratories, Department of Supply, Melbourne. 
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TI. THE DEFINITIONS OF THE FUNDAMENTAL VECTORS AND PARAMETERS 
The following six vectors and two parameters are introduced to start 
with : 


Pe =—le+ee-1Pk-1) k>1, Pp=—To | 
Ok+1= UetAk Phy | wees (2) 
Teti= etre Dory 
Pe =H tee -Py_y = 1, P9=—" | 
OS) Ae pee 0 eee ee (3) 
a= rth DP | 
Ga Po, (r, Dp) 
eh-1 = *, * Te ewe 8s, CLs) 6121 shela)s6 (4) 
(Px—1, D"p,_3) (Pr_—wv Dpi-1) 
(h> Px) (Txs Dz) 
a ee (5) 
(Px, D*p;) (Pz, Dp;) 


where p, is called the kth direction vector, v, is called the kth solution vector, 
and 7, is called the kth residue vector. The above three vectors operate on D 
alone whilst p*, v*, and r* operate only on D* and carry the same names. Finally, 
¢, and A, are, a8 will be shown shortly, suitable orthogonality parameters. 


With the above definitions it is now possible to develop an algorism to solve 
a system of n equations in » unknowns. — 


Ill. THE SOLUTION OF LINEAR EQUATIONS 
It is required to solve (1) or, in matrix notation, 
Dwt-(==0 NS Sa a GL Ree ee (6) 
where D is the square matrix with elements a;,, 
U==(Uy, Way Ugy- + +) Wa)y 
l=(l, ls, ls, POL ey. L,, ). 
In order to solve (6) it appears desirable to treat simultaneously 
Di Pe oe chs what Se eae C7) 
where D* is the transposed matrix of D, 


u* is a different solution vector (i.e. the one associated with D*) and 
usually of no interest, 


I“ is a conveniently chosen vector. 


The first step in the analysis is to make a guess for wu. This first approxi- 
mation to the solution vector w is denoted by v1; whilst successive approxi- 
mations will be denoted by v,. It then follows that 


Dolor ge Ree ee (8) 
where r is called the residue vector. Likewise for (7) it follows that 


Der" hn ee (9) 
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Using the definitions of v4; and v, 41 Of (2) and (3) it follows, using (8),. 
that 
and also 
Peete Ie Te, Ants eo he ate Ee (10) 
whence on subtraction 
Ye4+1—1, =D(vE+1—%;) 
=),Dp, by equation (2), .... (11) 


which shows that, once v, and p, are defined, relation (11) is a direct conse- 
quence, that is, of the six defining vectors only four are independent. 


Likewise, therefore, 


Nee pe) Po! kode ie apy oe (12) 
The A, are to be chosen in such a manner that successive residuals 7; 41 will 
be orthogonal to P; for7=0,1,2,...,k. It will be shown that this can actually 


be achieved by orthogonalizing r;,+1 merely against p;. 
To fix A, it follows therefore that 


(k+1) Px) =0, 
(Tai. Pk) =. 


Using (11) and (12) this gives the first orthogonality parameter 


te Pk) (Tk P,) 
A, =— <a = weve lovato ee 5 14) 
x (Diy D*p;) (Pr Dpx)’ it) 


provided (pz, D*p,) is non-vanishing. If the denominator vanishes then either 
r, is orthogonal to p, or it is required to start with a new vector vj. It should be 
remembered, however, that it is only for very exceptional 1} that the above 
inner product would actually vanish. Of course it is still undesirable for this 
product to be very small. To be on the safe side in the choice of v) one should 
try to choose a vector which is a linear combination of all the eigenvectors of 
D* ; therefore it is usually best to choose for v) a vector like 


v=, 1, 1,. . +, 1}. 


In order to fix e,—1, use the defining equations of p,; and p, and postulate 


’ that : 
(Try DP, =9=("% Pk—2). 


Post-multiplying (11) by pj, it follows that 

O=("e+1, Py_y) =("ky pr_,)+-{—(Driy pt_,) +ex-1(Dpe-1, 77)}. 
Using (13) it follows that 
| (ra, D'pe_y) (ry Does) 


ire PP, yD Pr—1) 


&k—1— 
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and therefore also 
(pe, D°pi_,) 0, ee eee eee esse ee wae (16) 


provided 
(Pr—1, Dp, 4) 40. 
The remarks made above on the vanishing of this product are still applicable 


here. 
It is now possible to prove two fundamental theorems. 


Theorem I 
The system of residue vectors 

{"o, Ty, Toys - +» Tn—-1} 
is mutually orthogonal to 

ina, rs T., on oes eae 
that is, 

(i, r’) =0=(r'y 1;)y 
“where i, j7=0, 1, 2,. ...,.n—1 and 1+7. 
‘Theorem II 


The system of direction vectors 


{Por P1y Pay + +» Pn—1} 
is mutually conjugate to 

{Poy Pir Por + + + Pa_ath 
that is, 

(pi, D*p,) =0=(p}, Dp), 

where 7,.j=0, 1, 2,...,2—1 and 2=). 
These theorems will be proved by induction. Let it be assumed that Theorem II 
be true for n=k, that is, 


(De, DD) 0s ete eee oe (17) 
(in Db) 0 ee eee (18) 
CPW De IE res Ne amioa ro ols 8G 4 (19) 


(Diy UD ioe =0. 
It is required to prove it to be true for n=k+1. First, it is useful to 
establish the following 


Lemma 
Prove that 
(i) ("7 1543) = ON ea ees oc ae eae (20) 
(i1) (Pry Tp) =0,— 2 eee oR (21) 
(iii) (Ths Tye) 0 OS eee Se eee (22) 


(ii) follows from the definition of ¢~4. 
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Also, taking the defining equation of p, and forming the scalar product 
with rgi1 gives 


(Te+1) 7%)=—(Te+1, Py) +ee—1(re+1, Dy _4) 
=S ie A OCR oe ean em) (23) 
using (13) and (11). 
Finally, form the scalar product with rope (11): 
(re+1, r= (Tk 1,1) tAu(Dpx, 1 ai) MEP Putts (23A) 
=)i(Dpr, ro); 
using (23). 
But, by definition, 
Ty — Ppa 1 Ob -2P 9s 


which, upon substitution in (23A), gives 


(Te+1, Ty) =—A(Dpe, Pp_1) +Anex—2(Dpx, Py_») 


using (17) and (18), which proves (22). 
Now, form the scalar product with D*p;_, in 


Pe+1=—Th+1+ExDPk, 
that is, 
(peti, D*p,_,)=—(re+1, D*p,_,)+ex(Pe, D*pz_,) 

= —(Tr41, Dp, 4) 

But 
MeD*py =") 
whence 
Ae—1(Pe+1, D*p)_,)=—(re+1, 7%) +(Te+, TE) 

a ee Cite i IES Amro ap rare) ae (25) 
using (23) and (24). 
Now 

(Pk+1) D"p;) =0 by (16), 

and 


(Pr+1y. D*p;) A) by (25). 


Likewise, it can be proved that pz4i and p,_, are mutually conjugate, 
and it can be shown at the same time that r,+1 and r;_, are mutually orthogonal 
and so on until it is shown that pz41 and pj are mutually conjugate and rz.+1 
and 7} are mutually orthogonal. So, if the theorems be true for n=k, they will 
also be true for n=k-+1. But the theorems are true for k=1, for 


(1, 75)=0 by the choice of py and (13) 
and also 
(pi, D*po)=0 by (16). 


Hence the theorems are true for all n. 


fa dapat 
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Theorem III 

Asterisks can always be interchanged from one side of an inner product 
to the other. 

Using the definition of pz and p; it follows immediately by using (13) that 


(Pky ri) =(Py 1k) 
It follows by induction that the stars are interchangeable in the product 
(px, 15) for j>k and it will be proved presently that this product vanishes for 
j<k in either case. The orthogonality relations of Theorem I ensure that 
(ry r=("y vj). That (px, P= =(p;, pj) can be shown by induction by using 
the definitions of p;, and D; and the fact that pp>=—r) and p)=—‘5- 
As regards the interchangeability of the stars in expressions like (rz, D"p'), 
the definition of p;, and induction again easily lead to the results : 
(rx, D*p5)=("j, Dpj)=(Dre, pj) =(D"r,, Pi), 
(pr, D"ps)=(pj, Di), ++ (26) 
(rey D*r) =("% Dr}). 


Therefore, it is always permissible to interchange asterisks from one side 
of an inner product to the other. 


An interesting result of lesser importance is the following : 


Theorem IV 
The residue vector r,,, is mutually conjugate to the system -{r;} with 
t= Ose leew dey Ki hs 


This is easily proved with the help of Theorem IT. 
By definition 
t= —P; i —1Pt =i 
Forming the scalar product with r; 41 in the above and operating with D 
gives 
(eav Dri)=—( 4 Dpi)+e-1(75 4, Dpi-a), 
=—{—D,., +ex(Pj, Dps)} +e—1{—py,, +ex(pj, Dp;-1)} 
—0, 
since p; is mutually conjugate to the eee {p;} +=0, 1, 2,.. ..k—1 by. 
Theorem IT. Hence the result. 


Theorem V 


For a system of m unknowns this iteration method will give the exact 
solution in n steps. 

Every 7, is a linear combination of 79, Dry, Dro, . . ., Dé-1r, and similarly 
r, is a linear combination of ré, Dir Dt wens (LD Pats: 


If ro and 75 have components ato all eigenvectors and principal vectors 
then these chains of vectors will be linearly independent ee to k=n. Since r, 
is orthogonal to all elements of the chain Wg OD Tose CD) ter ee Ly), it 
must therefore be zero. Consequently the neebien must be Paired in n Reca 
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IV. THE INVERSE OF A SQUARE MatTRIx D 
We shall show that the general element of D, i.e. the inverse of D, is 


Late PriPy; 
z=0 (Pe, D* pz)’ 
where p, is the direction vector defined in Section II and p,, its ith component. 
This is done by formally solving 


aij 


Du; =e; 


(where e; is the unit vector with a 1 in the ith place and zeros elsewhere) for 
= aR Re Se a 


The solution 


Du=—f 
can always be expressed as a linear combination of po, 1, Po, - - +; Pn—1 in the 
form 
U=% Pp +%1P1+4.Po+. . eT Ole penis Gi Do CeplOlrer oon (28) 


Assume this to be the case, for it will always happen unless the iteration 
procedure terminates before n steps, i.e. very exceptionally. Now find the 
a; by using the biconjugate relation of the p; and p; (i.e. Theorem IT). 


For, by post-multiplying (28) by D"p;, it follows that 


Xj(Pj, D*p5) =(u, Dp’) =(Du, p=, P5)s soe eee (29) 
whence f 
(J; i) 
—— NR Ee AIT 3 Sate hiotoe d nce (30) 
Deep) 
Let now 
—f=ei; 


with 1=1, 2, 3,.. ., in turn, and let the corresponding u be w,, i.e. Du;=e,. 
Then the matrix whose columns are wu; is really the inverse of D. If the jth 
component of pz is pz then the jth component of wy is given by 
n—1 (€;, Po) 
x . 
e=0 (Pes D P.) 
But (¢;, Ps) =P ov which, on substitution, gives the right-hand side of expression 
(27). 


n—1 
XL aePoej= Poi- 
e=0 


V. THe CHARACTERISTIC EQUATION OF D 
Let q,(“) be a polynomial of degree k, and let q,41(x) be related to q;(#) 
in the same way as 1,4, is related to r,. Thus 


Vea (Ltyp—ApD)re—Yiena te eees (31) 
is replaced by : 
Qinsr(L) =(1 +p —Agv) OP) —VIn-a(@)) see eee (32) 
where 
| ee ee ce ar (33) 


k ’ 
Ap-1 
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and the A, and «, are as defined earlier. Equation (31) follows from the 


recurrence relations : 
pay =Vp APU Ris ae = wos ote eee one (11 bis) 


Dp Reale = eee eee ee (2 bis) 
and the transformed version of the first by replacing k+1 by k, that is, 


on substituting p, of (2 bis) into (11 bis) and by subsequently substituting 
Dp,-; #8 given in (11 ter). 

It is seen that 7,=0, but also r,—o,(D)ro, where 9, is a polynomial of 
degree n in D. If 7) has components in the directions of all the eigenvectors 
of D then by the argument of Silberstein (1952) it follows that 


(D0 Mae as nw oc cheer eee ares (34) 
and hence, by the Cayley-Hamilton theorem, 
A) =) aot te elena cera tees (35) 


is the characteristic equation of D. By definition (32) 


Gn(%) =9,(2). 
Hence the characteristic equation of D is given by 


q,(@) =0, 
with 
Q(v) =1, . 
Qi (L) =1 —Aga, 


and the later q,(7) are developed by the recurrence relation as given by equation 
(32). 


VI. AN ILLUSTRATIVE EXAMPLE 
It is desired to solve the following system :+ 


ip) LasEh eS 0% 1 
Se ati eas Og) |e) Mie 08 tsb} 
Ont 108 0 6 Vs 1 


The corresponding transpose equation is 


22 —7 27f ov 1 
14g 1D 108 | cree een dl 7 
2) 6 03 1 


For convenience, start with 1,—0 and %=—0. This gives now rise to the 
following system of vectors which are recorded in Table 1. 


} This relates to the deflection of a clamped square plate. The finite difference equivalent 
of the governing differential equation V'w—p/D=0 had to be satisfied at nine equally spaced 
inner points. This made the original matrix of order 9 x9., By symmetry considerations this 
was condensed to the above 3 x 3 non-symmetric matrix. For convenience the constant 625p/Da‘ 
was put equal to one. 
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GGLZ8F¥8L60-0-+ =X 


60L66161§L0-0+ =X 
LELZLELGLZ-O+=% 


Oh tee) 


CPISIFOLSF-O+='3 
G1GF6996E-Z+ =°3 


GL8TL:-O+ 
GL-O+ 
GL81Z-O+ 


GZ906-0+ 
G-O+ 
GZI8Z-O+ 


i=) 


0 
0 


0 
0 
0 


0 
0 
0 


0 
0 
0 


0 
0 


0 
0 


OPPLESFLIOF-O+ 
968116600L-0+ 
OZ6EE66I81-O+ 


ESLOL9ZI9S -O+ 
OFPLEGFLOF-O+ 
E89SESLIZE -O+ 


99FLFFS8E 91+ 
€OFIPIFE8-8 — 
90968899 -L — 


TFLEEIGSI -G+ 
€000€8800¢ -0+ 
68FEC99GLE -O+ 


POCCFESED9 - L— 
GFEELIEFEDS -O+ 
LGOT8800FL-O+ 


SFEETLEZO-FI+ 
OOGESESFO - FZ — 
896699110 -O01+ 


PEMSLEGZS- E+ 
80Z6ZS6E6E -O+ 
OS9S0S9ETF-0— 


L699FECLE-1— 
S606Z2FESE -Z+ 
SSLZ9L1086 -0— 


LELGLELGLZ-O+ 
LELGLELGLZ-O+ 
LOLELGLELZ +O 


LELELELZLZ-O+ 
LOLGLELGLZ-O+ 
LELGLELZLZ-O+ 


PEPS8EEGL:-O — 
684166082 FI + 
GOEEO9LE8P El — 


LOESIG8LE 3+ 
OL9GESTSS8 - G+ 
1GH6996ES -T— 


GPSPSESPS - 1 — 
ST8T8I8I81-0— 
LOLELGLZL+ T+ 


OT8Z9FF9S - 91 — 
FPLOZPS8EE -6L+ 
S8STO8EFLO-§9— 


O9L8F1ZF6- E+ 
L6ESTS8LG-S+ 
88F1ZF699 -O+ 


SISI8I8I81-0— 
SSPSPSPSP -§— 
9E9E9EIED- E+ 


0 0 Co te ii (SSF Lae i= 

0 0 ce Tits = = iiss i= 

0 0 oI+ ete (ite Lite I+ t= 
y Y ¥ “ ¥ 4 

i, a dq ta a "da ad a4 


* 


SNMONUNO ATUAG NI SNOLLVAOH SQOANVLIOWIS UVANIT SAUNT YNIATOS woe WSIYODTV 


[ Wavy, 


434 J. GUEST 


It is seen that by operating simultaneously with D and D* not only the 
desired solution for the v, is obtained but also the one for v; as well. This is 
as it should be because of the mutual orthogonality relation with the residue 
vectors ; rj; had to be zero here, hence v; gave the exact solution to (37). 


Furthermore, now that all <; and 4; have been computed it is an easy matter 
to obtain the inverse of D. 


Let the inverse matrix be given by 


yy Ay 13 
ey M9 Aes 
31 A39 33 


PurPur 1 __(0-8298612384 01553929015 
u-o (Pu D*p,) 11 98-23591284 — 35-83409646 


4 PuD'Ps 1-3 -916945567 0-2071905361 


a ie 98 -23591284 35-°83409646 


Similarly, it is found that 


A143 = +0-078125, 
o,=+0-0625 , 
Aon = +0 -25 : 
Qog—=+0-1875 , 
a3, = +0-078125, 
Ago=+0°-375  , 
Asg = +0 -453125. 


Finally, let the characteristic polynomial for the above matrix be computed 
(using the main result of Section V). 


It is found that 


Q(v) =1, 
Q3(#) =1 —0 -2727272727a, 
Yo(v%) =1 —0 -52133810592 +0 -0199614537522, 
3(%) =1 —0 -78125x% +0 -083984375x? —0 - 00195312523, 
that is, 
xv —43a? +400” —512 =0, 
whilst 


Y1= +0 -6432023988, 
Y2= +0 -6518906069. 
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VII. A COMPARISON WITH STIEFEL’S METHOD 
Hestenes and Stiefel (1952) have also briefly discussed the non-symmetrical 
case. They arrived at the following iteration formulae : 


To=k—-AX, Py=—A'rs, 


ra mea Dea 
Ke | Ap; |” 
Vig =U; +4) i, 
Peter sage ee) SWE feats Ls te (38) 
p al Atria |? 
; eae 


Pitt =A'T 41 +0 pj. 
It was next attempted to solve the following system of six equations in 
six unknowns} by 


(i) Stiefel’s method, 
(ii) the present method. 


oo = jGeat 9 LD Dis vd Uy 41 | 
2 5 = en cae a, ee Us ey 
SEs 0 Zie Gy peecoay aes Be | uz | _ | +1 (39) 
oben 490 1d | 48 Wa sey 
ing eo een ees EA et Us sei 
0 Coat 2 es |) ed 


To save space only the successive v, vectors will be shown in Table 2. vy was 
taken as 0 in both cases. 
The correct solution as given by Crout’s method is (with a possible error of 
one in the last figure) : 
~ +0 -+385284810- 
+0 +837816454 
+1-10007911 
+1 -86431962 
+2 -47587025 
+3 30498417 _ 


The reason for the slower convergence in Stiefel’s case is due to the fact 
that Stiefel’s procedure is essentially a procedure with the matrix D*D. The 
eigenvalues of this matrix are necessarily more widely spaced than for D alone. 
Consequently, the rate of convergence will be adversely affected if the constant 
vector J has large components along the largest and smallest eigenvectors. 


+ The problem with which this equation is associated is the same as that described in the 
footnote of Section V, the subdivision now having 25 inner points. By symmetry only six 
prove to be independent. 
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TABLE 2 
SUCCESSIVE V, VECTURS 


Vv; Stiefel’s Method Present Method 
+0: 009353718895 +0-4285714286 
—0-007152843861 +0-4285714286 

Vv; +0-004401750068 +0: 4285714286 
+0: 006052406344 +0:4285714286 
—0- 007152843861 +0:+4285714286 
-+-0- 002200875034 +0-4285714286 
+0: 06372821316 +0:4572531715 
+0-03593381053 +0:+6580253718 

V2 +0-009822136321 +0-6293436290 
+0- 003034374902 +0-8014340864 
—0-03071552448 +0-7727523435 
+0-01537565739 +0-7440706006 
+0- 06620838207 +0-3722517070 
+0:05309477145 +0-8530106900 

V3 +0:01698714733 +0-8942678642 
+0-02239227478 +1-558693553 
—0- 03424002185 +1-473973065 
+0:01012951991 +1-405684445 
+0:1161590155 +0-4946151738 
+0-1209167665 +0-8280575085 

V4 +0:05414183470 +0-9873382239 
+0-1122802989 +1-709336742 
+0- 00582644703 +2-062209289 
—0- 04490672156 +2-115900105 
+0-1248919599 +0-3845229637 
+0-1409036315 +0-8383734999 

V; +0-0958567300 +1-122971474 
+0-1253287238 +1-841998113 
+0-0201016119 +2-466182473 
—0- 05565182276. +3:-294146561 
+0-3844214078 +0-3852848081 
+0: 8380317059 +0-8378164566 

Vs : +1-098388256 +1-100079112 
+1-+861448352 +1-864319617 
+2:-473336988 +2-475870252 
+3-300624954 +3-304984174 


Numerous checking facilities are available for either method. It is, 


however, pointless to carry out more than the most essential checks and these 
are : 


(i) column checks for all the included vectors, 


(il) (A, checks, 6.85 (71, 7) a ==0, 
(ili) « checks, e.g. (pz, D*p}) =0. 
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VIII. THE CORRECTION OF ROUNDING-OFF ERRORS 
Rounding-off errors may become quite serious, in particular for large n. 


These types of errors can, however, be minimized by using an artifice due to 
Stiefel. 


Let it be assumed that step 7 has just been completed in the computation 
and it is subsequently found that 


Coe ee eee eee (40) 


but is fairly small of course. (If this is not so the error is due to the computer.) 
It is now desirable to redefine 4; and ¢; in such a manner that 


Fa Tig yg) Oo d teak ie ees sao 8 (41) 


that is, assuring that r;,, will be orthogonal to the old r; vector, and 


(DDG Py) H0, oe eee eee eee eee (42) 
that is, assuring that pj,, will be orthogonal to the old Dp, vector. It is 
necessary to prove the following 
Lemma 

(i) (Tis Tray) =(is 77) —A(Pin Dj) +e1-1,(pi-1, D*pj), ..- (43) 
(ii) A;(Dp;, Pe) = (41, re naa 144) +e A(DP i, Di): -»+. (44) 


Using the definition of r; and post-multiplying with r;,, gives 


(Ty M44) = — (Pin Thy) Fee—1(Di-ay Tey) cece eee ees (45) 


Now substitute for 7},,=r;+A,D"p;, 
(Ti, 1. )=—(Dis r) —), (Dis Dp’) 
+e1-1(pi-1, 1) +e%-1A,(pi-1, Dp’) 


=( i 1) —A(Dis D*p’,) +e—-1Aj(pi-1, D*p’.), ~+++ (46) 
using the definition of r;. This proves (43). 
Also by pre-multiplying the definition of p;,, by Dp; the following 


relation results : 
(Diy Pi4,)=—(DP an Tay) FEUD Di) voce eee eeces (47) 


Now substitute for 1,Dp;=ri+i—r; in (47). This gives 


A,(DPiy Pi J=—Mi+1 Tay 1544) bE A(Dp i, P.); 
which proves (44). 
Next introduce a i, which is slightly different from A; and choose it such 
that 


CPD ed (41 bis) 
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Using result (i) of the lemma and also the fact that (r;, r)=(r',, p;) in (10) 
yields at once 


Nv +(fiy Tr.) (48) 
‘0; Dp) =H lie DID eee ee 
Ne 
a Sb.0 & ssn ew DRI CE: «SAL Lee (49) 
where 
@: Dpi-1) 

aI == ee AIS Octo e O 50 
: = (Dis D'p’,) ( 


There is now a refined i, at our disposal which assures that (r;, Te 43) =0 
or at any rate is much smaller than it had been before the correction term was 
applied. 

Further, let an ¢, be now introduced—slightly different from the old ¢;— 
which shall be chosen such that 


(DD iy Dey) =O. 20 ee eee eee eee (42 bis) 


Now equation (44) holds for both <; and ¢, and also A; and 4,, Le. T 


cA(Dp, D)= Ait Tag)) | os oe es ese (51) 
cAMDpi, Pp)=_ (Weday Teyq)s 2 ee eee tee (52) 


Hence using (51), (52), and (49) we obtain 


Thus both A; and ¢,; have been refined for rounding-off errors. 


IX. CONCLUSIONS 

The above method of solving systems of n equations in n unknowns seems 
to be well suited for an electronic high speed computer, since once a programme 
for an affine transformation has been devised the rest is quite straightforward. 
However, the method is not very fast. In fact, compared with one of the pivotal 
condensation methods the present approach requires nearly three times as many 
more multiplications. Against that should be weighed the undoubted advantage. 
of having control of round-off errors. The method is therefore not suitable for 
desk machines for that reason. A good computer may complete a 10x10 
matrix in about 8 working hours when using the usual Crout’s method approach 
but would spend about five times that time on the above method. It is important 
to keep some checking facilities going when proceeding from one step to the 
next. It is considered desirable to carry all column checks, one bi-orthogonality 
test, and one test for the biconjugate relation. It will be found that the effect 
of rounding-off errors becomes rather appreciable as m increases, but this can 


{ The second term on the right-hand side must vanish by (41) for r, or by the bi-orthogonality 
relations of the r, and for },. 
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be overcome to a large extent by going beyond n steps. Lanczos (1950) suggests 
a test for orthogonality by adding to b, a correction term e;; a8 defined by 
Ree) 


cs aie ~ (bj, Bs) i 

if 6; is appreciably lacking in orthogonality with another vector b; of whose 
orthogonality we are certain. This, however, has the obvious weakness that 
while (b;, b;)=0 now, the new 0; will disturb the previous orthogonality so that 
in fact nothing better has been gained in the end. 

The present method, outlined above, is, in general, superior to Stiefel’s 
as pointed out in Section VI, but some disadvantages of the method must also 
be mentioned. 


(i) As compared with Stiefel’s method, its computing time is slightly 
longer. 
(ii) The method may fail altogether if 


(Pry Dp) =0, 


which is, however, rather unlikely. 
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THE STATISTICAL DESIGN OF AN EXPERIMENT TO TEST THE 
STIMULATION OF RAIN 


By P. A. P. MoRAN* 
[Manuscript received July 8, 1955] 


Summary 


The problem of analysing statistically the results of a C.S.I.R.O. rainfall experiment 
over the catchment area of the Kiewa river is considered. It is shown that in order to 
obtain a significant result with any reasonable supposed increase in the rainfall within 
a few years it is necessary to use a control variable strongly correlated with the test 
variate. The powers of various tests using either streamflow or rainfall as test variates 
are calculated when the control variable is either streamflow in the Murray or rainfall 
in other areas. The general problem of designing such tests and the relationship between 
rainfall and streamflow are also considered. 


I. INTRODUCTION 

Since the latter part of 1954 rainfall stimulation using a silver iodide 
generator has been attempted by the C.S.I.R.O. Division of Radiophysics over 
the Kiewa area in Victoria. The generator is sited on Mount Stanley and the 
silver iodide is released whenever the wind is blowing into the 45° sector south 
to south-east of the generator. Decisive results in such an experiment cannot 
be expected for several years and the statistical analysis requires careful con- 
sideration. By making a preliminary analysis, however, we can determine how 
long such an experiment must be continued in order to have any specified 
probability of detecting a given increase in rainfall. Moreover, many experi- — 
ments of this type have been carried out elsewhere without any idea of the 
statistical problems involved and have thus led to much wasted effort. It 
seems therefore worth while to discuss these problems at some length before 
the actual results of the experiment are obtained. 

The statistical analysis involves taking some measured quantity X which 
it is hoped will be affected by the stimulation and deciding whether the observed 
difference between the mean values of X in the presence and absence of stimula- 
tion is larger than might be reasonably expected to have occurred by chance. 
Thus the analysis of the experiment is essentially a statistical one. 

We must consider two characteristics of such a statistical test—its validity 
and its power. The test assumes a null hypothesis that there is no difference 
between the expected values of the observed variate in the presence and absence 
of stimulation. We then calculate a quantity, depending on the observed 
difference, whose statistical distribution is known under certain assumptions. 
The test will be a valid one if these assumptions are in fact true. In particular 
we have to make sure of the normality of the distribution of the test variate 
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and of the absence of serial correlation and trend. If the latter are present a 
different form of analysis would be necessary. 


We must also consider the power of the test, that is, the probability of 
obtaining a statistically significant result when a given increase in the expected 
rainfall occurs. Clearly, the greater the power of the test, the shorter the time 
necessary to make an adequate test of the method of stimulation. The power 
of the test will depend in part on the test criterion used and in part on the design 
of the experiment. The most effective way of increasing the power of the test 
is to use another variate (the ‘‘ covariate ”) which is unaffected by the seeding 
and which is strongly correlated with the test variate. Regression analysis 
then enables most of the variability of the latter to be eliminated and the power 
of the test is then greatly strengthened. In fact, detailed analysis shows that, 
without the use of such a covariate, experiments to test rain stimulation would 
have to be impracticably long. 

We also have to choose the test variate. In the present case there are two 
such variates which it would be natural to choose—the river flow of the Kiewa 
River, and the rainfall in the test area. We shall consider the analyses of these 
separately and then consider what can be said about their relative merits. In 
‘both cases we shall take annual values. It might, at first sight, be thought 
better to use monthly or even weekly values. It is easy to show, however, that 
so long as a sufficient number of observations are used to obtain a good estimate 
of the standard deviations and correlations involved, there is no increase in 
power by using shorter intervals. Moreover, shorter intervals produce many 
more troubles in the shape of seasonal variation, non-normality, and serial 
correlation. 

It has, however, been pointed out to me by a meteorologist friend that 
only part of the annual rainfall is received from winds blowing in the directions 
considered. He estimates, roughly, that Bright and Omeo, for example, receive 
about 40 and 30 per cent. respectively of their annual rainfall from winds between 
north and north-west. Thus, assuming rainfall is not correlated with wind 
direction, to produce a 10 per cent. increase in annual rainfall, the seeding 
operation would have to increase rain by 25-33 per cent. on the occasions on 
which it is used. This reduces the power of the test relative to a given increase 
in rainfall. In what follows, in speaking of a given percentage increase we shall 
mean that percentage increase in the target area and not the maximum possible 
increase which might be obtained if the target area had been seeded from all 
directions. These considerations suggest that a more powerful test might be 
obtained by confining the data to cases when the wind was in the right direction. 
This might be done but would require a considerably more complicated analysis 
and would in any case not be applicable to the case where stream flow is the test 
variate. In the present paper we therefore confine ourselves to annual data. 


II. ANALYSIS WITH RIVER FLOW AS TEST VARIATE 
_ We define #, as the annual river flow at Kiewa. This is known from 1886 
onwards but we shall only use the values from 1891 since we are going to correlate 
it with «,, the annual flow of the Murray at Jingellic, which is only known from 


B 
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1891 onwards. Here and in what follows we consider the period of 58 years 
from 1891 to 1948. In the final analysis of the experiment we will have further 
years added to these and we give in this paper all the sums, sums of squares, 
and sums of products of the variates used in order to reduce the work of future 
analysis. For the 58 years used we have, in thousands of acre feet, 


xa,= 30125, 2, =019-397; 
Dat =19672017, S.D. (a) =265-74. 
Coefficient of variation of 7,=—0-51. 
Both the series v, and 2, have somewhat skew distributions and they were 


therefore transforméd by taking logarithms to the base 10 to four decimal 
places. We write v,;=log,) 7, and 7,=1l0849 25. 


Frequency distributions of 7, and a, are shown in Tables 1 and 2. 


TABLE 1 


FREQUENCY DISTRIBUTION OF %3 


Values ae 2-2- 2-4— 2-6— 2-8— 3-0- 3-2-3-4 Total 
Frequency .. | 6 14 24 12 1 1 58 
TABLE 2 


FREQUENCY DISTRIBUTION OF %4 


Values oar | 0: 6— 0:8— 1-0- 1:2— 1-4— 1-6-1-8 | Total 


Frequency .. 1 4 19 26 vig. 1 | 58 


A normal distribution was fitted to 2; and the observed fit was good. This 
gives some confidence that residuals from the regression of #3 on x, are normally 
distributed. Taking the values from 1891 to 1948 we get: 


Dag =154-6147, La,=71 +2300, ~. 
Dag =414 71706619, Lari =89 - 46846034, 


The high value of the correlation between #, and #, shows that “, 18 a useful 
and satisfactory covariate. Let 2, .. ., 2, be the values of a, for the n years 
during which the area is seeded and w,,. . ., w, the corresponding values of oP 
We then test whether the mean of z,,. . ., z, is significantly larger than that of 
#, when the effects of #, and w are removed (the above values extend only to 
1948 and it would be as well to add the values for 1949-1953). The analyses 


of the experiment thus takes the form of a standard analysis of variance and 
covariance. 
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In the above data we already have 58 years of records so that Y3, and the 
variances can be fairly well estimated. We can therefore use a rough calculation 
to determine, for any given number of years of seeding and any given supposed 
increase in streamflow, the probability of obtaining a significant result at a 
prescribed significance level, i.e. we can determine the power function of the 
test. 

The standard deviation of x, is 0-2114 so that the standard deviation of a, 
corrected for xv, is approximately 0-2114(1—r,,2)?=0-08838. The standard 
deviation of the difference between the mean of the n years of seeding and the 
63 years (1891-1953) which will be used in the final test is about 


0 -08838(n-2-+63-1)}. 


We are here considering a one-sided test so that we judge the observed 
difference of means to be significant at the 5 per cent. level if it exceeds 1-6449 
times its standard deviation. 


TABLE 3 


PROBABILITIES OF SIGNIFICANT RESULT (5% POINT) 


Increase Years 
(% = a 
2 3 4 
10 0-16 0-20 0-23 
20 0-35 0-45 0-54 
30 0-56 0-70 0-80 
40 0-74 0-88 0-94 
50 0-87 0:96 0-99 
0 0-05 0-05 0-05 
Increases of 10, 20, . . ., 50 per cent. in the mean streamflow will result 


in increases in the expected value of «3 of 0-04139, 0-07918, 0-11394, 0-14613, 
and 0-17609 respectively. Using these values we calculate the probabilities 
given in Table 3 of judging the increase to be significant at the 5 per cent. point 
when the experiment lasts 2, 3, or 4 years. The method of calculation may be 
illustrated for the case of a 30 per cent. increase and a period of 3 years. The 
standard deviation used in the test is 0-08838(3-1+63-1)=—0-0522 and multi- 
plying this by 1-645 we get 0:0859. The mean of 3 years has a standard 
deviation (corrected for the regression) of 0-0510 and an expected value of 
0-1139 so that its chance of exceeding 0-0859 is given by tables of the normal 
distribution and is 0-70 approximately. These results are only approximate 
as the above method of calculation is not that which would be used in the final 
analysis. Longer periods would be required to obtain the same probabilities 
of obtaining results significant at the 1 per cent. level. 

These results are perhaps not very encouraging when it is realized that we 
are here working in the rather fortunate circumstances of having a covariate 
whose correlation with the test variate is about 0-9, but they emphasize the 
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fact that without a control variate experiments on data of this degree of vari- 
ability would have to be very long indeed. | 

One possible way of improving the power is to use more than one control 
variate. An attempt to do this was made by taking a number of rainfall stations 
north and north-west of the target area. These were Albury, Rutherglen, 
Chiltern, Wangaratta, Benalla, and Tallangatta. All of these have uninterrupted 
records dating back to 1891 or earlier. As a control variate their sum, @;, 
was taken. For the 58 years 1891-1948 we have: 


de,= 9065-00, Ya? =1505538 -0460, 
Dar, =24548 - 246409, Day, =11499 -274353. 
Hence 
_ T33=0-8053, 
45 =0-8720. 
Hence 
1'35-4=0 0639, 


which is not significant at the 10 per cent. point, and so the use of 7, as a second 
covariate is not of any value. 


We must also consider whether there is any trend in the series such as 
would arise from slow climate changes. That such climatic changes occur is 
well known (see for example Cornish (1954)). In the present problem such a 
trend, if it exists, may have little effect on the validity of the test because it 
would be likely to affect both the Kiewa and Jingellic flows more or less equally 
and we are only concerned with the residuals from the regression. Taking time 
as a new variate 7, we get r3,=—0-:0704 and r,,=0-0206, neither of which is 
significant at the 10 per cent. point. 


The above tests on correlation coefficients also assume the absence of serial 
correlation from year to year. The latter, if it exists, might seriously upset the 
test of significance of the experiment. The use of stream flow as a test variate, 
in contrast to rainfall, gives rise to a suspicion that such a correlation may exist 
because of the lagged run-off which results from single storms and also from the 
fact that snow may lie for some time. To ensure the validity of the final test 
we need to ensure that the residuals from the regression on the covariate are 
uncorrelated and we must therefore test these residuals for serial correlation... 
A one-sided test will be appropriate since such correlation as may exist is not 
likely to be negative. Notice that it is the serial correlation in the residuals 
rather than in the original series which is important. 


An exact and asymptotically most powerful test for serial correlation in 
residuals from a regression is now available (Hannan 1955). However, a 
simpler approximate method which could be applied here is given by Durbin 
and Watson (1950, 1951). Such a test should be applied before the final analysis 
is made. 

The tests for trend and serial correlation will answer, in part, any criticism 
that the records are not homogeneous. Such inhomogeneity might arise if 
(1) the earlier records were not obtained with the same standard of accuracy or 
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by the same method as the later records or if (2) there are local inhomogeneities 
in the series due to some specific meteorological factor which operates over @ 
number of years and then disappears. The absence of trend in the series seems 
to indicate that (1) is not present to any significant effect and (2) also does not 
Seem to appear and seems unlikely on other grounds. If there is a genuine 
effect of type (2) it should appear in the test of serial correlation. These state- 
ments apply also to the rainfall series. 


It seems best therefore to go ahead and analyse the final experiment on 
the assumption that these disturbing factors are unimportant. If, however, 
convincing evidence can be produced to show that the series are sufficiently 
inhomogeneous to make the final analysis doubtful, another method of analysis 
can be used which, although slightly less powerful, will avoid these difficulties. 
This is done by truncating the series at 1945 (say) and testing whether the 
results for the test period (1955 onwards) are significantly larger than the means 
for 1946-53 (say) when the variances and covariances are estimated from 
1891-1945 only. The above effects, if they exist, should then only have the 
effect of inflating the variances and the test will still be valid. 


III. THE ANALYSIS WITH RAINFALL AS A TEST VARIATE 

The only rainfall stations within the target area and not too far from Mount 
Stanley which have long and uninterrupted records are Bright (from 1881) 
and Omeo (from 1880). At first it was thought that the sum of these would 
make a good test variate after a logarithmic transformation and using only the 
years 1891-1948 since this was the period for which the other observations 
were available. This was done and the resulting variate was found to have an 
observed distribution which is well fitted by a normal distribution. As a control 
variate 7,=log,) #7; was taken (#, being the sum of the rainfalls at the six stations 
previously mentioned). The correlation with x was found to be 0-9525. This 
is remarkably high. Such a high correlation being somewhat unexpected it 
was decided to see what sort of correlation was to be expected between rainfall 
stations in such an area. As an experiment, therefore, the six control stations 
were split into two groups of three, Albury, Rutherglen, and Chiltern forming 
one group and Wangaratta, Benalla, and Tallangatta the other. The cor- 
relation between the sums of rainfall in these two groups, without using a 
transformation, was 0-9524 for the 58 years. This suggests that such high 
correlations are not unusual. 

A correlation 0 -9524 between the test and control variates is very satisfactory 
and suggests that a powerful test would result. However, both Dr. 0. H. B. 
Priestley and Mr. E. B. Pender have pointed out to me that Omeo is in a rain 
shadow on the south-eastern side of the mountain range and is therefore, pre- 
sumably, less sensitive to any increase in rainfall which might result from seeding 
from Mount Stanley. It was decided, therefore, to use the figures for Bright 
alone and define the annual rainfall there as #,. In any final analysis it would, 
of course, be interesting to see what happens to the Omeo rainfall as well. 
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To avoid skewness in the distribution we use a logarithmic transformation 
and define «,=log,)#,. For this variate we have the frequency distribution 
givenin Table 4. Asa control variate we take 7 =l0gy9 “5, which has a frequency 
distribution shown in Table 5. 


TABLE 4 
FREQUENCY DISTRIBUTION OF #, (1891-1948) 


Values 1:35— 1-40- 1-45— 1-50-— 1-55- 1-60— 1-65— 1-70— 1-75— 1-80— 1-85-1-90 
Frequency .. 2 3 3 8 10 9 12 9 1 0 1 
TABLE 5 
FREQUENCY DISTRIBUTION OF a, (1891-1948) 
Values 1-90— 1-95— 2-00— 2-05— 2-10- 2-15— 2-20— 2-25— 2-30- 2-35— 2-40-2-45 
Frequency 2 3 1 6 9 12 12 4 5 2 2 


| 


These distributions are well fitted by normal distributions. We have: 


Lag= 93-2346, Day =126 -4705, 
Dag =150 -485718, Dag =276 - 45548583, 
Da gy =203 90216, 
1g9=0°9307,  (1—1r39) =0-1338. 


The standard deviation of x, is 0-10360.and so the standard deviation of 7, 
corrected for 2 is about 0-03790. The standard deviation of the mean of n 
years is then 0-:03790n-? and so the standard deviation of the difference of this 
mean and the mean of the 63 years (1891-1953) to be used in the final test will 
be 0-:03790(n-1+63-1)*. As we are using a one-sided test, we take the observed 


TABLE 6 
PROBABILITIES OF OBTAINING SIGNIFICANT RESULTS FOR GIVEN PERCENTAGE 
INCREASE IN RAINFALL 


Increase Years 
(%) 
1 2 3 ~ 
10 0-29 0:45 0:58 
20 0:67 0-90 0:97 
30 0-91 0-995 1-00 


mean difference to be significant at the 5 per cent. level if it exceeds 1-645 times 
its standard deviation. For increases of 10, 20, and 30 per cent. in the expected 
values of #, we get the following approximate probabilities of obtaining a 
result significant at the 5 per cent. level (Table 6). 

These results are approximate and the correct form of the final test is that 
of an analysis of variance and covariance together with a ¢-test. 
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IV. THe RELATIONSHIP BETWEEN RAINFALL AND RUN-OFF 

The above calculations show that a given percentage increase in rainfall 
has a much higher probability of being detected than the same percentage increase 
inrun-off. This is, of course, partly due to the fact that the correlation with the 
control variate is higher in the first case (0:9307) than in the second (0-9084). 
However, it is also due to the fact that the variation of the streamflow is larger 
compared with its mean than that of rainfall. This is clear from the coefficients 
of variation which are 0-51 for 2, the streamflow at Kiewa, and 0-24 for ae. 
the Bright rainfall. Thus a 20 per cent. increase in streamflow is smaller 
compared with the standard deviation of the latter than a similar increase in 
rainfall. 

Since streamflow is the result of rainfall one would expect at first sight 
that the coefficients of variation of the two should be about the same. Further- 
more, if one takes rainfall at only one or two stations in the target area one would 
expect the “ error ”’ resulting from taking this as a measure of the total pre- 
cipitation on the area to have the effect of making the coefficient of variation 
of rainfall appear larger than that of streamflow. In the above results just the 
reverse is the case. This is due to the fact that run-off is an “‘ excess ’’ remaining 
after a certain amount of the rainfall has been lost by evaporation, transpiration, 
and seepage (see for example the discussion in Johnstone and Cross (1949, 
pp. 103-5)). 

If this is the correct explanation it would be quite misleading to compare 
the powers of the two test variates by comparing the probabilities of obtaining 
a significant answer for the same annual percentage increase of each because a 
20 per cent. increase (say) in rainfall will probably cause a much larger percentage 
increase in run-off. To make a useful comparison of the probabilities of detecting 
a 20 per cent. increase in rainfall when using rainfall or run-off would require a 
much more elaborate calculation. It may well turn out that run-off provides 
as powerful or nearly as powerful a test as rainfall and so both methods should 
be used in the final analysis. 

The above-mentioned relationship between rainfall and run-off also suggests 
that the economic effects of a 20 per cent. (say) increase in rainfall may be much 
larger than those ascribable to a 20 per cent. increase in run-off. 


V. CONCLUSIONS 

(1) Both rainfall and streamflow will be useful test variates when associated 
with suitable covariates. 

(2) The experiment should be continued for several years and will then 
provide a decisive test of the practicability of rain stimulation by these methods. 

(3) Provided previous records exist for a long enough time in the past for 
the estimation of variances and correlation, annual values are to be preferred 
to monthly or weekly values. ’ 
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PHOTODISINTEGRATION OF #40 AND ®&Cu BY PHOTONS OF 
VARIABLE ENERGY 
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Summary 


Proton capture reactions in light nuclei provide y-radiation with energy controllable 
by variation of proton energy. The radiation from proton capture by 7Li has been 
used to investigate the (y,n) reactions in 160 and ®Cu over an energy range of 300 keV 
around 17-7 MeV. No resonant behaviour was observed in 10. A variation in the 
*°Cu photoneutron cross section is interpreted as the combined effect of many unresolved 
levels. 


I. INTRODUCTION 

The possibility that nuclei might absorb y-radiation through excitation 
of discrete energy levels, by a process inverse to monochromatic -emission, 
has been recognized for many years. Kuhn (1929) reported an unsuccessful 
attempt to detect selective scattering of ThC” radiation by °8Pb, which was 
based on the expectation that the radiation from the 2-62 MeV excited state 
of *8Pb (resulting from $-emission by ThC’’) would excite that same state in 
other identical ?°§Pb nuclei. It is only recently, however, that the effect has 
been successfully detected. 

Kuhn’s experiment failed because the emission and absorption of the 
radiation must involve loss of energy to nuclear recoil, so that the energy 
absorbed is less than the excitation energy of the original level by an amount 
sufficient to take it off resonance. In recent experiments along the same lines 
this energy has been restored by causing the emitting nuclei to be moving 
towards the scattering nuclei so that the photon energy is increased by the 
Doppler effect. This motion has been achieved by direct mechanical means 
(Moon 1951 ; Davey and Moon 1953), by heating (Malmfors 1952), and by recoil 
from a previous emission (Ilakovac 1954). The resonant scattering so obtained 
has enabled the lifetimes of the states concerned to be determined. 

Recent work on the activation curves resulting from disintegration of 
light nuclei by betatron radiation has disclosed abrupt changes in slope, or 
‘‘ breaks ’’, which are interpreted as the effect of resonant absorption by discrete 
nuclear levels. The positions of several of the breaks for the reaction 1*O(y, n)1°O 
found at Saskatchewan (Katz et al. 1954) have been confirmed by a group at 
Tllinois (Penfold and Spicer, personal communication). Similar effects in the 
activation curve for ®Cu(y, n)®’Cu were reported by Phillips (1953), but neither 
of the groups at Saskatchewan and Illinois has been able to confirm this. 

This paper reports the results of experiments carried out on these two 
reactions using the y-radiation from the bombardment of lithium by protons. 


* Physics Department, University of Melbourne. 
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II. PRINCIPLE OF EXPERIMENTS 
Consider a stationary nucleus of mass (A4—1)M being struck by, and 
capturing, a proton of mass M and kinetic energy H,. The compound nucleus 
will recoil with velocity 1/(2H,/M)/A. It is assumed to be travelling with this 
full recoil velocity when it is de-excited to its ground state by the emission of a 
photon which emerges at angle 6 to the recoil direction. The energy of the 
photon in the laboratory is 


B=(Q48) oF r )(-|e+, “7 | [34@) ferreh “ TF aaa 


where Q is the binding energy of the proton in the compound nucleus and ¢ the 
velocity of light. H,(A—1)/A is the fraction of the proton kinetic energy which 
is available for excitation in the centre-of-mass system. The second factor is 
the correction due to the small amount of energy taken by the compound 
nucleus in recoiling from the emission of the photon, and is actually 
an expansion terminated at the first order, the approximation being valid 
for [(Q+H,(A—1)/A]<2MAc?. The third factor is the Doppler correction due 
to motion of the centre of mass. 


The photon energy can therefore be controlled by varying either the proton 
energy H, or the angle 0. In these experiments, 0 was held constant and E, 
varied. Assuming the ground state of the final nucleus to be sharp, the homo- 
geneity in any direction is limited by the energy spread of the proton beam and 
the thickness of the target, and so can be of the order of 1 keV, although in the 
present work thicker targets were necessary to obtain sufficient intensity. 


The *Li(p, y)®Be reaction has a Q-value of 17-242 MeV (Ajzenberg and 
Lauritsen 1955). The ground state of *Be has a width of a few electron-volts, 
which is small enough to be ignored, and so the photons from transitions to the. 
ground state have energy given by (1). Transitions also occur to a broad 
(~2 MeV) state at excitation 3 MeV, but since the spread in the resulting 
photon energies is large compared with the range of variation available they 
could not produce fine structure effects. The cross section of the 7Li(p, y)*&Be 
reaction exhibits the well-known resonance at 441 keV proton energy, above 
which it drops to a low but nearly constant level. 

In these experiments, the samples of oxygen and copper were exposed to the 
y-radiation from the bombardment of thin lithium targets by the proton beam 
from a 700 keV electrostatic generator. The angle @ was held constant, and 
the proton energy H, varied over a range of about 300 keV. The activation 
induced by photodisintegration was measured at each proton energy. 


TIT. 18O(y, n)!®O EXPERIMENT 
Because of the small cross section of this reaction and the low intensity of 
Y- -radiation available, it was necessary to detect the 15O produced with the 
highest possible efficiency. This was done by counting the 1-68 MeV positrons 
emitted by 150, the half-life of which is 118 sec (Ajzenberg and Lauritsen 1955). 
4x geometry was obtained by making a scintillation counter in which the 
scintillator itself was rich in oxygen. The scintillator used was a saturated 
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Solution of p-terphenyl in p-dioxane, which contains 36 per cent. oxygen by 
weight, with a trace of diphenylhexatriene to improve the pulse height. It 
was contained in a small Pyrex vessel in the form of a truncated cone, of semi- 
angle 30°, with a volume of about 30 cem?. The vessel was wrapped in aluminium 
foil and coupled optically to a photomultiplier (E.M.I. type 6260) with mineral 
oil. Z 

The pulses from the photomultiplier were fed through a unity gain pre- 
amplifier and a 1008 amplifier to two 1009 scaling units switched together with 
connected inputs. The discriminator levels were set to correspond to ionization 
in the scintillator of 0-6 and 2-2 MeV respectively, so that the difference 
between their readings gave the counts in a channel bounded by these values. 

The thin lithium targets were prepared by evaporation of lithium metal 
in vacuo on to copper disks, and as this was done in a separate vacuum system 
it was necessary to transfer the targets without exposure to air. This transfer 
was carried out under an atmosphere of dry nitrogen, so that an unknown amount 
of lithium would have combined to form Li,;N, but this is still a satisfactory 
target material. 

The proton beam currents used were between 30 and 50 uA. The dioxane 
scintillator was placed with its axis along the line of the proton beam, and the 
apex of the truncated cone at the target spot. Thus the y-radiation entering 
the dioxane had values of 0 ranging from 0 to 30°. 

After each bombardment, it was necessary to remove the scintillator from 
the vicinity of the target, to avoid counts due to stray activities. The counter 
unit, consisting of scintillator, photomultiplier, preamplifier, and light-tight box, 
was placed during irradiation in a kinematic mounting with assured 
reproducibility of position and orientation. When each bombardment was 
completed, the unit was lifted off the mounting and slid into a “ burrow ” in a 
pile of lead bricks. The scintillator was there shielded from stray radiation 
by at least 10 cm of lead in all directions except at the mouth of the burrow. In 
order to eliminate counts due to energetic cosmic ray particles, a tray of 17 
Geiger counters was inserted in the lead pile just above the scintillator, with 
a sensitive area about 10 in. square. The dioxane pulses, after passing through 
a 3 usec delay line, were put through a gate which was closed for 8 usec after a 
pulse from any of the Geiger tubes. Thus the background in the channel was 
reduced to 4 counts per minute. 

The photon flux was monitored by a sodium iodide scintillation counter. 
The cylindrical Nal(T1) crystal, 1} in. long and 1} in. in diameter, in conjunction 
with a 6260 photomultiplier, gave pulses which were amplified and fed to a 
single-channel pulse height analyser. In order that the counter should respond 
only to the y-radiation from transitions to the ground state of *Be, the channel 
was set at a level corresponding to an ionization in the crystal of 16 MeV 
(Campbell and Boyle 1954). The crystal was placed on a line from the target 
20° from the forward direction, which was about the mean of the angular range 
covered by the dioxane. 

The proton beam falling on the target was monitored by two circuits in 
series, a conventional pulse integrator and a “ leaky ” integrator of the type 
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first discussed by Snowdon (1950). The purpose of the latter was to measure 
the apparent integrated current as registered by a system with a decaying 
memory, the decay time of this being equal to that of the activation being studied. 

The procedure in each bombardment was to set the proton beam on the 
target for about 5 min, with the scintillator in position on its kinematic mounting. 
During the bombardment, the y-monitor and the pulse integrator were switched 
on together for a period sufficient to determine the ratio (integrator 
count) /(y-count) to sufficient statistical accuracy. At the end of the bombard- 
ment, the leaky integrator was read, and simultaneously the stopclock was 
started which timed the activation counting. After a 30-sec delay, during which 
the dioxane counter was transferred to the burrow, the counts were recorded 
during 4 min, followed by a 4-min delay and a further 4-min count. The 
difference between these two counts was taken as the measure of the activation 
and the final measure of the photodisintegration cross section at the energy of 
the bombardment was then 


(activation count) (integrator count) 
(leaky integrator reading) (y-count) © 


No attempt was made to measure the cross section absolutely. 


To determine the mean energy of the photons causing the disintegration, 
equation (1) was used. The mean of H, was taken to be the incident proton 
energy less half the target thickness. This is not quite true, because of the 
variation of proton yield with energy, and if necessary a more accurate mean 
could be calculated in each case. The mean of cos 0, over the material of 
a cone of semi-angle 30°, is 0-933. 

Figure 1 shows one of the sets of results obtained. Also shown are points 
taken in a control experiment when the dioxane scintillator was replaced in the 
vessel by a solution of p-terphenyl in toluene, in which case the only activation 
detected would be that due to the oxygen in the glass, which would be expected 
to give between 15 and 20 per cent. of the counts. The results are quite 
consistent with this estimate. 

The vertical lines through the points in Figure 1 denote the 67 per. cent. 
statistical confidence limits. These are shortest in the region of the resonance 
in the lithium proton capture cross section, where the y-flux is most intense. 


In the case of the results shown in Figure 1, the lithium target used was 
about 80 keV thick. Several other sets of results were taken, with thinner 
lithium targets and hence poorer statistical accuracy. In all of these, the 
points were consistent with a constant photodisintegration cross section* in 
the region available. : 


Using the result of Waffler and Younis (1949) that this cross section has 
the value 0-54-+0-14 mbarn for the lithium resonance radiation, it is possible 
to place an upper limit on any (y, ) resonance in this region. It can be concluded 


* In a note on a preliminary experiment (Campbell 1954) it was claimed that a resonance 


had been detected in this range. This was erroneous, and resulted from stray target activations, 
mainly 3N. 
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that a sharp resonance between 17-6 and 17-9 MeV would certainly have been 
observed if its integrated cross section were as great as 0-05 MeV-mbarn. 


This result is to be compared with the results of the betatron work mentioned 
above. Katz et al. (1954) covered this range of photon energies and detected 
no resonance. Penfold and Spicer (personal communication), however, report 
a break corresponding to an energy level in 160 at 17-71 MeV with integrated 
cross section 0:18 MeV-mbarn. 


MEAN PHOTON ENERGY (MEV) 
17*60 17-70 17*80 17*90 
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N 


ACTIVATION PER PHOTON (ARBITRARY UNITS) 


400 500 600 700 
INCIDENT PROTON ENERGY (KEV) 


Fig. 1.—A set of results for 1*O(y,n)#?O. Closed circles: dioxane 
scintillator ; open circles: toluene scintillator. 


IV. ®Cu(y, »)*Cu EXPERIMENT 

In this experiment, the copper metal sample, which was in the form of an 
annulus of the exterior of a cone, 2 in. in diameter with a central hole 3 in. in 
diameter, was placed around the target so that it intercepted radiation emerging 
at 90°. The Doppler spread in the radiation entering the sample depended on 
the angle it subtended at the target. Two samples were used, one subtending 
82°<0<98° and the other 60°<0<98°. 

After irradiation, the sample was removed to between a pair of sodium 
iodide scintillation counters in coincidence, which detected the positron 
annihilation radiation from ®Cu. Two flat aluminium cones were sprung 
together to form a sandwich around the sample, ensuring that all positrons were 
absorbed. The counting system was in a pile of lead bricks to reduce back- 
ground. 

The procedure was similar to that in the oxygen experiment, the leaky 
integrator now being set to a half-life of 10-0-.0-1 min, the mean of recent 
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determinations of the half-life of °Cu (U.S. National Bureau of Standards 1950). 
The sodium iodide counter measuring the flux of ground-state y-radiation was 
placed below the target, at the mean angle subtended by the sample. 

The activation was counted for 20 min, followed by a 20-min delay and a 
further 20-min count. The relative photodisintegration cross section was 
found as before. 

The results with the thinner sample indicate a dip in the cross section at 
about 550 keV incident proton energy, but it is of the same magnitude as the 
statistical uncertainties. The results for the thicker sample are shown in 
Figure 2, and a similar dip appears here too. 


MEAN PHOTON ENERGY (MEV) 
17-60 17-70 17-80 
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$ il 
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Nh 


RESOLUTION 


400 500 600 700 
INCIDENT PROTON ENERGY (KEV) 


Fig. 2.—A set of results for ®°Cu(y,n)®*Cu. Also shown are results of 
Bunbury (1954). 


While this experiment was being planned, Bunbury (1954) reported an 
experiment on this reaction using the same lithium y-radiation. In that work 
the radiation from the 441 keV proton capture resonance was used, the energy 
being varied by alteration of angle. This has the advantage of high y-intensity, 
but the range of energy variation is more limited. The curve obtained by 
Bunbury is shown on Figure 2, with ordinate adjusted to fit. The statistical 
uncertainties in the present experiment would have obscured the fine structure 
observed by Bunbury, and the dip at 550 keV is beyond the range of photon 
energy obtainable by Doppler shift of the resonance radiation. 

It is necessary to interpret the copper results in terms of known theory. 
There are little data available about medium-weight nuclei at high excitation, 
but Blatt and Weisskopf (1952, pp. 371-2) have given a rough, semi-empirical 
formula based on a statistical nuclear model. With the constants given for 
mass number 63, this formula gives the mean spacing of all levels to be about 
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24 eV at excitation 17-6 MeV. An experiment such as the present one could not 
resolve these levels individually, but the average integrated cross section within 
the finite interval of resolution would be expected to show some variation, just 
as the needle of a count-rate meter fluctuates even when its integrating time is- 
long compared with the mean pulse spacing. 


Since each point in Figure 2 has a total resolution width of about 50 keV, 
then each would include the effects of about 2000 levels. If these levels are 
spaced randomly along the energy scale, then the number of levels affecting 
each point is statistically distributed about 2000 according to the Poisson 
distribution, with standard deviation 1/2000. Assuming in the first instance 
that all levels have the same integrated cross section, then the apparent cross 
section of independent points will fluctuate with proportional standard deviation 
2 per cent. To take account of the differences in level cross sections, it might 
be assumed that one-quarter of them are large and equal (these would be the 
ones giving electric dipole transitions) and the remainder small enough to be 
ignored. The result is now an expected variation in apparent cross section 
with standard deviation 4 per cent. This is to be compared with the experi- 
mental standard deviation of about 15 per cent., which would be the fluctuation 
of a smooth line of best fit through the points of Figure 2. These figures, while 
not being in close agreement, are within the same order of magnitude, and 
taking account of the rudimentary nature of the level density formula it can be 
concluded that the results are not inconsistent with this model. 
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PHOTOPROTONS FROM FLUORINE 
By W. B. Lasicu,* E. G. MuIRHEAD,} and G. G. SHUTET 
[Manuscript received August 31, 1955] 


Summary 
The energy and angular distributions of protons produced in the "F (y, p) reaction 
have been obtained for the photon energy range 10-16-5 MeV. An integrated cross 
section of 18 MeV-mbarn was obtained for this region. The angular distribution was 
found to be of the form (a+b sin? 8) with the ratio b/a strongly energy dependent. 
The higher energy protons show evidence of an independent particle-type interaction 
which is in plausible agreement with the shell model structure of fluorine. 


The range-energy relation for the target gas, CF,, is presented in Appendix I. 


I. INTRODUCTION 

Recent experiments on photonuclear reactions have been directed towards 
elucidating the mechanisms of photon absorption by nuclei undergoing photo- 
disintegration. Photoneutron production in light nuclei has been studied by 
Katz et al. (1954) and Penfold and Spicer (1955) who showed that, for the (y, 7) 
reactions studied, photons excite the nucleus predominantly by level absorption 
with the formation of a compound nucleus ‘state. The absorption is probably 
electric quadrupole or magnetic dipole in character at excitation energies 
immediately above the binding energy of the nucleon being ejected, changing 
to electric dipole as the region of the “‘ giant resonance ”’ is approached. The 
relative importance of the compound nucleus formation and the alternative 
direct or independent-particle interaction (Courant 1951, Wilkinson 1955) has 
yet to be determined, especially for light nuclei. In the case of carbon the 
protons ejected at the giant resonance at 22 MeV were found to have an angular 
distribution as predicted by the independent-particle model (Mann, Stephens, 
and Wilkinson 1955). 

Experiments on the photodisintegration of light nuclei are particularly 
Suitable for the study of photon absorption, since the level density in the excited 
nucleus is still small enough to permit the resolution of products coming from 
discrete energy levels. Much of the experimental work relevant to this problem 
has been summarized by Titterton (1955). 


The present experiment was undertaken to study the production of photo- 
protons from a light nucleus. Fluorine was chosen because of its low proton 
binding energy and also because it is free of complications arising from the 
presence of more than one isotope. A gas target was considered preferable for 
the measurement of angular distributions, and a suitable gas, tetrafluoromethane 
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(CF,), was found to be available commercially with a high degree of purity. 
The energy and angular distributions of protons from fluorine were obtained 
for the photon region 10-16-5 MeV using the X-ray beam from the Melbourne 
synchrotron and a reaction chamber containing nuclear emulsions. 


II. EXPERIMENTAL 

The X-rays were produced from a conventional betatron target, a 0-005 in. 
platinum flag. The beam was reduced to an angular width of 0-022 radian 
by a lead collimator, and then passed through a 0-001 in. aluminium window 
into the reaction chamber. Here the mean beam diameter was 1-7 cm as 
determined by radiographs taken on the emergent side of the chamber. The 
reaction chamber, based on the design of Fuller (1950), was used previously 
by Spicer (1953) for the #4N(y, p) reaction. The gas target was maintained at a 
pressure of half an atmosphere. Two 100 u C2 emulsions were placed relative 
to the beam as shown in Figure 1. The data were taken from two runs, each 


GAS TARGET 


B NUCLEAR 
EMULSIONS 


CROSS SECTION 
THROUGH BB 


Fig. 1.—Positioning of nuclear emulsions relative to X-ray beam. 

Mean beam diameter, D=1-:7 cm; emulsion spacing, S=1-3 cm ; 

beam centre to emulsion, X,—2:3cm; beam centre to average 
swathe, X=3-7 cm. 


target irradiation being approximately 1100r. The chamber was surrounded 
by 20 cm of paraffin and a similar thickness was placed between the doughnut 
and the collimator to reduce the neutron background. However, the X-ray 
beam was allowed to pass through a 1-5 cm hole in the paraffin so as to preserve 
more closely the “thin” target spectral distribution. The exposure was 
obtained from the readings of a 25 r Victoreen thimble contained in an 8 cm 
“ Perspex ”? cube, the latter being placed in the beam opposite the exit end of 
the reaction chamber. The photon flux through the chamber was deduced 
from this “‘ Lucite-roentgen ” reading using the tables of Katz and Cameron 
(1951). 

The synchrotron energy scale was calibrated from the ratio of induced 
activities in copper and silver using the activation curves of Diven and Almy 
(1950), and allowed the peak energy of the X-ray distribution to be determined 
as 16-5--0-5 MeV. Track measurements on the emulsions were made on Cooke, 


Cc 
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Troughton, and Simms model 4000 microscopes, a 45 x objective with 8 x 
eyepiece giving a convenient size field of some 200 p diameter. Tracks were 
accepted from swathes of 160 » width so as to avoid possible bias in the angular 
distributions due to loss of tracks commencing near the periphery of the field of 
view. The usual angle, range, and dip measurements were recorded for each 
track. The criterion for acceptance of a track was that it should appear to 
cross the emulsion surface and have a direction and dip compatible with an 
origin in the irradiated part of the gas target. Using selected areas on the 
emulsions, tracks were accepted for angles 0, in the range 30-150° with a dip 
angle, 5°, satisfying the condition, 
o< 24 sin: O15 =D) ), ess eee eee (1) 


where X is the beam-swathe distance in cm as defined in Figure 1, and 0 is 
the angle between the incident photon and the proton. 


The range of each proton accepted as coming from the target was determined 
from the known geometrical set-up of the emulsions relative to the beam. To 
obtain each proton energy, the range-energy relations used were (i) the tables 
of Wilkins (1951) for C2 emulsions, and (ii) the table for CF, presented in 
Appendix I (Table 4). In practice, it was found convenient to convert the 
residual range in the emulsion to the CF, gas range of a proton with equivalent 
energy, which, when added to range in the gas target, permitted the tracks 
for the energy distribution to be grouped according to the total equivalent gas 
range. 
The main uncertainty in the determination of proton energies was due to 
the finite thickness of the gas target used. In accumulating tracks for the 
energy and angular distributions, different criteria were required in order to 
preserve good energy resolution in the one case and adequate angular coverage 
in the other. Since the effective thickness of the target depended on cosec 8, 
the data for the energy spectrum were restricted to the range of 0 from 45 to 
135°. The uncertainty in proton energy arising from the target thickness 
varied from 7 per cent. for 2 MeV protons to 1-7 per cent. for 6 MeV tracks. 
In addition, proton range straggling amounted to 2-3 per cent. The resulting 
overall uncertainty in energy ranged from ~0-15 MeV for 2 MeV protons, 
to ~0-12 MeV for 6 MeV protons. Hence it was not possible to demonstrate 
the existence of distinct proton groups with energies closer than approximately 
0:3 MeV. 

For the angular distribution, on the other hand, the lower limit for the 
acceptance of tracks was set in principle by the minimal residual range in the 
emulsion which would be easily identified by an observer. This was set at a 
range of 12 » (0-9 MeV), which, together with the angular limits used (30-150°), 
resulted in a lower limit for the proton energy of 2-5 MeV. The angular 
distribution, plotted for 15° intervals of 0, was obtained from the relation between 
the relative differential cross section do, and the number of tracks (0) per 15° 
interval (Fuller 1950) : 

N(0)=const. do sin 0, 


with sin 0 the corresponding mean value of sin 0 for each 15° interval. 
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Background tracks arose from two possible sources: (i) those generated 
in the beam region due to reactions other than the 1H (y, p) reaction, and (ii) those: 
produced in the emulsions as neutron-proton recoils. 

The thresholds for the majority of type (i) reactions are given in Table 1. 
The thresholds for (n, p) reactions in carbon and fluorine are such that the 
number of protons produced which would reach the emulsions was negligible. 
In fluorine, for example, using an estimate of the flux and energy distribution 
of fast neutrons from an X-ray target (Waffler 1954), it was shown that the 
number of protons produced in the (n, p) reaction with energy sufficient to reach 
the emulsions was of the order 10-5 times the expected number of photoprotons. 


TABLE 1 
THRESHOLDS FOR POSSIBLE COMPETING REACTIONS 


Reaction Threshold Reference 
(MeV) 

OE (512) 7:97 Drummond (1955) 
19F (+y,d) 13-80 fe 

19F (yt) 11-69 % 

19F' (7,0) 4-01 3 

*F(y.np) 16-02 x 

?C(y,p) | ~ 15-94 a 

12C(+7,d) 25-17 vy 

12C(y,0) 7:36 3 

19F'(n,p) 3°72 Ajzenberg and 

Lauritsen (1955) 

12C(n,p) 12-6 PA ee 


Of the other reactions, photoprotons produced in the carbon failed to reach 
the emulsions, for the peak irradiation energy of 16-5 MeV chosen for this 
experiment. Likewise, the stopping power of the gas was sufficient to prevent 
the recording of deuterons and tritons ejected from fluorine. Preliminary runs 
showed that a significant number of tracks recorded came from the brass walls 
of the reaction chamber; accordingly, the latter was lined completely with 
graphite walls 4 in. thick. 

An estimate of the background tracks of type (ii) crossing the surface was 
made during the course of scanning. The number of tracks in the range 
§ —210-330° was recorded. It was not possible to identify the direction of 
individual tracks but the majority was shown by the following method to have 
started in the emulsion. The average volume density of tracks was determined. 
from sample counts made at various depths in the emulsion. Using this, an 
estimate of the number of tracks leaving the emulsion was made and this agreed 
with the number observed at the upper surface. The contribution of these 
protons .to the total number of tracks observed in the acceptance sector 
(6 =30-150°) was calculated by assuming the distribution of the background to 
be symmetrical about a direction parallel to the beam axis. The distribution 
so obtained was consistent with an independent estimate obtained by scanning 
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a sample area (0-36 cm?) and recording all tracks appearing to cross the 
emulsion surface with 0 =30-150°. <A chart was prepared showing the distribu- 
tion of tracks with large angles of dip ($=30-60°) and all possible values of 0. 
From the space distribution in $ the number of tracks occurring in the allowed 
dip region given by equation (1) was deduced. This estimate agreed within 
10 per cent. with the former estimate, i.e. within the statistical error associated 
with a sample of 156 tracks. 


In order to subtract the background, the same set of operations was per- 
formed on the background sample as for the main group of tracks. A fictitious 
energy was assigned to each background track, i.e. the energy which would be 
possessed by a photoproton of similar range and dip and with angle equal to 
360°—0. The same dip criterion (equation (1)) was also applied so as to have 
the same solid angle weighting factor for both sets of data. The backgrounds 
determined in this way were subtracted from each of the energy and angular 
distributions, as given in Figures 2 and 3. | 


III. RESULTS 
(a) Energy Distribution 

Figure 2 (a) shows the number of photoprotons with energy greater than 
2 MeV obtained from an emulsion area of 4-8 cm? after the subtraction of back- 
ground. The latter is presented for reference in Figure 2 (b). The limit of 
resolution for discrete proton groups is about 0-3 MeV. For reference, the 
positions of every proton energy group expected from the known level structure 
in °F and 180 are indicated by arrows in Figure 2 (a). The poor resolution and 
statistics prevent any correlation between these positions and the observed 
data to be established. 


(b) Angular Distribution 

The angular distributions for the two proton energy groups, 4:4-8-5 MeV 
and 2-9-4-4 MeV, are presented in Figures 3 (a) and 3 (b) respectively. The 
division at 4-4 MeV was made to obtain a sufficiently large sample of higher 
energy protons for an angular distribution. The lower limit of 2-9 MeV was 
taken in order to reduce the effect of background. In this way the percentage 
backgrounds for the higher and lower energy groups were 10 and 134 respectively. 
‘The simplest theoretical form of the angular distribution for the data is of the 
form a+b sin? 9, since there is no apparent forward asymmetry in the data. 
A least squares fit for each group resulted in the smooth curves shown in Figure 3. 
The higher energy group can best be fitted, within the statistical uncertainties, 
by a sin? @ distribution, while the lower energy group tends more towards 
isotropy. 


(c) Integrated Cross Section 
It is not possible to obtain a precise value for the integrated cross section 
for the ’F(y, p)8O reaction from the proton energy distribution without more 
detailed knowledge of the levels in 18O. At present there is evidence for levels 
at 1-98 MeV and possibly at 2:42 MeV (Ajzenberg and Lauritsen 1955). 
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However, a lower limit can be derived from Figure 2 by assuming that all 
proton groups were due to transitions to the 18O ground state only. The energy, 
of each corresponding photon can then be determined from the relation 

19 es 
H=T gH, +7 -95, Si wR Sel 8) Shi5. (6 8 e Sade te,-e wis! atte (3), 


and the integrated cross section is obtained from the relation 


16-5 
N(E,) =k P(G, Ey) | a). (4) 
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Fig. 2 (a).—Energy distribution of photoprotons from *%F. The expected positions 
of proton groups between known energy levels in °F and 18O are indicated by arrows 
above the histogram as follows : 


{ 1F* to 180 (ground state), 
{ VF* to 18O* (1-98 MeV state). 
(The energy levels in 8F were observed in 18O(p,n)18F (Ajzenberg and Lauritsen 
1955).) The limit of resolution is 0-3 MeV. 


Fig. 2 (b)._—Corresponding background tracks. 
where N(H,) is the number of photoprotons in Figure 3 and P(H, HE) is the 
average value of the photon flux per + MeV interval between 10 and 16-5 MeV 
as taken from the tables of Katz and Cameron (1951). The value of k 
(=1-86 x10%1) for the present experiment was obtained from the geometry of 
the chamber, the operating conditions, and the assumed angular distributions. 
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for the groups in Figure 3. The result so obtained was 6 MeV-mbarn. This 
value is unrealistic owing to the probable importance of the 1 -98 MeV level 
with J—2 in 180. In a similar way, an upper limit to the integrated cross 
section, assuming that where energetically possible all protons involved 
transitions to this state, leads to the value of 19 MeV-mbarn. Making the crude 
assumption that the relative importance of the ground and first excited states in 
180 is the ratio of their statistical weights, i.e. 1:5, gives a provisional estimate 
of the integrated cross section as 18 MeV-mbarn for the photon energy region 
10-16-5 MeV. 
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Fig. 3.—Angular distribution of photoprotons.from !F, §O=angle between incident 
photon and the proton, o (0)=differential cross section (arbitrary units). Vertical 
lines represent standard deviations of the points. 

(a) Energy range 4-4-8-5 MeV. No. of tracks=75, percentage background=10, 
least squares fit to data is shown by curve (1-+.5)+(15-F7) sin? 0. 

(b) Energy range 2:9-4:4 MeV. No. of tracks=180, percentage background=13$, 

least squares fit to data is shown by curve (10+8)+(19+11) sin? 0. 


For the reasons mentioned above, it is not possible to estimate the variation 
of cross section within the region studied. However, making the same assump- 
tion as for the integrated cross section; it can be shown that the cross section 


decreases monotonically with energy by a factor of two within the range under 
consideration. 


™. 


IV. INTERPRETATION 

The angular distributions of photoprotons presented in Figure 3 can be 
represented by the expression (a+b sin? 0) with a and b positive or zero. It is 
of interest to compare the experimental distributions with those predicted for 
the process involving the formation of compound nucleus states in 2F with 
assumed values of spin and parity. These are presented in Tables 2 and 3 for 
the ground and first excited states of 80. For the lower energy group (Fig. 3 (b)), 
the experimental angular distribution is more nearly consistent with E1 or M1 
absorption with transitions to the 180 ground state (Table 2), depending on 
whether the levels available in "F with spin 3/2 have negative or positive parity 
in the energy region considered. It does not seem plausible to fit these data 
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TABLE 2 
THEORETICAL ANGULAR DISTRIBUTION FOR !F(y,p)!8O REACTION FOR TRANSITIONS TO 
THE GROUND STATE ONLY 
I=}3+ throughout} 


Type of 
Photon L a i Sa o (0) 
Absorption 

El I 4-— 1 $+ isotropic 
El 1 iiss: 1 ae 24352 
Mi 1 $+ 0 $+ isotropic 
M1 1 3/2+ 2 re 2438? 
= 2 3/2+ 2 $+ 1+c? 
E2 2 | 5/2+ | 2 Le 1+ 6c? —5c* 


ft Here I=spin of initial state of “F (=}-+), 
J=spin of the excited state, F*, 
L=angular momentum of incoming photon, 
l’=angular momentum of emitted proton, 
s’=final channel spin, 
c=cos 6, 
s=sin 6. 


TABLE 3 
THEORETICAL ANGULAR DISTRIBUTIONS FOR F'(y,p)1®8O REACTION FOR TRANSITIONS TO THE FIRST 
EXCITED STATE OF 18O aT 1-98 MeV 
I=4+ throughout* 


Type of 6 J Vv Fo o (0) 
Absorption 

El | 4— 1 3/2+ Isotropic 
1 +> 3 5/2+ Isotropic 
1 3/2 — 1 3/2+ 4+ 3c? 
1 3/2— it 5/2+ 21—3c? 
1 3/2— 3 5/2+ 19+ 3c? 

M1 1 $+ 2 3/2+ Isotropic 
1 $+ 2 5/2+ Isotropic 
1 3/2+ 0 3/2+ Isotropic 
1 3/2+ 2 5/2+ 23 +15? 
1 3/2+ 4 5/2+ 33 —15c? 

E2 2 3/2+ 0 3/2+ Isotropic 
2 3/2+ 2 3/2+ Isotropic (accidentally) 
2 3/2+ 2 5/2+ 33 —15c? 
2 3/2+ 4 5/2+ 23 +15? 
2 5/2+ 2 3/2+ 56 —105c? + 140c* 
2 5/2+ 4 3/2+ 119+420c? —315c4 
2 5/2+ 0 5/2+ Isotropic 
2 5/2+ 2 5/2+ 189 +210c? —315c* 
2 5/2-+- 4 5/2+ 203 —210c?+315c* 


igs See footnote to Table 2 for explanation of symbols. 
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with the predicted distributions for electric quadrupole absorption (Table 2) 
or from any of the channels listed in Table 3, unless one regards the experimental 
distribution to be either (i) wholly isotropic or (ii) made up of isotropic distribu- 
tions contributed from various channels available in the tables plus a sin® 0 
component superimposed. Considering the higher energy group (Fig. 3 (a)), the 
distribution appears at variance with the predictions for the compound nucleus 
states listed in Tables 2 and 3. The distribution suggests a direct photoelectric 
interaction. The predicted angular distributions for the latter in the case of E1 
absorption by a proton with initial angular momentum in the nucleus of / is : 


for transitions 7 to 1+1: o(8)=21+(/+2) sin? 0, ...... (5) 
for transitions 7 to 1—1: o(8)=2(/+1)+(J—1) sin? 9. .. (6) 


Both types of transition are predicted by the theory of Courant (1951), while 
that of Wilkinson (1955) allows the “7 to J+1” transition only. Thus the 
ejection of an “s’’ proton from the fluorine nucleus on these theories would 
lead to a sin? @ distribution in agreement with Figure 3 (a). It is significant 
that the ground state proton in #F has an s-wave designation on current nuclear 
shell theory. 

Our results for the angular distributions can be compared with those of 
neighbouring light nuclei for the photon region below the giant resonance. 
On the one hand, the distributions for aluminium (Diven and Almy 1950) and 
magnesium (Toms and Stephens 1951) were.found to be isotropic, or nearly so. 
On the other, the angular distribution for oxygen (Spicer 1955) was consistent 
with predictions involving compound nucleus formation, i.e. for the photon 
range 13-5-18-7 MeV, the distribution was consistent with E2 or M1 photon 
absorption. The difference in behaviour between oxygen and fluorine may well 
be due to the fact that the former is a closed shell nucleus while fluorine is a 
‘* closed-shell-plus-one ”’ nucleus. The angular distribution of photoprotons 
from carbon at the giant resonance has been reported by Mann, Stephens, and 
Wilkinson (1955) who found their data was fitted best by predictions based on 
the independent particle character of the proton being ejected. 


There is little to be gained from a detailed examination of the energy 
distribution of protons given in Figure 2. Owing to the density of levels and@ 
the inferior resolution, no conclusion can be drawn from it regarding the relative 
amounts of level absorption and continuous absorption of photons as required by 
the compound nucleus and independent particle interactions. The integrated 
cross section estimate of 18 MeV-mbarn for the photon range 10-16-5 MeV is 
comparable to that of the “F(y,) reaction in the same region, namely, 
12 MeV-mbarn for the range 10-4—17 MeV (Horsley, Haslam, and Johns 1952). 


V. CONCLUSIONS 
The energy and angular distributions of the photoprotons from fluorine 
have been studied. The energy distribution does not provide evidence for 
absorption of photons by levels in ’F. The angular distributions provide more 
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significant results. The higher proton energy group is best fitted with a sin? 0 
distribution which would be interpreted as a direct ejection of an “s” proton 
from the *®F nucleus. This is consistent with the nuclear shell designation of 
the odd proton in fluorine. The angular distribution of the lower energy protons 
is more nearly isotropic and is not inconsistent with the predictions for the 
formation of intermediate compound nucleus states in YF. This distribution 
may be interpreted either as a mixture of direct photonuclear absorption and 
components from various channels listed in Tables 2 and 3, or, if solely due to 
compound nucleus formation in this region, as due to electric dipole or magnetic 
dipole absorption of photons by fluorine. The integrated cross section for the 


region studied is of the same order as that of the F(y, n) reaction for the same 
region. 
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APPENDIX I 
Range-Energy Relation for Protons in Tetrafluoromethane (CF ,) 

The range-energy relation in CF, has been calculated for proton energies 
from 0-10 MeV. For energies greater than 2 MeV, the usual Bethe-Moller 
formula for differential stopping power was used (Livingston and Bethe 1937). 
For low energy protons, an empirical treatment of the variation of stopping 
power adopted was similar to that of Lindhard and Scharff (1953). 

Low Energy Region.—The stopping power B is given by the empirical 
relation 

BIZ =G,0* G0, 1S eee ae el eee (Al) 


where Z=atomic number of the material and «=(v?/2«?Z), v being the proton 
velocity and « the fine structure constant. The numerical values of a, and a, 
are fitted so as to give the experimental values of B/Z for air, and have the 
values a,=1-:40 and a,=—0-06 for 2 MeV protons. 


For a molecule with s; atoms of atomic number Z,;, and stopping power B,, 
the effective stopping power 


Be=28;By se eie eases eee. caer (A2) 


Now the energy loss of protons in a gas under standard conditions is given by 
(Hirschfelder and Magee 1948) 


dH/dR=—0-006094(B/E). ............ (A3) 


These expressions can be combined to give for the differential stopping power 
in MeV/cm: 
dH/dk = —0-006094ya,E-#(1+KE)X(s,Z;*), .....- (A4) 

where j 

y=a—1(2/Mc*)* —6 -327, 
and 

k= y(dq{03)(28,Z,-*)](28,2;4), 

c= L/137, 

Mc? =938 -2 MeV. 

In the case of CF,, k=—0-0551. 


Integrating equation (4) leads to an expression for the range 


2 Ese Bee 83 
R=5 5:a6TIa, (15+ eB), eae (A5) 


which gives the value R=2:59 cm for H=2 MeV. 


High Energy Region.—The differential stopping power in this region was 
calculated in the usual way from the Bethe-M6ller formula 


dH Arretg2 2mv? 
yee ee wa\in aT he —In (1— 92) —62 t mater eae (A6) 
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using a value of k’=I/Z=11-5, as found for air and aluminium by Wilson (1941). 
The differential stopping powers for carbon were taken from the tables of Aron, 
Hoffman, and Williams (1949), and the values for fluorine were calculated in a 
Similar way. By means of the usual assumption that the differential stopping 
powers are additive, the range-energy relation for CF, was obtained by numerical 
integration for protons with energy between 2 and 10 MeV. 


Combining this with the lower energy determination, the values of differential 
stopping power and range are listed in Table 4. 


TABLE 4 
DIFFERENTIAL STOPPING POWER AND RANGE-ENERGY RELATION FOR 


CF, at 15 °C anp 760 mm He 


Proton Energy | pistning BOWE Range 
(MeV) Telative to (cm) 
Air 

0 2-69 0 
0-5 2-70 0-30 
1 Deny 0-85 
2 2-73 2-59 
3 2-76 5:01 
4 2-78 8-14 
5 2-79 1193 
6 2-81 16-37 
7 2-81 21-43 
8 2-82 27-10 
a!) 2-82 33-36 
10 2-83 40-21 
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Summary 


The agitational energies and drift velocities of slow electrons diffusing in deuterium 
are measured as a function of the ratio Z/p of the electric field strength Z to the gas 
pressure p. The lateral spread of the diffusing electron stream is measured, which 
enables Townsend’s energy coefficient to be calculated. Drift velocities are measured 
using a magnetic deflection method. On the basis of the kinetic theory of gases these 
measurements are used to calculate values for the mean free path L of the electrons 
at unit pressure, the mean proportion 7 of the energy lost by an electron in a collision 
with a deuterium molecule, and the collisional cross section A of the molecules in 
collisions with the electrons. The values obtained are compared with those of Crompton 
and Sutton (1952) for hydrogen. 


I. INTRODUCTION 

Measurements have been made by Crompton and Sutton (1952) of 
Townsend’s energy coefficient k, in hydrogen as a function of the ratio Z/p, 
where p is the pressure of the gas in which the electrons are drifting under the 
action of the constant and uniform electric field Z. Nielsen and Bradbury 
(1936), using an electrical shutter method, have measured the drift velocity W 
of slow electrons in hydrogen. If k; and W are known it is possible to derive, 
on the basis of the kinetic theory of gases, formulae which enable calculations 
to be made of the mean free path L of the electrons at unit pressure, the mean 
proportion 7 of the energy lost by an electron in a collision with a gas molecule, 
and the collisional cross section A of the molecules for collisions with the electrons. 
It was thought that it would be of interest to have available experimental 
measurements of these quantities in deuterium. In both hydrogen and 
deuterium the measurements were made at 15 °C. 


The electron temperatures were measured by the method described by” 
Crompton and Sutton (1952), and the drift velocities by use of the deflection 
of the electron stream by a transverse magnetic field. The magnetic deflection 
method has the disadvantage that it does not enable an absolute determination 
of W to be made, the value obtained depending on the manner in which the 
agitational speeds of the electrons are distributed about their mean value. Two 
possible distributions are considered, that of Maxwell and that of Druyvesteyn. 


In hydrogen, where measurements of drift velocities have been made 
both by the electrical shutter method and by the magnetic deflection method, 
by comparison of the two sets of results it is possible to say that Druyvesteyn’s 
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distribution is that which is appropriate over a large range of values of Z/p. 
No previous measurements are known to have been made of drift velocities in 
deuterium, but it may be assumed that, for values of Z/p greater than 0:5, the 


value of W corresponding to the distribution of Druyvesteyn is more nearly 
correct. 


II. APPARATUS 

The diffusion apparatus used was the same as that described by Crompton 
and Sutton (1952). The deuterium was prepared by the method described by 
de Troyer, van Itterbeek, and van den Berg (1950). Heavy water was dropped 
slowly on to molten sodium in an evacuated vessel with the resultant evolution 
of deuterium. The heavy water used was stated to be 99-75 per cent. pure, 
and the deuterium evolved was left standing over liquid air for several hours 
before use in order to ensure the complete removal of all traces of heavy water 
vapour. In order to check the purity of the gas produced by this method, a 
sample of normal hydrogen was made using H,O instead of D,O. Values of k, 
were measured in the gas so obtained and compared with those measured when 
hydrogen was admitted through the walls of a heated palladium tube. Since 
the values were found to be identical, it was considered that the purity of the 
deuterium was adequate for experiments of this kind. 


III. RESULTS 
A summary of the results for deuterium is given in Tables 1 and 2. The 
various physical quantities tabulated were calculated using the following 
formulae (Huxley and Zaazou 1949; Crompton and Sutton 1952): 


Townsend’s energy coefficient k,;=k, (Maxwell) 
=0-:875k, (Druyvesteyn) 
Mean velocity of agitation of an electron U =1-06 x107(k,)# em sect 
(Maxwell) 
=1-02 x107(k,)? em sec! 
(Druyvesteyn) 
Mean free path at unit pressure L=7-11 x10-° W(k,)*/(Z/p) em (Maxwell) 
=7-38 x10~-° W(k,)3/(Z/p) cm 
(Druyvesteyn) 


Mean proportion of energy lost by an electron in a collision 


n=1-:79 x10-4 W2/k, (Maxwell) 
=2-21 x10-44* W2/k, (Druyvesteyn) 


mae a 
Cross section of gas molecules for collision Bay? 
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TABLE 2 
SUMMARY OF RESULTS FOR DEUTERIUM AT 15 °C ASSUMING DRUYVESTEYN’S DISTRIBUTION 
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Fig. 1—Values of k, in deuterium compared with those in 
hydrogen. 
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Fig. 2.—Values of W, in deuterium compared with the values 
of W obtained by Nielsen and Bradbury in hydrogen. 
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Fig. 3.—Mean free paths. 
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The results are shown also in the form of graphs (Figs. 1-5), together with the 
results of Crompton and Sutton for hydrogen, in order to facilitate comparison 
between the values for the two gases. 


7-0 
6-0 
5:0 
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ify oS Mos 
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Fig. 4.—The mean proportion y of energy lost by an electron in a collision. 


It can be seen that the mean free paths and hence the cross-sectional areas 
of the molecules of deuterium and hydrogen are almost identical for the same 
value of U, which indicates that, as one would expect, these quantities are 
determined by the outer electronic structure of the molecule and by the nuclear 
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Fig. 5.—The collisional cross section A of deuterium molecules. 
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charges rather than by the masses of the individual nuclei. The mean proportion 


of the energy lost per collision is less for electrons-in deuterium than for those in 
hydrogen. 
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THE DISTRIBUTION OF RADIO BRIGHTNESS OVER THE SOLAR DISK 
AT A WAVELENGTH OF 21 CENTIMETRES 


Il. THE QUIET SUN—TWO-DIMENSIONAL OBSERVATIONS 
By W. N. CHRISTIANSEN* and J. A. WARBURTON* 


[Manuscript received July 25, 1955] 


Summary 


A distribution of solar radio brightness at a wavelength of 21 cm has been derived 
from observations made during the period of low sunspot activity from 1952 to 1954. 
The observations were mad? using two multiple interferometers arranged at right angles ; 
this enabled the solar disk to be scanned in many different directions. The derived 
one-dimensional profiles of the quiet Sun for these various scanning directions were 
combined and a Fourier method adopted to derive a two-dimensional brightness 
distribution. The distribution shows marked limb-brightening in the equatorial zones 
but none in the polar regions. The contours of brightness are in general conformity with 
those expected from a solar atmosphere having a coronal electron density distribution 
of the kind proposed by van de Hulst for the period of minimum sunspot activity. 


I. INTRODUCTION 

It has been established in the past few years that solar radiation at decimetre 
wavelengths has an essentially steady background component. This “‘ quiet ” 
solar component has been the subject of much study recently in efforts to deter- 
mine distributions of brightness across the solar disk, and work has been carried 
out at many radio wavelengths in the range from 6 cm to about 8m. One of 
these studies was made at a wavelength of 21 cm using an aerial system which 
has been described in Part I of this series (Christiansen and Warburton 1953). 
However, an essential limitation of this fixed aerial system was that the solar 
disk was scanned in a more or less fixed direction in a strip-wise manner by the 
aerial beam ; consequently it was necessary to assume that the Sun had certain 
Symmetry in order to solve the brightness distribution problem. This work, 
which has been described as a one-dimensional study, forms the subject matter 
of Part II of the series (Christiansen and Warburton 1953b). The presence of . 
limb-brightening was an outstanding feature of the brightness distribution 
published. 

In the absence of contrary information, the simplifying assumption was 
made that the solar disk shows circular symmetry when observed at a wave- 
length of 21cm. Visual observations of the solar corona during eclipses at times. 
of sunspot minimum have suggested that this assumption is probably not correct. 
In addition, radio observations during solar eclipses by Denisse, Blum, and 
Steinberg (1952) have given. evidence of departure from circular symmetry 
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of the solar disk at a wavelength of 1-78 m. The early observations at a wave- 
length of 21 cm by the present authors had also shown that the apparent width 
of the Sun seemed to change as the scanning direction varied with respect to 
the direction of the Sun’s axis. 


With the previous equipment it was not possible to scan the Sun in directions. 
that differed greatly from the direction along the solar equator. A new multiple 
interferometer was built, therefore, in a direction at right angles to the earlier 
one. By use of the two interferometers it was possible to scan the Sun over a. 
great variety of angles during the course of a day, and at practically any desired. 
angle over the course of several months. From these one-dimensional scans 
it has been possible to reconstruct a two-dimensional brightness distribution 
(smoothed by the aerial) by a method of Fourier analysis. 


A preliminary report of this work was given at the XIth General Assembly 
of U.R.S.I. where, at the same time, complementary results at a wavelength of 
60 cm were reported from Cambridge. These two-dimensional results, together 
with those already published by O’Brien (1953) at 1-4 m wavelength, all show 
that the source is not circular. They also exhibit distinct differences in the 
degree of limb-brightening, particularly in the equatorial regions of the Sun ;. 
the maximum degree of brightening occurs at the shortest wavelength, 21 cm.. 
The most outstanding feature of the two-dimensional distribution at 21 em is: 
the restricted zones in which limb-brightening is observed. No such brightening: 
occurs in the polar regions of the sun ; this is confined to the equatorial zone. 


II. EQUIPMENT ; 

The complete equipment used consisted of a grating-type interferometer 
of 32 equally spaced elements (described in Part I of this series) aligned approxi- 
mately east-west, and a similar 16-element system arranged in an approximately 
north-south direction (see Plate 1). Each system has its own receiver, and ~ 
all the elements of each system are connected to the receiver through equal 
lengths of cable. If d is the distance between adjacent elements and the 
angle between the normal to the line of the aerials and the direction of a ray 
arriving at the aerial, then the angles of maximum response are given by 
sin )=nA/d, where n is an integer and ) the wavelength. The locus of a point: 
making a constant angle | with the normal to the aerial is a small circle on the 
celestial sphere with the line of the aerials as axis (see Fig. 1). These small 
circles give the positions on the celestial sphere at which the aerial has a maximum 
response. If now we consider the daily motion of the Sun through such a 
system of beams we see (Fig. 2)* that the direction in which the Sun is scanned 
by the strip beams varies throughout the day. The observations on the east- 
west aerial were confined to a period around the hour angle (H.A.) 348°, or 12° 
east. Near this time the inclination of the aerial ‘‘ beams ”’ to the Sun’s central 
meridian remains fairly constant; hence an almost exact repetition of the 


* Figure 2 shows a section of a sphere on which two systems of small circles have been drawn 
representing the positions of the aerial beams. This sphere was used as an aid in quick analysis 


of the records. 
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pattern is produced as successive beams scan the disk. A typical record shows 
this (Fig. 3 (a)). With the beams produced by the north-south system, however, 
the observations were made from about H.A. 320° (i.e. 40° east) to H.A. 30°. 


Fig. 1.—Loci of points of maximum response of a multiple 
interferometer as used in this work. 


During this period the scanning angle changes through a range of about 50°. 
As the angle changes, so does the rate at which the solar disk passes through the 
beam. This feature is depicted clearly in the reproduced record (Fig. 3 (b)). 


HOUR ANGLE 


Fig. 2.—Path of the Sun through the two systems of aerial beams on one day. 


Each of the aerial systems produces directly one-dimensional power v. time 
diagrams. From a knowledge of the Sun’s declination the time coordinate is 
readily converted to the angular separation 0 between the aerial beam (scanning 
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strip) and the centre of the optical disk. The overall length of the east-west 
aerial is 1028 wavelengths producing beams around midday of 3 min of are 
width, while the north-south aerial of 760 wavelengths produces beams, for 
small values of J, of about 4 min of arc width. The beams actually used in 
the latter system depend on the Sun’s declination, and for the period of observa- 
tions their width ranged from 4 to nearly 5 min of are. 
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Fig. 3.—Typical daily records of the passage of the Sun through several aerial beams, (a) using 
the east-west interferometer, (6) using the north-south interferometer. 


III. OBSERVATIONS 

A series of observations has been made using both aerial systems over the 
period September 1953 to April 1954. We have also made observations from 
April 1952 to September 1953 using the east-west aerial system alone. The 
combination of these observations over such a long period to solve the distribution 
is considered to be valid because no changes in the shape or extent of the quiet. 
Sun were detected during the period 1952-1954, for the scanning directions 9» 
lying between 55° and 90°. Figure 4 shows two quiet-Sun curves observed at: 
the same scanning angle in 1952 and 1954. Any differences are within the 
experimental errors. 

During the observations with the two independent systems it has been 
possible on any one day to scan the Sun in many different directions. A typical 
result for October 15, 1953 is reproduced in Figure 5, where the effect of scanning 
the Sun in two directions differing by 68° is shown. The departure from circular 
symmetry of the quiet Sun is clearly illustrated by these observations. 

By making use of the seasonal variation of the Sun’s orientation with respect. 
to the two sets of aerial beams, it has been possible to obtain records covering 
140° out of 180° range of scanning angle, as indicated in Figure 6. (The scanning 
angle 9 is defined as the angle between the Sun’s central meridian and the normal. 
to the aerial beam.) 
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The geometry of the two systems is such that the range of angles covered 
by one system is complementary to that of the other, the two ranges approaching 
to within 6° of one another. Obviously, the time taken for the Sun to drift 
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Fig. 4.—One-dimensional quiet Sun profiles for the same 
scanning direction p=58°. ---- 1952, 1954. P is 
the power received in arbitrary units. 


through a beam depends on its declination, on the angle that the beam makes 
with the Sun’s diurnal path, and on the Sun’s semi-diameter. It is therefore 
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Fig. 5.—One-dimensional profiles showing the result of 
scanning the Sun in different directions on the same day. 


necessary to normalize the time scale of each record. The next step is to subtract 
contributions due to localized bright regions. For this purpose we superposed 
Several diagrams, taken on different days for each scanning direction, and drew 
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the lower envelope (see Part II). Figure 7 shows the result of superimposing 
several days’ observations for an average scanning angle of 28°. The deduction 
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Fig. 6—Range of scanning angles © covered by the two aerial systems. 


of the quiet Sun level from such superimposed diagrams was usually not very 
difficult because during the period of observation localized regions of enhanced 
brightness on the Sun were not frequent. 
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Fig. 7.—A succession of daily records for scanning directions near 
@=28° superimposed to show the contribution of the quiet Sun. 


Now, each of the one-dimensional curves is symmetrical ; also the same 
result is obtained for each direction which makes the same given angle with the 
Sun’s central meridian. Such observations indicate that the true brightness 
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distribution should possess quadrant symmetry. For this reason we have 
restricted the analysis to one quadrant of the distribution, e=0° to »=90°. 
Figure 8 shows the set of observed one-dimensional scans used in the analysis. 
These are for angles of p=0, 28, 42, 51, 57, 69, and 82°, and each is the average 
curve over arange of angles of o--6°. These scans represent the one-dimensional 
or line integrated brightness distributions over the solar disk, smoothed by the 
effect of the aerial beam. 
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Fig. 8.—One-dimensional quiet Sun profiles used in the analysis for several scanning 
angles 9. 


IV. THe DERIVATION OF THE BRIGHTNESS DISTRIBUTION FROM 
THE OBSERVATIONS BY A METHOD oF FOURIER ANALYSIS 
The way in which a two-dimensional radio brightness distribution may be 
derived from a number of one-dimensional Scans is not obvious. However, 
rather similar two-dimensional problems have arisen in the field of crystal- 
lography, and solutions for these problems, using the methods of Fourier analysis, 
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have been found. Such a method of solution has been applied to the problem of 
a radio brightness distribution by O’Brien (1953). It is well known that the 
two-aerial interferometer, as used by O’Brien and others, measures the Fourier 
components of the strip integration of the real distribution, and that the frequency 
of the component being observed is determined by the aerial spacing. With a 
grating-type interferometer, as used in this work, the one-dimensional distribution 
is observed directly. The Fourier component of highest frequency contained 
in the distribution is of course determined by the length of the aerial system. 
Hence, if we take the Fourier transform of this one-dimensional distribution, 
the available information is then in a similar form to that of O’Brien and the 
subsequent solution of the two problems becomes identical. A full discussion 
of this problem is in preparation by Smerd and Wild. 
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Fig. 9.—Cosine Fourier transform of the one-dimensional profile of 
the quiet Sun in the direction @=75°. 


The procedure adopted in the derivation of the two-dimensional distribution 
was as follows. The cosine Fourier transform of each one-dimensional distribu- 
tion was first determined numerically. Only the even (cosine) terms of the 
Fourier components are present because each of the observed distributions is 
symmetrical. A typical cosine transform of one of the observed distributions 
is shown in Figure 9, and it is seen that both positive and negative values appear. 
Each of these transforms has a finite high frequency cut-off which is inversely 
proportional to the width of the aerial beam used in the observation. Since it 
seemed undesirable in the analysis to have higher resolution in some directions 
than in others (the beam widths varied from less than 3 min of are to slightly 
more than 4 min of arc), some transforms have been degraded so that all corres- 
pond to the use of a uniformly fed aperture aerial with a half-power beam width 
of 4-3 min of arc. By plotting each of these “rippled ” transforms radially 
in the direction corresponding to its scanning direction, a two-dimensional 
Fourier transform diagram was constructed. Contours of equal amplitude were 
drawn. The amplitude at the centre of the diagram, being the zero-frequency 
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component, is of course given by the area under the one-dimensional distribution 
curves and is the same for each curve. We now strip integrate this diagram, the 
strip summations being perpendicular to the scanning directions. The cosine 
Fourier transforms of these strip integrals give the radial cross sections of the 
brightness distribution in their corresponding scanning directions. The two- 
dimensional distribution is then obtained directly by plotting these radial cross 
sections and drawing contours of equal brightness. Figure 10 shows the derived 
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Fig. 10.—Derived two-dimensional radio brightness distribution. The contours are at 
equal intervals of 4x103°K. The central brightness temperature is 4-7 x 104 °K, and the 
maximum peak brightness is 6-8 x 104 °K. 


distribution. In the absence of errors in the calculations, line integration of 
the distribution in Figure 10 should reproduce the observed one-dimensional 
curves in Figure 8. In fact this process produces curves which differ from those 
in Figure 8 by less than 3 per cent. at any point. 

If we know the total flux received from the quiet Sun, it is possible to 
assign absolute magnitudes of brightness temperature to the contours of Figure 10. 
For this, the apparent disk temperature (Z,) of the quiet Sun was taken as 
7-0X104°K. This temperature was deduced from the lowest limits of solar 
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Photograph of the Sun at the total eclipse June 30, 1954 (M. Waldmeier), 


Aust. J. Phys., Vol. 8, No. 4 


RADIO BRIGHTNESS OVER THE SOLAR DISK. IIT 483 


radio frequency flux as published in the I.A.U. Quarterly Bulletin of Solar 
Activity. During 1953, the lowest limits of flux coincided with the complete 
absence of local bright regions on the solar disk as seen on our records, and hence . 
these values may be taken to refer to the quiet Sun. 


V. THE DISTRIBUTION : FEATURES 

The most outstanding feature of the distribution is the departure from 
circular symmetry. This characteristic has been found elsewhere at lower 
frequencies. Eclipse observations by Denisse, Blum, and Steinberg (1952) at 
169 Mc/s were interpreted to demonstrate marked departure from a circularly 
Symmetrical source. The source was shown to extend 1:6 times further in 
the equatorial direction than in the direction of the solar axis. More recently 
O’Brien (1953), from observations at 1-4 m, has given a two-dimensional distribu- 
tion which extends 1-2 times further along the equatorial direction than in the , 
direction of the solar axis. The lower contours of the distribution in Figure 10 
also show this feature. If we choose the contour at which the brightness 
temperature has fallen to half the centre value, then the radial extent is 1-25 Ry 
in the equatorial direction, whereas it is 0-94 R, in the direction of the poles. 


The contours of Figure 10 are at equal intervals of brightness temperature 
T,=4:0x108 °K, the brightness temperature at the centre being 4-7 x104 °K. 


The limb-brightening reported in Part I is found to be confined to the 
equatorial regions. The peak of brightness appears to fall just inside the optical 
limb, rather than just beyond, as predicted theoretically. This discrepancy 
may not be significant, however, as the effect of the aerial beam has not been 
removed, and it is readily seen that smoothing by the aerial beam could cause 
the peak to fall inside its true position. The value of the peak in the derived 
brightness temperature is 1-46 times the value at the centre, i.e. 6-8 x104 °K, 
and falls off to 1-2 times in a direction 60° from the pole. At angles less than 
30° no limb brightening occurs at all (see Fig. 11). Another effect of the aerial 
beam, which has been pointed out in Part II, is to make the real values for the 
peak brightness indeterminate. Hence the true brightness temperatures at 
the optical limb may be considerably higher than the values quoted. 


The heliographic latitude at which limb-brightening ends is about 55°, which 
is approximately the latitude at which changes in the coronal structure can be 
seen at times of sunspot minimum. This feature is shown very clearly in the 
- remarkable photograph (Plate 2) of the solar corona obtained by Waldmeier* 
during the eclipse of June 1954. At this time the sunspot activity cycle was in 
its minimum phase, and the Sun was exceptionally free from active regions ; 
hence the photograph is very well suited for comparison with the derived quiet 
Sun distribution. The photograph shows that the structure and extent of the 
corona change at latitudes around 50° to 60°; at latitudes higher than these, 
‘polar plumes appear, while near the equator the corona extends to form well- 
defined wings. The corresponding feature at the 55° latitude in the derived 


* We are indebted to Professor M. Waldmeier for permission to reproduce this photograph. 
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brightness distribution (Fig. 10) is the change from limb-brightening to limb- 
darkening. 

The greater radial extent in the equatorial direction compared with that 
in the direction of the poles is also evident in the photograph. This feature 
can be compared in more detail with the radio brightness distribution, since 
the photographic image shows an apparent limit to the corona, and this limit is, 
in fact, a brightness contour for the corona. If we compare this contour with 
those of Figure 10, we find that the 8000 °K contour follows closely the outline 
of the corona as it appears in the photograph. (The ‘ kinks” in the optical 
picture would not be expected to appear in the radio picture because of the 
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Fig. 11.—Derived radial brightness distributions in several directions with 
respect to the pole of the Sun. 


smoothing effect of the radio aerial.) In both cases the part of the solar corona 
that is depicted is optically thin. This means that the contours represent lines 
of constant numbers of electrons integrated along the line of sight in the optical 
case, and (assuming uniform coronal temperature) constant means of the square 
of this number over regions around the line of sight in the radio case. The 
agreement between radio and optical contours (within the limitations imposed 
by the smaller resolution of the radio telescope) is satisfactory. It highlights 
the complementary nature of radio and optical studies of the Sun, and it may be 
taken as substantiating prevailing ideas on the origin of quiet Sun radiation at 
centimetre wavelengths. 


VI. THE DISTRIBUTION : DISCUSSION 
It is generally agreed that at decimetre wavelengths pronounced limb- 
brightening is likely to occur because of the large increase in the coronal contribu- 
tion to the radiation at the limb compared with that at the centre of the disk. 
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The radiation in the centre emanates mainly from the chromosphere. This is 
because the opacity of the corona in the line of sight ig relatively small. Near 
the limb, however, the emergent ray is confined to the corona and, because the 
ray pate in this region is longer, the opacity is greater. Since the electron 
temperature of the corona is much higher than that of the chromosphere, the 
brightness temperature observed in these regions may be higher. 

In the two-dimensional distribution presented in Figure 10 this brightening 
occurs in the equatorial region, the degree of brightness and the position at which 
it occurs conforming qualitatively with the values predicted theoretically from 
simple solar models. 

The observed brightness distribution, by itself, cannot be used to derive 
the distribution of temperature and pressure anywhere in the solar atmosphere. 
Even if similar information at other radio frequencies is available, it appears 
that a determination of these quantities requires the addition of information 
from optical solar observations. One procedure that can be adopted is to 
postulate model solar atmospheres which are consistent with what is known 
from optical observations and to compare the theoretical brightness distributions 
from such sources with that derived from observation. This comparison, 
however, is not usually direct. It must be remembered that the observations 
have been made with an aerial system of some particular resolving power, and 
unresolved features in the emitting surface of the Sun cannot be reproduced 
from the observations. Near the limb of the Sun’s disk, where rapid changes 
in brightness with radial distance may occur, smoothing by the aerial system 
may be expected, and observed peak values of brightness temperature may fall 
well below the true values. A comparison between observed and theoretical 
brightness distributions should therefore be made using distributions which 
have been smoothed to the same extent. 

In this paper we shall not attempt a detailed comparison between the 
observed and theoretical brightness distributions; we shall simply indicate 
that the brightness temperatures derived from the observations, and the temper- 
atures expected from simple models based on available optical and radio data, 
are not grossly at variance. 

For the appropriate period, that is, of sunspot minimum, the only values 
available for the electron density in the Sun’s corona are those of van de Hulst 
(1949), who has tabulated the densities for both the equatorial and polar regions 
of the corona. If we employ these values in a simple solar model in which a 
uniform temperature corona is assumed, and consider two points at a radius of 
1-05 times the optical radius of the Sun where only coronal emission will be 
observed, we find that, for a 10° °K corona, the brightness temperature at the 
equator would be 5:7 x104°K and at the pole, 2-0 x104°K.* These values 
are in order of magnitude agreement with those of 4-7 x 104 °K and 1-4 x10* °K 
derived from our observations. 

The derived brightness temperature for the central ray is of importance 
because in this region one may expect that the finite beam width of the aerial 


* The authors wish to thank Mr. S. F. Smerd for some of his unpublished computations 
which were used in these calculations. 


486 WwW. N. CHRISTIANSEN AND J. A. WARBURTON 


will produce little error in the measurement. If we use the same model corona 
as before, we find that about 15 per cent. of the radiation in the central ray 
originates in the corona. Hence the chromospheric component has an effective 
brightness temperature of 4x104°K. To relate this value with electron 
temperatures and pressures in the chromosphere one may combine the result 
with those at other frequencies and also with the results of optical observations, 
as was done, for example, by Piddington (1954). 


(a) Long-term Variations in the Quiet Sun 

The radio-frequency brightness distribution in Figure 10 has been obtained 
from observations made at or near to a minimum of the sunspot cycle. As the 
region of origin of radiation at this wavelength lies partly in the corona, it is 
possible that the brightness distribution may change with the solar cycle as 
visual observations of the corona strongly suggest. Evidence of changes in 
the radio emission from the quiet Sun during the solar cycle was found by 
Covington (1949) and Christiansen and Hindman (1951). However, the latter 
results have been challenged by Piddington and Davies (1953), who consider 
that previous estimates of the quiet Sun radiation, made during sunspot 
maximum, actually involved a considerable proportion of radiation from old 
active regions on the Sun. They conclude that there has been no significant 
change in the output of the quiet Sun. Further measurements of the radio 
brightness distribution at other times in the solar cycle are obviously needed to 
resolve the problem of whether the quiet Sun does or does not change during 
the sunspot cycle. 


VII. CONCLUSIONS 

The measurements of brightness distributions at a wavelength of 21 cm 
have shown that at sunspot minimum the brightness shows differences between 
equatorial and polar regions which agree qualitatively with the eclipse photo- 
graphs of the Sun at sunspot minimum. Further measurements will be required 
to determine whether there are significant changes in the brightness distribution 
during the course of a solar cycle. From visual observations this would be 
expected, and we must wait until the cycle moves away from its minimum 
phase before we can verify the changes which have been predicted. 
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SOLAR BRIGHTNESS DISTRIBUTION AT A WAVELENGTH 
OF 60 CENTIMETRES 


I. THE QUIET SUN 
By G. Swarup and R. PARTHASARATHY* 


[Manuscript received July 15, 1955] 


Summary 


A multiple-element interferometer has been employed to determine one-dimensional 
distributions of radio brightness over the quiet Sun at a wavelength of 60 cm for scanning 
directions varying from 90° to 60° with respect to the central meridian of the Sun. These 
observations have been compared with measurements by other workers at the same, 
or nearly the same, wavelength. The present observations are reasonably consistent 
with the two-dimensional brightness distribution derived recently by O’Brien and 
Tandberg-Hanssen with a two-aerial interferometer, but do not agree with the earlier 
results of Stanier at the same wavelength. The disdgreement, largely the absence of the 
theoretically predicted limb-brightening in Stanier’s results, may reflect actual changes 
in the Sun over the solar cycle. However, the possibility of localized disturbed regions 
affecting Stanier’s results for the quiet Sun cannot be eliminated. 


I. INTRODUCTION 

Solar radiation at decimetre wavelengths is known to consist of a steady 
background, attributed to the quiet Sun, and variable components that are 
emitted by localized disturbed regions on the Sun. 

The brightness distribution of the quiet Sun is of considerable interest 
because of the information it may give on conditions in the solar chromosphere 
and corona. On the basis of model solar atmospheres derived from optical 
observations several workers have suggested that the Sun should show limb- 
brightening at decimetre wavelengths. 

' The first attempts to investigate this were made using eclipse observations. 
Christiansen, Yabsley, and Mills (1949) made detailed observations of an eclipse 
in 1948 to investigate the radio brightness distribution over the solar disk at a 
wavelength of 50cm. But their results were not conclusive as it was found 
difficult to isolate completely the ‘‘ quiet ’? component of solar radiation. In 
addition, the eclipse curve was insensitive to widely different, assumed distribu- 
tions. Stanier (1950) used a two-aerial interferometer to derive a distribution 
across the quiet Sun at a wavelength of 60cm. This showed no limb-brightening. 
On the other hand, limb-brightening at shorter wavelengths has been deduced 
from the recent observations at 3cm by Alon, Arsac, and Steinberg (1953, 
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1955), at 10 cm by Covington and Broten (1954), and at 21 em by Christiansen 
and Warburton (1953); 1955). 


It has been found difficult to explain Stanier’s distribution on the basis 
of currently accepted solar models. With the technique employed by him, 
however, there was no direct way of eliminating with certainty the slowly varying 
component of solar radiation. The observations were taken near the maximum 
phase of the solar cycle and it was likely that a number of localized, disturbed 
regions may have existed on the Sun. The possibility of unsuspected, localized 
radio-bright regions on the Sun affecting Stanier’s result prompted us to use an 
independent technique to explore the brightness distribution across the quiet 
Sun at the same wavelength, by means of a 32-element interferometer. The 
usefulness of a multiple-element interferometer of high resolving power for a 
study of the different components of the solar radiation in the range of decimetre 
wavelengths has been shown by the results of Christiansen and Warburton 
(1953a, 1953b) at 21 cm. 

The preliminary results of our observations of the quiet component of solar 
radiation, which showed considerable limb-brightening, were reported at the 
XIth General Assembly of U.R.S.I. At the same time it was reported from 
Cambridge that a recent experiment with a two-aerial interferometer also 
demonstrated limb-brightening at a wavelength of 60cm. Brief reports of the 
results with these two independent techniques have been published recently 
(O’Brien and Tandberg-Hanssen 1955; Swarup and Parthasarathy 1955). 
The two results are compared here. 


The results emerging from our observations of radiation from localized 
disturbed regions on the Sun will be submitted in another paper. 


II. EQUIPMENT 
The 32-element interferometer has been described in detail by Christiansen 
and Warburton (1953a). It consists of 32 paraboloidal aerials, each 66 in. in 
diameter, arranged at intervals of 23 ft in a straight line lying approximately 
in an east-west direction. The aerials are joined to a sensitive radio receiver 
by a branching system of two-wire open-transmission lines. For the present 
study, the aerial system was converted to operate at a wavelength of 60 cm. 


The interferometer gives a number of fan-shaped beams which, at a wave- 
length of 60cm, are separated by 4:9°. The calculated half-power width of 
the central beam in an east-west direction is 8-2 min of are. Owing to rotation 
of the Harth, each fan-shaped beam scans the solar disk stripwise producing 
a number of one-dimensional distributions across the solar disk on da 
Some of the daily records are shown in Figure 1. aS 


The aerial pattern was experimentally determined by observing the response 
of the radio source of Cygnus whose width at this frequency is much an 
than that of the aerial beam. The half-power width of the rahctaroetae 
beam thus determined was found to be 8:7 min of are, instead of the calculat 
value of 8-2 min of are. The beam width was also measured by apeariniite 
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the excess radiation of a strong, localized, bright region (see Fig. 1 (¢c)) over 
that of the steady background due to the quiet Sun. This also gave the half- 
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Fig. 1 (a).—A typical record of the passage of the Sun through successive aerial beams. 
Fig. 1 (b).—A record for July 6, 1954 showing a small localized 
bright region. The dotted line indicates the quiet Sun. 
Fig. 1 (c).—A record for December 12, 1954 showing a large bright 
region. 


power width as 8:7 min of are. The aerial pattern thus determined is shown 
in Figure 2, together with the theoretical curve for a beam of 8-2 min of arc 
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Fig. 2.Theoretical aerial pattern (broken line) compared with the derived response 
of a localized bright region on the solar disk (full line). 
width. The two are reasonably similar. Differences in the value of side lobes 
could be due to small experimental errors. 
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III. OBSERVATIONS 
The contribution of radiation from the localized bright regions on the solar 
disk can be separated from the steady base-level component due to the quiet 
Sun by superimposing a number of daily records, using the method described by 
Christiansen and Warburton (1953b). The lower envelope of the records is 
taken to be the one-dimensional distribution across the quiet Sun. The daily 
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Fig. 3.—Superimposed daily records of the one-dimensional brightness distribution across the 

Sun for several periods during July 1954 to March 1955. (a) July 18—August 5, 9=38°; 

(6) August 9-September 1, p=11-5°; (c) December 15—January 3, p=—3°; (d) February 7— 

March 4, p=26°. is the mean angle between the scanning direction and the central meridian 

of the Sun ; it changed by about 6° in each observing period. P is the power received in arbitrary 

units. § is the angle in minutes of arc between the centre of the visible disk and the centre of 
the aerial beam. 


records were superimposed in groups of about 20 for several periods during July 
1954 to March 1955. The superimposed records are shown in Figure 3. The 
estimated base level is indicated by a dotted line. On several days during this 
period the observed records coincided with this estimated base level. At such 
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times optical observations showed that there was no sign of sunspots or chromo- 
spheric faculae on the Sun. Hence we may conclude that the lower envelope 
of the superimposed records does, in fact, refer to the quiet Sun. 


The direction of scanning of the solar disk by the aerial beam changed 
during the period of recording as a result of a variation in the position angle P 
of the solar axis. On normalizing the one-dimensional distributions across the 
quiet Sun, shown in Figure 3, to the same reference axes, it is noted that the 
diagrams become narrower in width when the scanning direction changes from 
90° to 60° with respect to the central meridian of the Sun. This is demonstrated: 
in Figure 4 and implies that at a wavelength of 60cm the solar disk is not. 
circular, but has a maximum width in the equatorial region. This is consistent. 
with the findings of Christiansen and Warburton (1955) at 21 cm wavelength: 
and of O’Brien (1953) at 1-5m wavelength. Recent two-dimensional results: 
of O’Brien and Tandberg-Hanssen (1955) at 60 cm confirm this. 
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Fig. 4.—One-dimensional distributions over the quiet Sun (normalized to the 
same area) for scanning directions of 90° (full line) and 64° (broken line) with. 
respect to the Sun’s central meridian. 


ITV. COMPARISONS AND DISCUSSION 

The present observations covered only a limited range of scanning directions.. 
It was, therefore, not possible to derive a two-dimensional picture of the Sun 
without making assumptions about the Sun’s shape. However, we can compare 
our one-dimensional distributions with the results derived by other workers at: 
the same or nearly the same wavelength. 

The comparisons to be made are with the results of Stanier (1950) and 
O’Brien and Tandberg-Hanssen (1955) and with the eclipse observations by 
various workers. ‘These other measurements were made at different phases 
of the solar cycle, and this must be taken into account in any comparison. It. 
may be mentioned here that in the present investigations the base level for the 
apparent disk temperature of the Sun at 60cm was estimated to be 3-8 x10° °K, 
whereas at the time of Stanier’s measurements it was estimated to be 5-4 x10°°K. 
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(a) Comparison with the Results of Stanier 

Stanier used a variable-spacing two-aerial interferometer to derive the 
solar brightness distribution at a wavelength of 60cm. He scanned the solar 
disk in the equatorial direction. To compare his results with ours, it was 
necessary to allow for a difference in the response for the received Fourier 
components in the two aerial systems. The overall spacing of Stanier’s and our 
aerial systems is similar. That means the same range of Fourier components 
was measured in the two observations. However, the weighting of the Fourier 
components differs in the two aerial systems. The variable-spacing two-aerial 
interferometer attaches equal weights to all components, while the multiple- 
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Fig. 5.—Comparison of our one-dimensional distribution over the quiet Sun 
for equatorial scanning direction (full line) with that derived on smoothing 
Stanier’s distribution with our aerial beam (broken line). 


element interferometer attaches weights which decrease steadily towards the 
cut-off frequency. Allowing for this difference, the comparison was made in 
two different ways. - 

First, the one-dimensional distribution obtained by us for the equatorial 
scanning direction was compared with that of Stanier’s. The latter was not 
published in his paper. It was here derived by smoothing the published radial 
brightness distribution, which was derived on the assumption of circular 
symmetry, by our aerial pattern. This is an equivalent process to reducing the 
weights of the Fourier components in Stanier’s distribution to those of ours. 
The two curves are shown in Figure 5 ; they differ by amounts which considerably 
exceed our estimated error. 

The effect of this disagreement shows out more clearly when the corres- 
ponding radial brightness distributions are compared. For the purpose of this 
comparison we derived the radial brightness distribution from our equatorial 
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Scan by assuming, like Stanier, a circularly symmetrical Sun. The different 
response of the two aerial systems was here allowed for by restoring the Fourier 
components of our one-dimensional distribution. This was done by an approxi- 
mate method described by Bracewell (1955). Our radial brightness distribution 
shows considerable limb-brightening (Fig. 6) whereas Stanier’s results show 
limb-darkening. 


(b) Comparison with the Results of O’Brien and Tandberg-Hanssen 
Recently O’Brien and Tandberg-Hanssen (1955) obtained a two-dimensional 
distribution across the Sun at 60 em by a series of measurements with a variable- 
Spacing two-aerial interferometer in which the Sun was scanned in several 
directions. Their distribution, which is non-circular, exhibits limb-brightening. 
In order to compare our one-dimensional distributions with their two-dimensional 
a5 
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Fig. 6.—Radial brightness distribution across the solar disk at 60 cm 

derived on assumption of circular symmetry. The full line is the one 

derived by us and the broken line that by Stanier. Both are normalized 
for the same apparent disk temperature of the Sun. 


distribution, the latter was smoothed by the aerial pattern of the 32-element 
interferometer. The smoothed curves for scanning directions of 90° and 64° 
with respect to the central meridian of the Sun are in fair agreement with our 
one-dimensional distributions when the Sun was scanned in the same directions. 
The results are shown in Figure 7. 

The remaining discrepancy we believe to be greater than our errors of 
observation. Since both series of observations are subject to limitations of 
resolving power associated with the aerial aperture or spacings employed, we 
examined the distribution of the Fourier components of the two distributions. 
The distribution for the equatorial scanning direction was used in each case. 
Our distribution shows significant components nearly to the cut-off frequency 
corresponding to the size of our aerial system (aperture 350 wavelengths). 
O’Brien and Tandberg-Hanssen used spacings up to 260 wavelengths, but were 
unable to detect any components greater than that corresponding to a spacing 
of 200 wavelengths. In addition, on July 6 and 7 when O’Brien and Tandberg- 
Hanssen obtained one of the records, there was a localized bright region of low 
intensity (see Fig. 1 (b)) which would not be detected in their experiment and 
would have produced a small error in the results. 
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(c) Comparison with Eclipse Results 
have shown above that Stanier’s observations do not agree with the 
ones. This may merely reflect actual changes in the quiet Sun, as 


geen at a wavelength of 60 cm, between the two observing periods. To examine 


RECEIVED POWER (ARBITRARY UNITS) 


RECEIVED POWER (ARBITRARY UNITS) 


ESTIMATED 
ce 


MAXIMUM 
ERROR 


(eee | L ti af ee aes: L ee Rees SC 
fo} 0-2 O-4 0-6 0-8 10 1-2 1-4 1-6 1-8 2-0 2-2 2-4 
DISTANCE FROM CENTRE OF DISK (UNITS OF Ro) 


-——— 


ESTIMATED 
era MAXIMUM 


ERROR 


0-4 
oO-2 


ie} o-2 0-4 0:6 0-8 1-0 ors 1-4 16 1:8 2-0 ee 2:4 
DISTANCE FROM CENTRE OF DISK (UNITS OF Ro) 


(b) 


Fig. 7.—Comparison of our one-dimensional distributions (full line) with those 


‘derived on smoothing the two-dimensional distribution of O’Brien and 
‘Tandberg-Hanssen with our aerial beam (broken line). (a) Scanning direction 


90°, (6) scanning direction 64°. 
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this possibility various brightness distributions were compared with eclipse 
results. 

O’Brien (1953) found reasonable agreement of Stanier’s distribution with 
the 1948 eclipse results of Christiansen, Yabsley, and Mills (1949). But agree- 
ment with an eclipse curve is not very significant, though a disagreement is, 
because the eclipse curves are insensitive to widely different brightness distribu- 
tions ; for instance, Blum (1953) showed that an elliptical model of the Sun 
could also explain the eclipse results of Christiansen, Yabsley, and Mills. 
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Fig. 8.—Comparison of 1948 eclipse curves at 50 cm with the artificial 
eclipse curve derived for the brightness distribution of O’Brien and 
Tandberg-Hanssen at 60 cm. 
Artificial eclipse curve derived for the distribution of O’Brien 
and Tandberg-Hanssen. 
Observed curve for 1948 eclipse. 
---- Curve derived for the quiet Sun by Christiansen, Yabsley, 

and Mills. 


However, the 1948 eclipse curve derived for the quiet Sun by Christiansen, 
Yabsley, and Mills for the observing station, Strahan, does not agree with the 
curve obtained by artificially eclipsing the distribution of O’Brien and Tandberg- 
Hanssen (see Fig. 8). It is true that the 1948 quiet Sun curve was derived 
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indirectly and may not be correct. However, at the maximum phase of the 
eclipse the artificial eclipse curve gives the same residual as the directly observed 
experimental curve. The former refers to the quiet Sun while the latter clearly 
exhibits the presence of excess radiation from localized disturbed regions situated 
in the eclipsed part of the Sun. Only the north polar region of the Sun was not 
eclipsed. It is difficult to reconcile the presence of the same residual unless the 
quiet Sun distribution has changed during the period from 1948 to 1954. The 
alternative explanation is that at the time of the 1948 eclipse the radiation from 
localized regions in the vicinity of the pole (that is, the uneclipsed part) was 
equal to or greater than that from these regions in the equatorial zone of the 
Sun. This would seem most unlikely. 

O’Brien and Tandberg-Hanssen (1955) claim that their results conform 
with 1954 eclipse observations. Their radio brightness distribution also agrees 
with our observations. Therefore the disagreement with the 1948 eclipse curve 
suggests that the quiet Sun may have changed during the period. Such a 
change might be expected, since it is well known that marked changes in the 
appearance of the solar corona occur during the solar cycle. 


V. CONCLUSIONS 

One-dimensional distributions over the quiet Sun have been obtained for 
the present minimum phase of the solar cycle. The method employed draws a 
clear distinction between the quiet Sun radiation and that from temporary and 
localized disturbed regions. This is not so for the method employed by Stanier 
who derived the brightness distribution over the quiet Sun at the same wave- 
length during the last maximum phase of the solar cycle. The measurements 
described here do not agree with Stanier’s results. However, the measurements 
are in reasonably good agreement with the two-dimensional distribution over 
the Sun at the same wavelength derived by O’Brien and Tandberg-Hanssen 
with Stanier’s method. Evidence is presented which suggests that the brightness 
distribution over the quiet Sun may have changed between the last sunspot 
maximum and the present sunspot minimum. But it is not possible to say 
whether this change fully accounts for the discrepancy between Stanier’s and 
our results, or whether Stanier’s quiet Sun distribution was affected by radiation 
from disturbed regions which might have been present in the Sun at the time 
of observations. 
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APPARENT INTENSITY VARIATIONS OF THE RADIO SOURCE 
HYDRA-A 


By O. B. SLEE* 


[Manuscript received August 15, 1955] 


Summary 


This paper describes the results of a detailed study of the flux density of the discrete 
radio source, Hydra-A. Over a period of 12 months, approximately 200 measurements 
of the Hydra-A intensity were compared with a similar number of observations on 
other strong sources. It was concluded that the observed flux density of Hydra-A 
is much more variable than that of these other sources, although no periodic changes 
have yet been detected. Possible mechanisms for the observed intensity changes are 
discussed. 


I. INTRODUCTION 

In the course of a survey of cosmic radio noise in 1946 Hey, Parsons, and 
Phillips noticed that the intensity recorded from a region in Cygnus exhibited 
marked variability ; they suggested that this variable radiation originated in 
a source of small angular size. In 1947 Bolton and Stanley showed that such a 
discrete source of radiation did exist, and in addition were able to detect a few 
similar objects. Since these initial discoveries, several hundred discrete radio 
sources have been reported by different workers in both northern and southern 
hemispheres. It was soon demonstrated that the intensity fluctuations which 
led to the discovery of the Cygnus source were ionospheric in origin and that the 
emission of the source was constant to within the accuracy of measurement. 
However, the interest in the constancy of other discrete sources has remained 
because of the great astronomical significance of any variability which can be 
established. . 

From the results of a survey in which the intensities of about 100 sources 
with declinations between 10° and 80° were measured almost daily for 18 months, 
Ryle and Elsmore (1951) concluded that none showed any variation in intensity 
greater than 10 per cent. No such systematic survey has yet been undertaken 
by workers in the southern hemisphere, but from the many observations made 
at this laboratory on the stronger sources it was concluded that their intensities 
appeared to be constant within 10 per cent., a figure set by the errors of measure- 
ment. However, during the course of a discrete source survey (Bolton, Stanley, 
and Slee 1954), the author was impressed by apparent changes in the flux density 
of the source Hydra-A. The position given by Mills (1952) is R.A. 
09 hr 15 min 46 sec, Dec. —11° 55’ (epoch 1950) and its I.A.U. number 09S81A. 
The intensities for two consecutive records differed by 30 per cent., although 


* Division of Radiophysics, C.8.I.R.O., University Grounds, Sydney. 


APPARENT RADIO INTENSITY VARIATIONS OF HYDRA-A 499 


sources which appeared on the records at earlier and later rising times showed no 
significant change. In April 1954, the 110 Me/s sea interferometer at Dover 
Heights, Sydney, became available for a systematic study of this source, which 
was recorded as often as possible until December 1954 when it was decided to 
transfer the observations to a meridian transit instrument on a site near Sydney ; 
by this means it was hoped to eliminate effects associated with very low angles 
of observation. 

Since the measurement of absolute flux density is subject to factors which 
may vary in an unknown manner with time, the observed intensity of the Hydra 
source on any day was compared with that of one or more of the bright radio 
sources in Taurus, Virgo, Centaurus, and Fornax, all of which were observed 
within a few hours of each other. In this way, measurements of the intensity 
of the Hydra source were largely freed from the effects of calibration errors, 
and, in addition, a series of records was obtained of other sources for comparison 
with the suspected variable source. 


The observations support the conclusion that the observed intensity of 
Hydra-A is more variable than that of the four comparison sources. 


II. THE OBSERVATIONS 

(a) Rising Measurements 
The equipment and techniques used in this series of observations have 
been described in detail elsewhere (Bolton and Slee 1953). The sensitivity of 
the equipment was monitored by frequent observations of one or more of the 
intense sources in Taurus, Virgo, Centaurus, and Fornax. Information con- 
cerning the five sources is given in Table 1. Two examples of records obtained 


TABLE | 
DETAILS OF THE FIVE SOURCES OBSERVED 


Source Flux Approximate ae No. of 
Density* at Position (1950) Copsdiaakee Observations 
: 100 Me/s a ; 
onstel- | LA.U. |(Wm?(c/s)* Ree eee. 
See No. x 10%) ee Dec. eeee sages ca Rising Transit 
(hr min) (hr min) 
Hydra .. | 09SIA 2°5 09 16] —11° 55’| 02 45 105° 108 91 
Taurus .. | 05N2A 19-0 05 31 22° 00’| 00 30 60° 33 65 
Virgo .. | 12N1A 12-0 i228 12° 40’| 07 00 75° 25 95 
Centaurus 13844 7/3) 13 22 | —42° 40’| 04 465 140° 20 57 
Fornax .. | 03S3A 2-5 03" 20) = 37° 187 "19 10) | 185° 19 — 


* The intensities quoted refer to interferometer measurements at 100 Me/s. 


in this series are shown in Figure 1, in which Hydra-A, rising at 02 hr 45 min, 
is in both cases calibrated by the Taurus source rising at 00 hr 30 min. These 
records illustrate a typical change of 20 per cent. in the Hydra-A flux density 
between the two observations, while no significant change is visible in the 
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Taurus source; it is also apparent that the difference in the intensities of 
Hydra-A was maintained for the period of observation lasting about 1 hr. 


It is believed that scintillation effects, examples of which appear on the 
interference patterns of Figure 1, are the major source of error in reading the 
records. In order to ascertain if scintillations caused systematic errors in the 
recorded intensities of the sources, the scintillation indices for the records of 
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Fig. 1.—Typical records of Hydra-A and a comparison source obtained in the 

rising observations. The average deflection due to Hydra-A is 20 per cent. greater 

in the upper record than in the lower. Scintillations are visible on the interference 
fringes of both records. 


the Hydra source were plotted against the estimated daily deviations from the 
mean intensity. The resulting plot, shown in Figure 2, indicates that there 
is no direct correlation between the apparent intensity of the source and the 
scintillation index. 


(b) Transit Observations 


From early December 1954 to July 1955, the Hydra source, together with 
the three comparison sources in Taurus, Virgo, and Centaurus, was recorded 
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almost daily during meridian transit, using portion of the 85 Me/s “‘ cross ” 
aerial, of which a description by Mills, Little, and Sheridan is in preparation. 


The east-west arm of the aerial produces a fan-shaped response pattern, 
0 -6° east-west and 50° north-south, between half-power points. A large number 
of radio sources at different declinations therefore passes through the beam at 
meridian transit. By amplifying the output of the east-west arm and its 
associated receiver in a D.C. amplifier, Hydra-A and the three comparison 
sources were recorded at transit. Two sample records taken on successive nights 
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Fig. 2.—A correlation diagram of the scintillation indices and estimated 
deviations from the mean intensity for the rising series of observations on 
Hydra-A. 


are shown in Figure 3, in which the deflection due to Hydra-A at 09 hr 16 min 
has changed by 30 per cent. ; other sources on the records show no appreciable 
alteration. 

Any sensitivity changes which took place during the series were assumed 
to be very slow in character, and were measured by computing running intensity 
means of 10 consecutive records of each of the comparison sources ; in practice 
it was found that only small corrections were needed to bring the intensity 
measurements to a common scale for direct comparison with each other over 


long periods of time. 
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III. ANALYSIS OF RESULTS 

The daily measured intensities for Hydra-A and a comparison source are 
plotted in Figure 4. The comparison source plotted for the rising measurements 
is a composite one, obtained by bringing the intensity measurements of the 
Taurus, Virgo, Fornax, and Centaurus sources to a common scale ; this procedure 
was necessary as normally only one comparison source was recorded at any 
particular time of the year. In the transit observations, Virgo-A has been 
shown for comparison, but similar plots are obtained for the Taurus and Centaurus 
sources. 


Fig. 3.—Typical records of Hydra-A and the three comparison sources 

in Taurus, Virgo, and Centaurus obtained during the transit observa- 

tions. In the upper record of April 4, 1955, the intensity of Hydra-A is 

10 per cent. above the mean and in the lower record of April 5, 1955, 
30 per cent. below the mean. 


It is obvious from Figure 4 that the observed intensity of Hydra-A possesses 
a greater range of values than the comparison sources. This difference is 
probably shown more effectively in Figures 5 (a) and 5 (b), which are histograms 
of the intensity distributions for the rising and transit observations respectively. 


In interpreting the significance of the differences between Hydra-A and the 
comparison sources, it should be noticed that in both series of observations the 
suspected variable was compared with sources which were of higher signal-to-noise 
ratio at the receiver, except for the recordings of Fornax-A in the rising observa- 
tions and Taurus-A in the transit series. One might therefore expect a larger 
scatter in the Hydra-A intensities. However, when the transit results were 
subjected to statistical analysis, details of which are given in Table 2, it was 
found that the standard deviations of the three comparison sources were very 
similar despite large differences in signal-to-receiver noise fluctuation ratios. 
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It may be concluded that the noise fluctuation level was not high enough to 
Seriously affect the accuracy of intensity measurements for any of the sources. 
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Fig. 4.—Plots of the daily observed intensities of Hydra-A and the comparison sources. All 
sources have been brought to a common arbitrary intensity scale of mean value 10 units. (a) and 
(b) refer to the rising and transit observations respectively. The upper diagram in each figure 
shows the results for the comparison source, and the lower for Hydra-A. The open circle of (0) 
refers to an interferometer measurement. The crosses plotted in December represent values 

transferred from the other series of measurements during the overlap of observations. 


The above evidence is suggestive of a real variation in the apparent intensity 
of Hydra-A, but it is insufficient for a conclusive demonstration. Fortunately, 


TABLE 2 
RELATIONSHIP BETWEEN SIGNAL-TO-NOISE RATIO AND 
ACCURACY OF INTENSITY MEASUREMENTS 


Source Signal-to-noise | % Standard 
Ratio Deviation 
Hydra-A ... ae 10 12-2 
Virgo-A oc He 15 5-3 
Taurus-A.. ee 10 6-0 
Centaurus-A st 30 6-1 


simultaneous or nearly simultaneous observations of the source with two different 
instruments are available. These serve to strengthen considerably the belief 
in a real variation. 
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Large intensity fluctuations of the Hydra source have, to some extent, 
been confirmed by Carter (1955), who observed the source at transit with 
an east-west interferometer operating at 101 Mc/s with a spacing of either 
90 or 1000 wavelengths. The observations were made during April, May, 
June 1955, and on some of these days simultaneous records were obtained by 
the author with the east-west arm of the “cross’’. A statistical comparison 
of the Hydra-A intensities measured on the two systems showed a significant 
correlation. Three very significant reductions in the Hydra-A flux density, 
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Fig. 5.—Histograms showing the distributions of intensities for Hydra-A 
and the comparison sources. (a) and (b) refer to the rising and transit 
observations respectively. 


amounting to as much as 70 per cent. of the mean intensity, were measured 
with the interferometer during this period, and on one of these occasions, April B, 
1955, a simultaneous record was obtained by the author; the two values of 
flux density, shown plotted in Figure 4, were well correlated with each other 
on this particular day. It should be pointed out that, on the three days con- 
cerned, the intensity of the source appeared constant during the interferometer 
observations lasting about 1 hr. 


During the transition from rising to transit observations in December 1954 
records were obtained of Hydra-A with both instruments on six days, the eine 
of observation differing by approximately 6 hr. Both sets of intensity measure- 
ments for the days concerned have been superimposed in Figure 4, which shows 
a high correlation between the two series. 
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The flux density of Hydra-A does not appear to change in a periodic manner 
over an interval of a few days, as is the case for many variable stars, but rather 
varies randomly about the mean from day to day. This conclusion is supported 
by the results of an autocorrelation test of the transit measurements. Inter- 
ferometer observations have shown that the source intensity is sensibly constant 
for periods approaching 6 hr ; the average “ fading time ”’ of the source therefore 
appears to lie between 6 and 24 hr. 


IV. DISCUSSION 

The observations support the conclusion that the observed flux density 
of the discrete radio source in Hydra is variable. Possible mechanisms for the 
production of the observed intensity variations may operate either in the source 
or during transmission of the radiation through space or the terrestrial atmos- 
phere. No definite information is as yet available to fix the origin of the Hydra-A 
radiation, but obviously if this can be done, then possible mechanisms may be 
more clearly defined. 

Using the full resolution of the 85 Me/s “ cross ”’, Mills (unpublished data) 
finds that the Stake of the Hydra source is R.A. 09 hr 15 min 40 sec+4 see, 
Dec. —11° 52-5’+2’ (1950). The radio position is practically coincident with 
that of a faint oe which has been photographed by Baade, and its spectrum 
obtained by Minkowski using the 200 in. telescope (personal communication, 
Minkowski to Mills). It is found to display a double nucleus suggesting a very 
close approach of two galaxies, but there are no abnormalities in the spectrum 
to suggest that an actual collision may be in progress as in the case of the Cygnus 
radio source. It is not possible therefore to positively identify the radio source 
with the galaxy. However, if the optical object is responsible for the Hydra-A 
radiation, it is unlikely that the observed short-term variations in the radio flux 
density could be due to inherent changes in the radio emission of the galaxy 
unless the radio energy is emitted from only a small region. Measurements 
by Carter (1955) suggest that the half-brightness size of the Hydra source in the 
east-west direction is approximately 1-5’, a figure which is consistent with the 
dimensions of the galaxy. 

Short-period fluctuations or scintillations in radio-source intensities are 
known to occur quite frequently, and have been studied extensively by several 
workers. Scintillation activity is believed due to the diffraction or focusing 
of the radiation by irregularities of about 5 km dimensions in the / and £ regions 
of the ionosphere. However, very few cases of general absorption of the radia- 
tion at frequencies of the order of 100 Me/s are known. Bolton, Slee, and 
Stanley (1953) reported that on three occasions out of about 1000 observations 
of the Cygnus source at rising, marked general absorption for periods up to 1 hr 
were noticed, but on these occasions fast and intense scintillations were also 
present. Since the flux density variations of Hydra-A show no correlation with 
scintillation activity, it is very unlikely that they are produced by the same 
mechanisms. The characteristics of the # and F regions of the ionosphere were 
examined at approximately the times of the observed intensity extremes shown 
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by the Hydra source; the hourly values recorded at the Christchurch (New 
Zealand) ionospheric station were compared with the rising measurements, and 
the Canberra (Australia) hourly values used for the transit observations. No 
significant departures from normality were recorded in the critical frequencies 
of the ionospheric layers on these occasions. The daily magnetic variations 
recorded at Toolangi (Australia) for the same days were also examined with 
negative results. It must therefore be concluded that the large reductions in 
the Hydra-A intensity, which are believed to have special significance, cannot 
be explained by any well-known ionospheric effect. However, in view of the 
small angular size of the source compared with the comparison sources, it is 
possible that ionospheric effects may be more severe. One method of estimating 
the effect of the ionosphere on the radiation from sources of different angular 
sizes is to study their average scintillation indices. The radiation from the 
Hydra-A and Virgo-A sources at rising traverses equal path lengths through the 
ionosphere, and the sources differ in angular size by a factor of three. Since the 
average scintillation indices for the two sources over a period of 12 months are 
almost equal, it seems improbable that an ionospheric mechanism, selective to 
source size, produces the observed intensity changes in Hydra-A. 


It has been suggested that a potential mechanism for the production of 
intensity variations in the Hydra source is the Faraday effect, that is, the 
rotation of the plane of polarization of a plane polarized wave during its passage 
through an ionized gas in the presence of a magnetic field. Murray and 
Hargreaves (1954) showed that such a mechanism was probably responsible 
for the slow fading of lunar echoes at a frequency of 120 Mc/s during transmission 
through the terrestrial ionosphere. However, in the case of the Hydra-A 
radiation, the ionized region responsible need not necessarily be located near the 
Earth, but could conceivably exist near the source or in interstellar space. In 
order to account for the observed intensity variations, the Hydra-A radiation 
would need to be plane polarized to the extent of at least 50 per cent. If present, 
polarization percentages of this order should be relatively easy to detect. 


Finally, it is interesting to consider the implications of assuming that the 
variability of intensity is an intrinsic property of the source. It is clear that the 
physical dimensions of the source would be unlikely to exceed the distance 
an electromagnetic wave is propagated in a time of the order of the “ fadiig 
time’, that is, a distance of one “light-day ”’. Taken in conjunction with 
the angular size of about 1-5’, this would suggest that the source must be within 
a few parsecs of the Sun. Such a distance, if correct, would seriously undermine 
some of the current ideas about the distribution of radio sources. 
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ROTATION AND OTHER MOTIONS OF THE MAGELLANIC 
CLOUDS FROM RADIO OBSERVATIONS 


By F. J. Kerr* and G. DE VAUCOULEURST 


[Manuscript received August 15, 1955] 


Summary 
The radial velocities measured in a survey of the 21 cm line from the Magellanic 
Clouds are discussed, principally in terms of the median velocity for each line profile. 
It is shown that each Cloud is rotating, and the analysis confirms the view, based on 
optical evidence, that the Clouds are flattened and tilted systems. The gas is probably 
the least flattened constituent of each Cloud and shows a large decrease of rotational 
speed with increasing distance from the equatorial plane. 


The mean radial velocities of the Large and Small Clouds with respect to the Sun, 
weighted according to the 21cm surface brightness, are found to be +280 and 
+161 km/sec. Other internal motions, both systematic and random, are also indicated 
by the profiles. 


I. INTRODUCTION 
New possibilities for studying large-scale motions of galactic systems have 
been opened up by the detection of 21cm line radiation from interstellar 
hydrogen. This radiation, in common with other types of radio-frequency 
radiation, is able to penetrate through very large distances in interstellar space. 
In addition, it has made possible for the first time the measurement of velocities 
in these extensive regions which are visible to the radio waves but not to light. 


Studies of the line radiation suffer from the limited resolution which is a 
characteristic of radio equipment. This is not always a disadvantage, however, 
when systematic effects are being investigated. For example, when velocity 
measurements are made with limited resolution, an average is directly obtained 
over a substantial area. On the other hand, when optical observations are 
made on individual objects (stars, emission nebulae, etc.), a large sample is 
required to eliminate the effects of the velocity dispersion among such objects. 


The Magellanic Clouds,t being the nearest external galaxies, are specially 
suitable objects for study, since each subtends an angle of several degrees and 
can therefore be explored in some detail. A preliminary survey of 21 em 
radiation from the Clouds has been described in an earlier paper (Kerr, Hindman, 
and Robinson (1954), referred to below as paper I), which contains an account of 
the technique employed and the observational results obtained, together with 
a partial analysis. Despite the nearness of the Clouds, less is known about 


* Division of Radiophysics, C.S.I.R.O., University Grounds, Sydney. 
+ Yale-Columbia Southern Station, Mt. Stromlo, Canberra. 


{ A review of current knowledge of the Clouds has recently been published by Buscombe, 
Gascoigne, and de Vaucouleurs (1954). 
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their motions than is the case for several other external systems. This is largely 
due to their southern location, which makes them inaccessible to the few optical 
telescopes equipped with suitable spectrographs. The optical information so 
far available is restricted to radial velocities for 17 emission nebulae in the Large 
Cloud and one in the Small Cloud, obtained some 40 years ago during the D. O. 
Mills Expedition of the Lick Observatory to the southern hemisphere (Wilson 
1917). 

Following a suggestion made by Wilson, Hertzsprung (1920) re-examined 
the data for evidence of rotation of the Large Cloud. He found no clear rotation, 
but concluded that the observations could be interpreted as indicating a common 
translational motion of the two Clouds through space, nearly at right angles 
to the line of sight. This suggestion was also discussed by Luyten (1928), and 
later extended by Wilson (1944), who derived a space velocity of 550 km/sec 
towards /=140°, b=—32°. Such a large velocity is unlikely, however, in view 
of the small velocity dispersion among galaxies belonging to the local group 
(Mayall 1946). 

In this paper, the distribution of the 21 cm velocities reported in paper I 
will be used to show that each Cloud is rotating and then the other motions 
observed in the Clouds will be briefly considered.* The problem of deriving 
the masses of the Clouds from observations of the rotational and random motions 
will be considered in a later paper. 

The treatment followed here is largely a two-dimensional one, as the analysis 
was initially based on the median velocity of each profile, which is the simplest 
single parameter. It is clear, however, that the rotational motion is far more 
complicated than indicated by the simple treatment, and radio studies open up 
possibilities of deriving the three-dimensional distribution of gas density and 
rotational motion. Some information on the space distribution can be obtained 
from the present data, but a full three-dimensional study, involving detailed 
consideration of the fine structure of the line profiles, has been left until better 
observations are available. 


II. OBSERVATIONAL DATA 

The observations described in paper I were carried out using an aerial of 
beam width 1-5° between half-power points,t and a receiver with a bandwidth 
of 40 ke/s, which corresponds to a velocity range of 8 km/sec. 

Profiles were obtained for about 250 different regions in the Clouds. Hach 
profile gives the received power as a function of frequency, or velocity, and thus 
gives the velocity distribution of the radiating gas, averaged over a volume in 
the Cloud defined by the aerial beam. 

The scanning technique employed in these observations was such that the 
profiles were built up from a number of constant-frequency sweeps across the 


* A short discussion of the velocity data was included in a paper presented to a meeting 
of the American Astronomical Society (Kerr and Hindman 1953). The tentative interpretation 
given there, including a large translational motion, was necessarily based on a very brief perusal 
of the data, and this has since been considerably modified, in view of the new optical results 
giving evidence of spiral structure (de Vaucouleurs 1954a). 

+ The beam width was incorrectly quoted in paper I as 1-0°. 
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region containing the Clouds. Profiles were drawn for points on a lattice spaced 
1° in declination and 10 min in Right Ascension. With a beam width of 1-5°, 
these points are substantially independent. Adjacent profiles are not quite 
independent, however, since these preliminary observations did not delineate 
each profile completely and in some cases points had to be estimated by inter- 
polation from the shapes of neighbouring profiles. 


Some typical profiles were shown in paper I, and others are presented below. 
In the central part of the Small Cloud the curves are smooth, but elsewhere they 
are more complex. The line widths (between half-power points) are about 
50 km/sec, with minor variations over the region. 


Fig. 1.—Galactic rotation correction. The contours (thick lines) show, in km/sec, the amount 

to be subtracted from the Magellanic Cloud residual velocities for a 10 km/sec increase in the 

adopted value of vg, the galactic rotation velocity. The dashed lines show for comparison the 
major axes derived from the radio data. (a) The Large Cloud, (b) the Small Cloud. 


In the main discussion in this paper, each profile is represented by a single 
parameter. This is the median radial velocity, the velocity where the ordinate 
halves the area under the profile.* In Section IV, however, the velocities of 
the major peaks in some of the Large Cloud profiles are discussed, and the 
significance of the median and peak velocities considered. ~ 


Smoothed contours of the observed median radial velocity were presented 
in Plate 2, Figure 3, of paperI. Before the results can be analysed, it is necessary 


to remove the effects arising from solar motion and galactic rotation. The 
standard values adopted in the reduction were as follows : 


(a) Solar motion, 20 km/sec in a direction «=18 hr 00 min, 5=30-0° (1900) 
(J=23°5", 'b=21-6°) 5 


(b) galactic rotation, 270 km/sec towards 1=57°, b=0°. 


* This quantity was called the “‘ mean radial velocity ”’ 


in paper I, but it is more correctly 
a median. 
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(Reynolds reflector photograph, Commonwealth Observatory.) 


an asymmetrical spiral of the Magellanic type seen edgewise. 


Aust. J. Phys., Vol. 8, No. 4 
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The solar motion is so small that the exact choice of the velocity vector to 
be used is of little consequence. The value to be taken for galactic rotation, 
however, requires more consideration. Adoption of any other value than that 
used would change the absolute magnitude of all the residual velocities, but 
would have a smaller effect on conclusions based on the variation of velocity 
across each Cloud. The magnitude of such effects can be seen from Figure 1, 
in which is plotted the amount by which the residual velocity must be reduced | 
for each increase of 10 km/sec in the galactic rotation velocity.* 

The lines of equal correction are approximately parallel to the major axes 
used later in deriving rotational curves for the two Clouds. Hence the possibility 
of error in the adopted velocity of galactic rotation need not be considered 
when discussing the rotation of the Clouds, but is important in the derivation 
of the velocity of one Cloud relative to the other. 

The residual median radial velocities, obtained by correcting the observed 
velocities for solar motion and galactic rotation, are given in Plates 1 and 2, 
superposed on photographs of the Clouds. Positive radial velocities are directed 
away from the observer. The accuracy of these individual velocities is discussed 
in Section IIT (ce). 


III. Rotation CURVES FROM MEDIAN RADIO VELOCITIES 

The Magellanic Clouds have the appearance of irregular systems. Their 
extent in depth, i.e. whether they are flattened or spheroidal, has long been 
uncertain. One of us (de Vaucouleurs 1954a, 1954b, 1955a, 1955b) has recently 
shown that both Clouds have considerable spiral structure in their outlying 
parts, and that their outer optical isophotes are elliptical in shape. These 
results suggest that the Clouds are flattened systems inclined to the line of sight ; 
this view is supported by the great flattening observed in NGC 55, which we 
believe to be a galaxy of Magellanic type, seen edge-on (Plate 3).t 


TABLE 1 
GEOMETRICAL DATA 
Angle of Position Angle Coordinates of 
Tilt of Major Axis Centre C (1950) 
DMO... 65+5° 160+5°f 05 hr 24 min, —69-8° 
SMC .. 30+2° 45+2° 00 hr 51 min, —73-1° 


{ An earlier value, 165°, was used in the analysis shown in Figure 2 (a). 


Table 1 gives the values derived from the optical study, together with 
estimates of the probable errors, for (a) the angle of tilt, ie. the angle between 
the line of sight and the equatorial plane, (6) the orientation of the major axis 
of the elliptical projection, measured anticlockwise from the northern end of 
the hour circle through the centre of the Cloud, and (c) the “ geometrical ”’ centre 
OC of each Cloud, taken as the centre of the axial bar. 


* 10 cos b cos (J—J,) km/sec, where J, is the longitude of the galactic centre. 
+ Additional evidence that NGC 55 is probably of Magellanic type is obtained from recent 
3-5m measurements (Mills 1955). 
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(a) Large Cloud 
Rotational motion can be looked for in either Cloud by plotting the residual 
velocities along its major axis. The analysis has been carried out in two stages. 


In order to establish the existence of rotation in the Large Cloud, the optical 
values for the major axis and the centre were used and the median velocities 
plotted for points in a narrow sector within --20° of the major axis. These 
points are shown by the filled circles in Figure 2 (a). They have a substantial 
scatter, but delineate a curve which is clearly of rotational type, analogous to 
those observed in M31 (Babcock 1939 ; Mayall 1950; Baade and Mayall 1951) 
and M33 (Mayall and Aller 1942). 


After establishing the existence of rotational motion, the restriction to a 
narrow sector near the major axis was removed, and the whole set of data used 
-to derive the best velocity curve. For the Large Cloud, all points within a 
sector --60° about the major axis were treated in this way. In obtaining a 
rotational velocity from each observed radial velocity, allowance was made for 
the position angle of the point concerned and the tilt of the system, assuming 
circular orbits. The appropriate relations are given in Appendix I. 


The first analysis of this type was done with reference to the optical centre 
C: the individual points are plotted in Figure 2 (a), and the mean curve in 
Figure 2 (b). There are maxima of the differential velocities at 3-4° from the 
centre, on both sides of the axis, beyond which the velocities decrease in a way 
consistent with the Keplerian branch of a rotation curve. 


The mean curve based on the optical centre of the Cloud is markedly 
asymmetrical. Since the Cloud itself is asymmetrical in form, we might conclude 
from the shape of this curve that the rotation pattern is also asymmetrical, 
but this is unlikely. Therefore an attempt was made to find a symmetrical 
curve from the radio data alone, so that existing theory could be applied. 


A number of trials were made to derive the best values for the systemic 
velocity, the position of the centre, and the orientation of the major axis ; the 
first two were found from symmetry considerations, the last by maximizing the 
velocity variation. The analysis gave 170° for the position angle of the major 
axis, which is in satisfactory agreement with the optical value. The projected 
direction of the axis of rotation, the minor axis of the elliptical projection, is 
in position angle 80°. 

The radio centre of rotation, C,, at 05 hr 20 min, —68-8°, is, however, 
appreciably displaced from the optical centre C at 05 hr 24 min, —69-8°. The 
disagreement between the two centres is presumably associated with the asym- 
metrical shape of the Large Cloud ; the position which was taken as the optical 
centre C is the centre of the innermost spiral pattern of dark matter and the 
geometrical centre of the axial bar, whereas the centre of rotation must be 
related to the centre of mass of the whole system. For comparison, the centroid 
C,, of the projected hydrogen distribution was found to be at 05 hr 35 min, 
—68-5°, and the centroid C’ of the surface distribution of the brighter stars 
(M<4-7) at 05 hr 33 min, —67-7°. The positions of the various centres are 
shown in Plate 1. 
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The above-mentioned values for position angle and centre of rotation were 
found to give a symmetrical velocity curve (see Figs. 3 (a), 3 (b)), and this will 
be used in the subsequent discussion of the mass of the Cloud, with points 
from the north and south sides of the system taken together to give the best 
mean curve (Fig. 4). 

This curve gives a maximum value for the median rotational velocity of 
the Large Cloud of 17-5 sec 7 km/sec at 3-2° from the centre (or 2-5 kpe, taking 
the distance as 45 kpc). A Keplerian branch is well defined, extending out to 
about three times the distance of the velocity maximum. The shape of the 
curve is less reliable, however, in the outer parts where the lower intensity of 
the radiation leads to a greater scatter in the derived velocities. 


20 
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Fig. 4.—Mean rotational curve for the Large Cloud, obtained 

by taking the mean curve of Figure 3 (6) as symmetrical (based 

on median radial velocities). The plotted points are overlapping 
15-point means. 


The conversion from the line-of-sight component, v, cos 7, to the actual 
rotational velocity, v,, introduces a large uncertainty. The tilt angle of the 
Large Cloud is in the range where the secant varies rapidly with angle, so that a 
given proportional uncertainty in the tilt produces amplified effects in the 
rotational velocity and in the derived mass, which are proportional to sec + 
and sec? 7 respectively. The optically-derived value of the tilt, 65°, leads 
to a rotational velocity of 41 km/sec; the velocity range corresponding to 
the -+5° probable error in tilt is 35-51 km/sec. 

The radio rotational analysis can in principle provide an alternative method 
of deriving the tilt, but, as in the optical case, the method is very insensitive. 
to variations of tilt when the system under investigation is nearly face-on. 
The radio results suggest that the tilt may be somewhat larger than 65°, but 
the present data are not sufficiently good to provide a satisfactory value. 

The radio evidence for rotation gives support to the optically derived 
picture mentioned above, in which the Large Cloud is a flattened and tilted 
system showing extensive spiral structure. The sense of the tilt cannot be 
deduced from the optical evidence mentioned above, but an analysis of observa- 
tions of Cepheid magnitudes (de Vaucouleurs 1954a, 1955a) suggests that the 
near side of the system is its north-following side. The sense of rotation 
derived on this assumption implies that the main spiral arm is trailing, as 
had already been suggested by the few optical velocities previously available. 
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(b) Small Cloud 

The Small Cloud is tilted at a smaller angle to the line of sight (30°), so 
that the uncertainty in the tilt presents less difficulty in this case. The shape 
of the Small Cloud, however, has the complication that, in addition to the 
compact main body of the Cloud which dominates optical observations, there is 
a large prominence, or wing, extending towards the Large Cloud. This 
prominence is a striking feature of the 21 em observations, although optically 
it is much narrower and somewhat shorter. 

As with the Large Cloud, the median radial velocities for the Small Cloud 
were first analysed with respect to the optical centre, and then a new centre 
was derived from the radio data alone. The best rotational curve is obtained 
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(a) (b) 
Fig. 5.—Rotational curves for the Small Cloud with respect to the derived radio centre of rotation, 
C,, 01 hr 10 min, —732°, position angle of major axis=40° (axis of rotation =130°) using median 
radial velocities. Systemic velocity, v,=—17 km/sec. 
(a) Individual points; @ major axis +20°, © sectors 20°-40° from major axis, [-] mean 
of points along minor axis. 
(b) Mean curve; overlapping 10-point means. 


with the centre O, at 01 hr 10 min, —73}°, and the major axis at position angle 
40° (axis of rotation 130°), an orientation which agrees well with the optical 
value. A plot using these values, and covering a sector +40° about the major 
axis, is given in Figure 5 (a), and the mean curve in Figure 5 (b). In this case, 
the observations were only just sufficient to go beyond the point of maximum 
velocity, but the curve is consistent with the assumption of rotation. The 
maximum rotational velocity for the Small Cloud is 26 sec 30°, ie. 30 km/sec, 
at a distance of 4:5° (3-5 kpc) from the centre. 

The centre of rotation derived above is well displaced from the optical 
centre C, 00 hr 51 min, —73-1°, in the direction of the prominence, but the fact 
that it is displaced towards the centroid of the neutral hydrogen distribution, 
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C,,, 01 hr 20 min, —72-5°, supports the interpretation that it indicates the real 
centre of mass. For comparison, the centroid of the bright stars, C’, is at 
01 hr 00 min, —72-5° (see Plate 2). 


(c) Reliability of Data 

An assessment of the internal consistency of the data can now be obtained 
from the deviations of the individual observed velocities from the mean rotational 
curve. The root-mean-square deviation is found to be 4-3 km/sec for the Large 
Cloud, and 6-7 km/sec for the Small Cloud. These values can be taken as 
upper limits for the relative observational errors, since they also include effects 
of systematic internal motions other than rotation. 

The external consistency will be considered in Section IV, through a com- 
parison with optical data. 

Each observation refers to the region seen by an aerial whose half-power 
beam width is 1-5°. The observed velocity curves have therefore been smoothed 
to some extent by the aerial pattern, thereby lowering the velocity maximum. 
This effect will be corrected in a later paper which will discuss the masses of the 
Clouds. 


IV. COMPARISON OF RADIO AND OPTICAL VELOCITIES 

An upper limit for the external and absolute errors in the radio velocities 
can be obtained by comparing them where possible with available optical 
velocities (Wilson 1917). The agreement to be expected is limited by the fact 
that each optical velocity refers to a particular object, whereas the corresponding 
radio velocity refers to a mean over a large region. Further, as will be shown 
below, there are systematic differences between the optical velocities and the 
radio median radial velocities due to differences in effective depths in the Clouds. 
These systematic differences are additional to the effects of small-scale turbulence 
in the medium and the observational errors, so that the comparison sets only an 
upper limit to the combined radio and optical uncertainties. The r.m.s. value 
of the difference between corresponding radio and optical velocities is found 
to be 14 km/sec. 

From a detailed examination (de»Vaucouleurs 1955¢c) of the individual 
measurements of the optical spectra of Cloud nebulosities (Campbell and Moore 
1918) the internal mean error of a velocity based on one plate of unit weight has 
been estimated at about 11 km/sec. Most optical velocities are based on three or 
four plates with a total weight between 2 and 3, hence have a mean error of the 
order of 8 km/sec, or 10 km/sec if the velocity dispersion amongst the objects 
themselves is included. Since the radio velocities have a mean error of the order 
of 5 km/sec (Section III (c)), one would expect an r.m.s. value of the order of 
9 km/sec (11 km/sec including the cosmic dispersion) for the difference between 
radio and optical velocities. The fact that a slightly larger value (14 km/sec) 
is observed suggests that systematic differences might be present, which call 
for a closer scrutiny. 

The mean difference between the 17 pairs of optical and radio velocities 
is +2 km/sec, which is a little less than the estimated probable error of such a 
mean. Hence the Doppler shifts at the two wavelengths are equal, within the 
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limits set by the observational uncertainty and the fact that different quantities 
are being measured in the two types of observation. This result is of 
philosophical interest because this is the first occasion on which it has been 
possible to compare directly Doppler shifts at radio and optical wavelengths, 
and also by inference the velocities of radio and light waves, outside the Earth- 
Moon system. 

It is important to compare in greater detail the velocities measured by radio 
and optical methods, because along any particular line of sight the former refer 
to a weighted mean through the whole thickness of the system while the latter 
refer to a discrete sample of test objects presumably located in or close to the 
equatorial plane. This location is suggested by comparison with other spiral 
galaxies in which the stars which excite the luminescence of the emission 
nebulosities form the most flattened subsystem, and is indicated more definitely 
by the observed distribution of supergiant stars and emission nebulosities in the 
edgewise system of the Magellanic type NGC 55 (Plate 3). It is also strongly 
supported by the small velocity dispersion in the z-component (de Vaucouleurs 
1955¢e). 


TABLE 2 
OPTICAL MEAN POINTS 
Mean Position (1900) | Mean Corresponding 
Group Nos of 4 Velocity Radio Median 
No. Nebulae o | 5 of Radial 
| | 5 
fr eas) / | Nebulae Velocity 
1 4 04 = 5 —69° 24’ +268 +266 
2 3 04 55 | —66° 44’ | 4299 +4281 
3 4 05 2 | —68° 04’ +287 +281 
4 6 05 41 | —69° 38’ | +263 +272 
| 


Optical data are not available for a comparison with radio velocities in 
the Small Cloud, but in the Large Cloud the 17 emission nebulosities observed by 
Wilson (1917) can be used. The mean positions and the velocities for the four 
natural groups which they form are given in Table 2, together with the corres- 
ponding radio velocities. These optical values have been reduced, and corrected 
for the tilt of the Cloud, following the same procedure as for the radio data 
(Section III); they lead to the rotational velocities indicated by the squares 
in Figure 6. 

We notice first that the optical points lie almost exactly on a straight line, 
which passes through the centre of symmetry of the radio curve. The most 
striking feature of Figure 6, however, is that the slope of the optical line is about 
twice that of the straight part of the radio median curve, indicating that the 
emission nebulosities are rotating more rapidly than the bulk of the gas. We 
infer that the emission nebulosities which are part of a more flattened subsystem 
share also in its greater spin, compared with the neutral hydrogen atmosphere. 

Actually many of the 21 cm profiles for the Large Cloud are asymmetrical 
(Fig. 7). The radial velocity of the peak is up to 15 km/sec higher than the 
median radial velocity on the north side, and up to 15 km/sec lower on the south. 
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This velocity difference is about the same as that between the rotation curve 
of the emission nebulosities and that derived from the median velocities of the 
gas (see Fig. 6). We conclude that the gas near the equatorial plane of the Cloud 
is rotating more rapidly, the speed of rotation decreasing on going outwards 
from that plane. Along any line of sight through the Cloud the rotational 
velocity progressively increases to a maximum, and then decreases again. Since 
the density of gas presumably increases towards the equatorial plane, the peak 
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Fig. 6——Comparison between rotation curves : 


—[E]— Wilson’s mean optical velocities of four groups of emission 
nebulosities (p.e. of mean points=4—5 km/sec), 
—x— radio peak velocities (p.e. of mean points=2-3 km/sec), 


-- eee radio median velocities (from Fig. 3 (b)). 


™e 


of the observed profile should refer closely to the equatorial velocity, and will 
differ from the median velocity, which refers to some mean height [ z| above or 
below the equatorial plane, dependent on the ¢-distribution of densities and 
velocities. 

The two curves are compared in Figure 6, indicating that the peak velocities 
are greater than the median velocities throughout ; within 2° from the centre 
they are consistent with the optical velocities, which may then be used to deduce 
the probable course of the equatorial velocity curve near its origin. The greater 
optical velocities near r=3° may mean that the peak radio velocities do not 
refer to z=0 as do the optical values or that the small sample of nebulosities 
is affected by local departures. The difference, however, is partly due to the 
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smoothing of the radio-curve by the finite aerial beam and does not greatly 
exceed the combined uncertainty of both sets of data. 

The line profiles in the weak outer parts are not yet good enough for a 
reliable determination of the peak velocities, so that only a small section of the 
equatorial rotation curve, near the velocity maximum, can be obtained at present. 
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Fig. 7—Examples of the Large Cloud profiles, showing the type 
of asymmetry observed. Values for the “ peak velocity ”’ could be 
identified in about 40 per cent. of the profiles which were obtained. 


V. OTHER MOTIONS OF THE CLOUDS , 

The systematic radial velocity of the hydrogen of each Cloud can be derived 
by taking all the observed median radial velocities and weighting each one 
according to its associated brightness. The values obtained are +280 and 
+161 km/sec for the Large and Small Cloud respectively, with an estimated 
probable error of —-1 km/sec. (For comparison, the median radial velocities 
at the centres of rotation are +276 and +160 km/sec respectively, and the mean 
of Wilson’s optical velocities +276 and +168 km/sec.*) These are the velocities 


* Velocity of one nebulosity only in the case of the Small Cloud, 
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relative to the Sun; after removal of the solar motion and a galactic rotation 
velocity of vg, the systemic velocities become (+280—0-90 v,) and 
(-+161—0-65 v,) respectively ; for v,=270 km/sec, the values are +37 and 
—14 km/sec, for vg=220 km/sec, +82 and +18 km/sec. 

When more complete observational data become available, it may be 
possible to derive the actual space motion of each Cloud, and not merely its 
radial component. As each Cloud subtends a substantial angle, the component 
of a translational motion should vary across the Cloud (Hertzsprung 1920 ; 
Wilson 1944). The present data are not good enough for the rotational and 
translational motions to be separated, but this may be possible later. 

The observed velocity dispersion (the half half-width of the line) in the 
Large Cloud has a mean value of about 25 km/sec, with slightly higher values in 
the central regions and slightly lower values in the outer parts. This velocity 
spread must be due in part to systematic mass motions in the equatorial plane, 
as shown by the irregularity of many of the profiles, and also to the variation of 
rotational speed with depth in the Cloud. There is also a small broadening 
due to the finite receiver bandwidth. Hence the true ‘‘ random ” velocities 
must be somewhat smaller than 25 km/sec, but the various effects cannot be 
separated on present evidence. 


VI. CONCLUSIONS 

The study of the 21 cm velocity distribution over the Large Cloud has 
shown that the Cloud is rotating, and the distribution for the Small Cloud is 
also consistent with a rotational interpretation. In each case the orientation 
of the derived axis of rotation agrees well with the minor axis indicated by 
the ellipticity of the outer optical isophotes. The radio and optical evidence 
taken together lead to a picture in which the Clouds are flattened systems 
inclined to the line of sight, and contain extensive spiral structure ; each Cloud 
bears some resemblance to a barred spiral, but its structure is asymmetrical 
and the centre of rotation appears to be displaced from the centre of the axial 
bar. The neutral hydrogen subsystem is less flattened and less concentrated 
radially than the other constituents and thus may be regarded as a gaseous 
envelope. 

The most extensive rotation curve for the Large Cloud has been derived 
from the median radial velocity for each profile. A comparison with a smaller 
number of optical and radio peak velocities has demonstrated the variation of 
rotational speed with height above and below the equatorial plane and shown 
that the median velocities refer to an unknown mean level which is displaced 
from that plane. Hence a rotational determination of the mass of the Large 
Cloud, which will be considered in a later paper, should be based on a velocity 
curve derived from the peaks of the line profiles, i.e. the equatorial velocity curve, 
rather than on the median velocities. The peak velocity information is not yet 
sufficiently extensive to yield an independent rotation curve, but the median 
velocities can be used to indicate the overall shape of the curve. 

Besides the rotation, the radio velocities have given the radial component 
of the space motion of each Cloud and have shown that the internal random 
velocities are about 20 km/sec. 
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APPENDIX I 
Determination of Rotational Velocity from Observed Radial Velocity, 
allowing for Tilt 
Let ABC (Fig. 8) be the elliptical projection on the celestial sphere of a 
circle of radius r in the equatorial plane of the system, which is inclined at an 
angle i to the line of sight. Let Py be a point on this ellipse at azimuth angle 0, 
and apparent distance 7) from the centre. Then the observed radial velocity 


x 


Fig. 8.—Diagram illustrating the method of 
correcting the observed radial velocities for the tilt 
of the system. 


~~. 


%, at P, is related to the rotational velocity v, of the point P in the corresponding 
circle by the expression 


Vp —¥, =, COS O cos 4, 


where v, is the radial velocity of the system as a whole (systemic velocity), 
and @ is obtained from the observed azimuth angle 0) by 


tan 0=tan 0 cosee 7. 


In this way a value of v, can be derived from each observed v. The corres- 
ponding distance from the centre r is related to the apparent distance 7, by 


r=r, sec O/sec Qo. 


MOVEMENT OF SPORADIC # IONIZATION 
By J. A. HARVEY* 
[Manuscript received July 18, 1955] 


Summary 
The horizontal movement of patches of day-time sporadic EF ionization has been 
observed by using a system of spaced pulse transmitters and a central recorder. The 
directions of movement are mainly towards the north and west, with speeds mainly 
between 40 and 80 m/sec. These velocities differ in direction from the F' region 
disturbances recorded at the same time and have only about half the speed. 


I. INTRODUCTION 
During the last few years, evidence for movement of patches of sporadic # 
ionization (hereafter called #, patches) has come from several sources. Ferrell 
(1948) and Gerson (1950) demonstrated the movement of large patches of 2, 
by using the observations of amateur radio operators. Bramley (1953) tracked 
small patches by using direction finders and Findlay (1953) observed the move- 
ment of small patches by using a phase path method. 


Gerson calculated that the H#, patch movements had speeds of about 
50-60 m/sec in various directions. Bramley, from only a small number of 
instances, found speeds of between 40 and 60 m/sec in various different directions, 
while Findlay’s calculations, for speeds only, gave results of the same order. 


Using a system of spaced pulse transmitters and a common receiver, records 
of virtual height against time (h’t) have been made during the day-time at Sydney 
for the purpose of studying types of horizontal movements occurring in the 
ionosphere. Some results of these experiments, for the / region, have been 
described by Munro (1950). For periods of minutes to hours, H# region echoes 
from heights of about 110-120 km frequently appear on these records. The 
times of occurrence of such echoes, as observed for the three transmissions, 
differ by some minutes. 

Except in about 5 per cent. of the cases considered in this paper, the echoes 
show a constant height for each #, patch. The exceptions show an apparent 
fall in height after the first appearance of the echo and a corresponding rise 
as the echo disappears. During these changes in height, which take about 
10-15 min, the echoes are weak. Assuming that these H, patches have a 
lenticular shape, the apparent change in height shown by the echo would plausibly 
indicate reflection from the edge of an approaching (or receding) H, patch ; 
the rate of change of height would give a measure of the horizontal speed of 
the patch. However, due to difficulties of measurement only very approximate 
speeds can be obtained in this way ; these range between 50 and 100 m/sec. 


* Radio Research Board, ©.8.1.R.O., Electrical Engineering Department, University of 
Sydney. 
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More accurate velocities of movement of the #, patches can be determined 
from the time differences of appearance (and disappearance) of the echoes from 
the three transmitters. Velocities so obtained for the period from November 
1950 to October 1952 are discussed in this paper. 

Algo present on the records are # region echoes which appear simultaneously 
from all three transmitters. They show virtual heights of about 100 km and 
last only a few seconds. These are almost certainly due to transient ionization 
produced by meteors ; they will not be considered further in this paper. 


II. OBSERVING SYSTEM 
Figure 1 shows the relative positions of the three pulse transmitters, the 
recorder, and the corresponding reflection points, assuming a plane and horizontal 
ionosphere. Transmitter 71 and the recorder are located at the University of 
Sydney, 72 at Camden, and 73 at Blaxland. The transmitters operate on a 


PS 
P,T,R 
1 
P4 
= 
2 
) 10 20 30 40 fe) 
a eee 
KM 
Fig. 1. — Plan of observing system. RR, recorder ; 


7, transmitter ; P, projection.of reflection point. Points 
1, 4, and 5 form the observing triangle. 


frequency of 5:8 Mc/s with a pulse duration of 30 usec, a pulse repetitioi 
frequency of 50/sec, and a peak power output of 1 kW. Horizontal half-wave 
aerials are used and the effective power radiated vertically is approximately 
the same for all three. They irradiate the sky directly above them uniformly 
within a cone whose aperture is 130° in the vertical plane perpendicular to the 
aerial and 90° in the vertical plane containing the aerial. The remote trans- 
mitters are slave-triggered by the ground pulse from the master transmitter 
situated at point 1. Triggering delays of about 400 and 1000 usec are introduced 
so that the echoes due to the three transmitters are suitably spaced on the 
record. For timing purposes, and to permit identification of the echoes due to 
each transmitter, 71 is interrupted every minute for a few seconds ; T2 every 
minute (but not synchronously with 71); and 73 every half minute. 


HARVEY PLATE 1 
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Examples of echoes from EH, patches. From bottom to top of each example the order of the 

echoes from the three transmitters is 71, 72, and 73. The height scale applies only to 7'l, the 

pulses from the other transmitters being delayed so as to separate their echoes on the record. 

(a) August 20, 1951: a set of clear H, echoes. The F' echoes are cut off for a few minutes. 

(b) December 25, 1951: a set of clear echoes from a small patch. (c) December 31, 1951: a set 

of slightly diffuse Z, echoes. These show a slight fall in height particularly for the echo from 71. 
A typical F disturbance has occurred near the right-hand end of the # traces. 
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For reception a half-wave aerial is used, oriented approximately at right 
angles to the mean direction of the remote transmitters so as to equalize their 
signals. The echoes, together with height calibration marks, are displayed on a 
cathode-ray tube intensity modulated. The display is photographed on 35-mm 
film moving slowly at right angles to the time base, so producing an h’t record 
of the three sets of echoes. 


III. CHARACTERISTICS OF THE H, PATCHES 

The echoes from the #, patches appear on the records either as clear traces 
or as diffuse traces. The H, echoes producing clear traces show a spread of 
10 km equivalent height, this being the sharpest trace obtainable with the 
recording equipment used. They appear and disappear, sometimes very 
rapidly, with no change in height. The F echoes are frequently cut off, sometimes 
very rapidly and in a number of cases for nearly the full duration of the F, 
echoes. Fading is slow, with periods ranging from a few seconds to one or two 
minutes. In Plate 1, (a) and (bd) illustrate two examples with these properties. 
Diffuse #, echoes, which always appear and disappear gradually, are spread over 
as much as 50 km equivalent height. The / echoes are often blanketed when 
this occurs, the onset of blanketing being gradual. Fading is always fast, with 
periods of less than a second, different parts of the spread echo fading at different 
rates. Some diffuse echoes show a fall in height during the first 15 min after 
appearance and a similar rise before disappearing. This change in height is 
usually about 20-30 km but may be as much as 50 km; the echoes are weak at 
such times. In Plate 1, (c) shows a slightly diffuse echo with a small change in 
height taking place during the 8 min following its first appearance. 


These properties are consistent with the assumption that H, patches are 
sheets (or clouds) of moving ionized particles. The occurrence of clear traces 
showing no height changes suggests that the #, patches sometimes have surfaces 
that are flat and smooth enough to give only specular reflections. The diffuse 
traces suggest that at other times the surfaces are sufficiently rough to give 
scattered, rather than specular, reflections. The initial fall in height, together 
with the accompanying small amplitude of some of the diffuse echoes, also 
suggests that these patches have sufficient thickness to give weak edge scattering 
when as far as 120 km horizontally from the recorder. (The low amplitude of 
these echoes is not due to the aerial radiation patterns—see Section II.) 


The heights of the #, patches lie mainly between 110 and 120 km with 
limits of 100-140 km ; h’f records show that they lie just above the normal EF 
layer, which is usually at a height of 100-110 km. 


IV. ANALYSIS OF RECORDS 
In order to calculate the velocities of the #, patches from the differences 
in time of appearance (or disappearance) of the echoes, it is necessary to assume 
a definite shape for the H, patch. The simplest assumption is to assume that 
the #, patch has leading and trailing edges which are straight and parallel, that 
it is moving with constant velocity, and that it is fixed in size. This enables 
the use of a simple graphical method for calculating the velocities of movement. 


G 
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The validity of this assumption was tested by comparing, for each EH, patch, 
the velocities calculated in three different ways, namely, from the times of 
appearance of the three echoes, from the times of their disappearance, 
and from the times of occurrence of the mid points of the three echo traces. 
If this assumption is valid, these three velocities should be identical. 


Figure 2 is a diagrammatic representation of a typical record of the echoes 
from a small patch of EZ, similar to the example shown in Plate 1 (b). Lines 
1, 2, and 3 represent the echoes of pulses from the three transmitters reflected 
from the HZ, patch, while the ¢’s are the various times of occurrence indicated 


HEIGHT —> 


' ' 
Ui tas tas Ue U3c tac Ur taf Cas 
TIME —> 


Fig. 2.—This diagram represents the echoes from an /, patch, 
similar to the examples in Plate 1 and shows the various times 
referred to in the text. 


by the suffixes s for the start, f for the end, and ¢ for the mid point of each echo 
trace. The starting time differences are then defined as: 


T 9, =1,, —hs Ts, =13, —ty,, 


and similarly the ending time differences. The centre time differences are then 
determined from the relation : 


T,,=(T2,+T 2,)/2; T;,=(L3,+T'3,)/2. 


From these time differences, the corresponding velocities of movement can be 
calculated. As the patches are assumed horizontal and the reflection specular, 
negligible error is incurred by assuming that the reflection points are directly 
above the half-way points between the remote transmitters and the recorder. 
Also, as the angle of incidence of the rays from the remote transmitters is about 
15°, the possible error due to obliquity is also negligible. 


The time of the start and the finish of each echo trace was noted. For all 
patches where the start and finish times for all three echo traces could be read 
to an accuracy of 1 min or better, the time differences were calculated. Many 
of the patches whose echoes showed diffuseness, including all those which showed 
change of height, and also some which showed no diffuseness, were thus rejected. 
The corresponding directions and speeds were then determined from the time 
differences for the remaining patches. 


It was found that the directions and speeds, as calculated from the beginning, 


centre, and ending of the echo traces from an H, patch, were usually different. 
The directions differed by anything from 0° to 180° while the ratio of the speeds 
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varied between 1 and 12 or occasionally more. Figure 3 shows a histogram of 
the distribution of the direction differences for the period from November 1951 
to February 1952. For approximately 60 per cent. of the patches, it shows. 
that the start and finish directions differ by 60° or less but for the remainder 
the direction differences are fairly evenly distributed up to 180°. It appears. 
then that the simple assumptions about shape and movement made above do. 
not always apply. Possible causes of the differences are that the Ei, patches. 
have curved edges, are moving with variable speed, and changing in size and. 
shape. However, it is not possible to determine which of these causes is. 
responsible or to make any estimate of the shape of the patches from observations 
taken at only three points. 


30 
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Fig. 3.—Distribution of the difference between the beginning 
and ending directions of each H, patch, from November 1951 
to February 1952. 


It seemed more reasonable to take the velocities of the centres of the patches: 
rather than those of the edges. This reduced errors due to possible differences 
in output from the three transmitters and any residual effects of obliquity, all 
other equipment effects being common to the three signals. The advantage of 
this method was emphasized by a numerical study of the velocities deduced for 
various regular-shaped patches crossing the observing network, which revealed 
that the centre velocity was consistently more reliable than the velocities of 
the edges. In particular, for triangular and circular patches moving at constant: 
velocity, the centre velocities are correct, and, for constant rate of change of 
size as well, almost correct even though the beginning and ending velocities. 
may be widely different, particularly in the direction component. 

Tn order to establish a criterion for selecting the velocities thus determined 
so that HL, patches with predominantly horizontal movement rather than change 
in size or shape would be used, the numerical calculations of velocities for the 
assumed regular-shaped patches and the observed velocities of the #, patches 
were compared. From this it was decided to select those H, patches whose 
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beginning and ending velocities differed in direction by less than 80° and with 
speed ratios less than 5 to 1. This eliminated about 35 per cent. of the patches. 
Figure 4 shows the difference between using the beginning and ending velocities 
for all the patches, and the velocities of the centres of the selected patches for 
June 1952. It will be seen that the scatter of points is considerably reduced 
by using the selected velocities. 


o? 


270° 90° 270° 


(a) 180° (b) 180° 


Fig. 4.—This diagram shows the reduction of scatter of points obtained by using 

the velocities of the centres of the selected H, patches instead of the velocities of all 

the patches recorded in June 1952. (a) All H, patches using beginning and ending 
velocities ; (b) selected H, patches using centre velocities. 


V. RESULTS 

The recording period was from 0600 to 1800 hr daily, Eastern Australian 
time, and these records were examined for HL, times of appearance and dis- 
appearance for the period from November 1950 to October 1952. At 5-8 Me/s 
during this period, the H, was most prevalent during the summer months of 
November-February. A small subsidiary maximum occurred during the winter 
of 1951 (May-August) but not in 1952; during July and August there was much 
less H, than during the same months of the previous year. H, was almost 
completely absent in March and April of 1951, and in September and October of 
both years. The velocities of the H, patches were then determined and selected 
as described in Section IV. About 65 per cent. of the patches whose velocities 
could be determined were accepted as suitable for investigation. They are 
discussed below, using centre velocities only. 


Figure 5 shows the distribution of occurrence of the H, patches during the 
day from November 1951 to February 1952. The H, was most prevalent during 
the late morning. A similar distribution was found for the previous summer. 
For the winter, the #, occurred mainly between 1200 and 1500 hr. 


It was not possible to get much information on the size and shape of the 
patches using only three observing points. However, from a study of the 
differences in directions and speeds as determined from the beginning and ending 
of the echo traces, it seemed probable that the edges of the H, patches were 
curved rather than straight, and that the patches usually changed in size or 
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shape while crossing the observing points. In size they must have been at least 
as wide as the observing triangle, which is of the order of 25 km, otherwise 


30 


NUMBER OF PATCHES 


TIME (HR) 


Fig. 5.—Distribution of the times of occurrence of the H, patches, 
from November 1951 to February 1952. 


specular reflections from all three transmitters would not occur. An approximate 
value for the length of a patch was obtained by taking the product of the speed 
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Fig. 6.—Distribution of the lengths of the H, patches, from 
November 1951 to February 1952. 


of its centre and the time taken for it to cross the recording point. Figure 6 
shows the distribution of these lengths over the four summer months from 
November 1951 to February 1952. 
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This figure also shows that 13 per cent. of the patches have lengths less than 
25km. This means these patches are shorter than they are wide, the lengths 
of a few being as short as 6km. Of those longer than 25 km, the length/width 
ratio is indeterminate, hence it is not possible to compare the relative proportions 
of short and long patches. 


o° 


180° 


180° 


Fig. 7.—Velocities of the EH, patches. (a) November 1951; 
(6) December ; (c) January 1952; (dq) February ; (e) March and 
April; (f) May-August. 


(a) Velocities 
Figures 7 (a)-7 (d) show polar plots of the velocities of the Ei, patches for 
the four summer months from November 1951 to February 1952. The directions 
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are the vector directions of movement measured in degrees east of north and 
the speeds are measured in m/sec. The directions lay mainly within the sector 
between 270 and 030°. In December, another group appeared around a mean 
direction of 240°; in January, there was a small group around 180°. The 
speeds lay mainly between 20 and 80 m/sec. There was no movement of patches 
in directions lying between 60 and 150°. 

In winter, the directions of movement were similar to those in summer. 
Figure 7 (f) for May-August 1952 shows that the directions lay almost completely 
in the sector between 285 and 45°, the scatter being less than that for the summer. 
For the equinoctial months of March and April 1952, Figure 7 (e) shows{that the 
directions were grouped around 225° but that the scatter was considerable. 


o° 


270° 


180° 180° 


AB 90° 


Fig. 8.—Distribution of directions of the E, patches. (a) Summer 1950-51 ; (6) summer 
1951-52; (c) winter 1951; (d) winter 1952. Circles: number of patches. 


(b) Comparison of 2 Years’ Data 
For summer, Figures 8 (a) and 8 (0b) are histograms of the distribution of 
directions for 1950-51 and 1951-52. During the summer of 1950-51, the 
directions were more westerly than during the summer of 1951-52. Figures 
8 (c) and 8 (d) show the distributions for the winters of 1951 and 1952. Both 
distributions are very similar. In all seasons, summer, equinox, and winter, 
there was no movement of patches in directions lying between 60 and 150°. 
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Figures 9 (a)-9 (d) show histograms of the distribution of speeds for the 
above periods. The bulk of the speeds fell in the range from 20 to 80 m/sec. 
In 1951, there was a larger proportion of higher speeds than in 1952. 


(c) Seasonal and Diurnal Variations 
There are not enough data available to reveal any definite seasonal or 
diurnal changes. The only indication of seasonal change appears to be at the 
March-April equinox of 1952. Here there is a swing of directions of about 90° 
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Fig. 9.—Distribution of speeds of the #, patches. (a) Summer 1950-51 ; 
(6) summer 1951-52; (c) winter 1951; (d) winter 1952. 


towards the south-west. For the same period of 1951 and the September- 
October equinox in both years, there was not enough H, to give adequate 
Statistics. As the EH, was recorded only in the day-time and occurred mainly 
over the limited period of 0800-1200 hr in summer, and 1200-1400 hr in winter, 
no diurnal variation could be found. 


~. 


VI. DISCUSSION OF RESULTS 

The movements of H, patches take place in the HZ region just above the 
normal # height which is usually about 100-105 km. The speeds of movement 
are similar to those found using different methods and in other places, such as 
the fading of echoes by Mitra (1949), Salzberg and Greenstone (1951), and 
Phillips (1952) ; observations of small H, patches using a phase path method by 
Findlay (1953) ; direction-finding of remote transmitters by Bramley (1953) ; 
and observation of meteor trails by Manning, Villard, and Peterson (1950) and 
by Elford and Robertson (1953). Briggs and Spencer (1954) have discussed 
the various methods of measuring horizontal movements, particularly the fading 
method using closely spaced receivers. For the H region, they find a most 
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probable speed of 80 m/sec; this is higher than our most frequent speed 
(60 m/sec) for the E, patches. 

Comparison in detail of the directions of movement of the EH, patches with 
those obtained by other methods is generally difficult owing to the limited 
amount of data for the H, patches. The winds obtained by Elford and Robertson 
of Adelaide (which has a similar latitude to Sydney) for the months of November 
and December 1952, and between 0900 and 1200 hr, were mainly in the direction 
90°. Briggs and Spencer quote similar directions for summer at Cambridge. 
This is almost directly opposite to the directions of the H, patches, which are 
mainly between 270 and 360°. No patches were found moving in the directions 
between 60 and 150°. For winter, Briggs and Spencer quote directions which 
show a steady change through the day and which are 300, 330, and 030°, corres- 
ponding to 240, 210, and 150° for the southern hemisphere at 1200, 1300, and 
1400 hr respectively. This compares approximately with our 340° for the E, 
patches at the same time of day. There appears to be a westerly component 
of velocity in both cases; our north-south component is towards the north 
instead of the south. 

In both seasons the directions of movement of the H, patches are markedly 
different from those found by the echo-fading method, and by reflections from 
meteor trails. This suggests that there is a change of direction of movement 
with height as the H, patches lie above the region (between 85 and 100 km) 
where meteor trails occur, and also above the region producing the fading of 
echoes. This latter cannot be higher than the H layer and may be lower. 


Despite the differences in directions, the similarity of speeds suggests that 
there is a common cause for movements of H, patches, fading patterns, and 
meteor trails. This cause could be winds. Martyn (1953) has discussed the 
drift of ionization due to winds in the presence of the Harth’s magnetic field. 
At Sydney, the effect of the magnetic field on the motion of ionization is negligible 
up to a height of 120km; hence the H, patches move with the wind; above 
120 km the effect of the magnetic field becomes more appreciable. 

Clemmow, Johnson, and Weekes (1955) have discussed a steady state 
solution to the problem of the motion under the influence of a wind of a cylinder 
of ionization differing in density to the surrounding ionized medium and in 
the presence of a magnetic field. For the upper H region, a dense cylinder of 
ionization will move with a velocity different from that of the wind, but the 
difference is not large. 

Both these effects seem insufficient to account for the wide differences 
between the directions of movement of the H, patches, and of the fading patterns 
and the drift of meteor trails. Thus the cause of all the movements appears 
to be winds whose velocity changes with height. 


VII. CoMPARISON WITH F' REGION DISTURBANCES 
From the same records, the movements of F region disturbances as described 
by Munro (1950) are quite different. Table 1 shows the median values of 
direction and speed of both the H, patches and the F' disturbances for two 
summers and two winters. 
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The speeds of F disturbances are about twice those of the E, patches. In 
summer the F directions are almost directly opposite to those of the H, patches 
and lie mainly in the sector where there are no ZL, directions. In winter the 
difference is only about 60°, the F directions having swung round about 90° 
to the north while the EZ, directions have changed only a little. 


TABLE | 
VELOCITIES OF 1, PATCHES AND F DISTURBANCES 
Median values 


HE, Patches F Disturbances 

Season Direction Speed Direction Speed 

(CE. of N.) (m/sec) | (CH. of N.) (m/sec) 
Summer 1950-51 Se 280 58 125 120 
Summer 1951-52 =e 315 57 120 125 
Winter 1951 ae ME 340 60 030 142 
Winter 1952 ae or 330 60 025 145 


VIII. ConcLusions 
The results show that there is definite movement of ionization or ionizing 
sources in the # region. The similarity of the speeds to those obtained both 
by the fading method and by observations of meteor trails, indicates a common 
cause which is probably winds. There is some seasonal change of these winds. 
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SOME OBSERVATIONS OF WIND VELOCITY AUTOCORRELATIONS 
IN THE LOWEST LAYERS OF THE ATMOSPHERE 


By R. J. TAyLor* 


[Manuscript received May 16, 1955] 


Summary 


From wind velocity observations in the lowest layers of the atmosphere, mean 
square velocity differences over a time interval at a point fixed in space are derived 
and their variation with the time interval is considered. The magnitude of these mean 
square differences is related to the rate of viscous dissipation of energy and to the 
shearing stress. On the average, fair agreement with predictions from the dimensional 
arguments of the theory of local isotropy is shown even though the results pertain 
to eddy sizes outside the inertial subrange as usually defined. 


I. INTRODUCTION 

The theory of local isotropy attributed to Kolmogoroff and first expounded 
in English by Batchelor (1947) is generally taken as applying only to the 
** viscous ’’ and “ inertial ’? subranges of eddy sizes and special interest attaches 
to the second of these, that is, to those eddies which are small enough to be 
statistically decoupled from the larger, directionally biassed eddies and yet not 
so small that their motion is appreciably affected by viscous forces. The theory 
is not intended to apply to eddies larger than those in this subrange. Never- 
theless autocorrelations with regularities of the type predicted by this theory 
have been observed in the atmosphere (e.g. Taylor 1952a; MacCready 1953) 
up to eddy sizes several times the height of observation where one would expect 
the influence of the underlying surface in imposing a directional bias to outweigh 
any inherent tendency of the motion towards isotropy. 

It must be realized that the theory of local isotropy in its usual form is 
divisible into two parts: first, the two separate hypotheses of statistical 
decoupling and local isotropy proper and, secondly, the dimensional arguments 
based on them. It would appear that, while these hypotheses are a logical 
basis for the dimensional arguments, they may not be the only possible ones 
and that these arguments may be valid for other reasons even outside the domain 
where a Kolmogoroff “ inertial subrange ’’ can be expected to exist. The purpose 
of this paper is to present a series of results which, though showing wide scatter, 
in the mean exhibit this type of unexpected agreement with the dimensional 
arguments of the theory of local isotropy. 


II. RESULTS 
As part of the programme of field work of the C.S.I.R.O. Division of Meteoro- 
logical Physics, a large number of photographically recorded galvanometer 
traces of the speed, azimuth, and inclination to the horizon of the wind has 
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been made. The techniques involved and other analyses of these records are 
described elsewhere. By means of a process of mechanical computation, it is 
possible to rewrite this information in the form of continuous traces of u, ¥, 
and w; respectively the down-wind, cross-wind, and vertical components of 
velocity. Each of the records used here represents 5 min of recording time. 

Autocorrelation coefficients for a number of different time lags have been 
calculated from the traces of wu, v, and w for a total of nine 5-min runs and are 
exhibited in Table 1 together with relevant meteorological data. The time 
obtained by dividing the height of observation by the mean wind speed has 
also been tabulated as an indication of the time of passage of an eddy of down-wind 
dimension equal to the height of observation. 

Since the original records were made with critically damped galvanometers 
having natural periods of approximately 2 sec, it might be suspected that false 
autocorrelations are thereby introduced into the record. This was investigated 
by considering the equation describing the response, 6(t), of a critically damped 
galvanometer of natural period 27/w to a fluctuating input w’(t), where 0 and w’ 
are to be considered as excursions from mean values. This equation is 


§ +200 +020 =w2w’ (t). 
We define functions 
R,(o)=u'(t)u'(t-+c), 


similar functions involving v and w, 
and 


e(c) =0(4)0(t+<), 


where a bar denotes a mean taken over the whole record. These represent 
the time lag covariances existing in the original quantity and in the galvanometer 
trace respectively. It follows then that 


R=o-~*[6(t)6(t £0) +20{6(t)0(t-+-0) +6(06(t-Lo)} 
+ {0(t)0(¢-+-o) +40(1)6 (t-+o) +6(t)6 \(t+c)} 
+209{6(t)6(¢-+) +0(t)0(t +0)} +. o40(t)0(t+o)]. 


We can now make use of a type of argument introduced by G. I. Taylor 
(1922) to investigate certain properties of a fluctuating quantity. Following 
him, we suppose that a value of p is calculated by reading off values of 6 from 
the record at a large but finite number of points and evaluating the form for ° 
given above. Then we can expect the value of o to remain unaltered if a different 
Set of points, displaced in time by a constant small amount 3¢ from the first set, 
is used instead, that is, 


0(¢)0(¢ +0) =0(¢ +84)0(t-++St +o) 
={0(t) +816(t)}{0(¢ +0) +326(¢-+0)} 
=0(t)0(t +0) +8t{6(t)0(¢-+0) +.6(¢)6(t-+0)}. 
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Therefore 


Q(t)0(t +o) +0(t)6(t+c) = 


By further applications of this principle and also by relating the superior dot 
(which, of course, denotes d/dt) to the operator d/do we simplify the expression 
for R(c) and obtain 

2 io" Lee 

wo? do? | w! do” 


=p — 


so that R can be calculated numerically from a graph showing p as a function 
of co. 

In practice, however, it was found that the terms in d?e/do” and d*4p/do* 
were small except near c=0 where the derivatives of the e curve are hard to 
assess. For o>1 sec, it has therefore been taken that R(c)=p(c), but there 
remains the possibility that a significant error may exist in the mean square of 
uw’, that is, in &(0). 

From the autocorrelation coefficients and mean square velocity fluctuations 
were calculated mean square velocity differences 


uy’? 


Cua ol =f 1}, 


and similar functions D,(o) and D,(c). The logarithms of D were plotted 
against those of o and a typical example of such a graph is shown in Figure 1. 
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LOG o (MEASURED IN SEC) 
Fig. 1.—Variation of mean square velocity difference with time lag. 


O, (U—Ug)?; Xx, (v—v)?; A, (w—we)?. 


When R/u’, the correlation coefficient between u(t) and u(t-+o), is large, 
a comparatively small error in uw’? will have a disproportionately large effect on 
the value of D. In some of the graphs of log D against log o, the values of D 
for c=1 sec and o=1-5 sec appear to be rather too small to be consistent with 
the trend of D for somewhat larger oc. This effect has been attributed to under- 


WIND VELOCITY AUTOCORRELATIONS IN THE ATMOSPHERE 539 


estimation of uw’? and the points concerned have been ignored in considering the 
variation of D with o. 


With the reservation expressed in the previous paragraph, every graph 
showed a fairly straight section rising at slope p, representing the index in the 
proportionality 

Dco?, 


followed by a section of continually decreasing slope and occasionally one of 
negative slope. In Table 2 are presented the values of p for the straight sections 
of the curves and the approximate limiting values of oc beyond which the slopes 
begin to decrease. Values of z/a from Table 1 are repeated here so that they 
may be compared with these limiting o. 


TABLE 2 
VARIATION OF MEAN SQUARE VELOCITY DIFFERENCE WITH TIME LAG 


Date Be ae 0 8.xi.51 8.xi.51 8.xi.51 

Run No. eas xe il 2 3 

Mean sq. differences in: u v w U v w U v w 
tes ar oe ae 1:05 0:87 0-51 0-78 1-038 0:83 0:54 0:72 0-19 
Limiting o (sec) sie 4 4 2 10 4 3 6 3 4 
zu (sec) = as 0-69 3:7 0:34 

Date me =H a 8.xi.51 9.1.52 9.1.52 

Run No. nts a 4 1 2 

Mean sq. differences in: Uu v w U v w | U v w 
(ile Se ae Me ee 0-51 0-52 0-90 0-77 0-67 0-72 0258" 0283 amas 
Limiting o (sec) Som =O 6 4 10 10 10 6 4 <1} 
z/u (sec) Ke 2 3-8 6-8 | 0:38 

eatore WP te es 9.1.52 9.1.52 — 9.x.51 

Run No. 3 nis 3 4 2 

Mean sq. differences in : u v w U v w U v w 
Die = ai 28 ye 0:84 0-64 if 0-51 0:97 0-25 0-61 0:77 0-68 
Limiting o (sec) sca 3 4 + 10 4 6 4 3 24 
zu (sec) ie ond 6-3 0-39 1:7 


* Indeterminate: not enough points on straight portion of graph. 
+ Indeterminate: points too badly scattered for reasonable estimate. 


It is apparent from Table 2 that the quoted values of p apply up to limiting 
values of c which are, in almost every case, several times as large as 2/@ and 
which occasionally rise to 10 or 20 times as large. This is especially so in the 
case of u, though unexpectedly large limiting o for v and w are by no means 
absent. . 

In Table 3, means and standard errors of the means of p are given for 
u, v, and w separately and for all of them taken together. There is some basis 
for suggesting that the observed difference between the mean p for v and that 
for w may be significant. If this is so, it is probably to be attributed to the 
restricting action of the underlying surface on the vertical component and to 
the relative increase in constraint with increasing scale of motion. 


540 R. J. TAYLOR 


III. COMPARISON WITH THEORY 
In considering the dependence of D on parameters of the flow, the theory 
applicable to the inertial subrange immediately suggests either ¢ and o or ¢, W@, 
and o (where ¢ is the rate of dissipation of kinetic energy per unit mass) as 
possible groups of defining parameters. In laboratory studies of turbulent 


TABLE 3 
VALUES OF p IN Doo? 


Component u | v w All 


Mean p .. : ae oe e 0-69 0-78 8 0-69 
Standard error of mean p .. te 0-06 0-05 | 0-10 0-04 


structure, correlations of this type are invariably taken as equivalent to spatial 
correlations over a distance ic and MacCready (1953) and other authors have 
extended this assumption of equivalence to the atmosphere. If this is assumed, 
dimensional analysis indicates that 


D ce? !8G2 [3 G2/3, 


The present writer (1952a) previously took the view that D should be 
considered as a function of cand oalone. Robinson (1953) took up an analogous 
position in considering energy spectra as a function of a time variable (frequency) 
rather than a space variable (wave number) and he adduced evidence in support 
of this attitude. If D depends only on ¢ and o, then dimensional analysis 
leads us to 

Dceo. 


However, the observed mean p for all components offers strong support for 
believing that D is proportional to o?’*. The variation of D with ¢, a, and o 
(if only these three are admitted as significant variables) now becomes deter- 
minate on dimensional grounds, D being proportional to the two-thirds powers 
of « and @, as well as of o. 

A further comparison of these observations with the theory can be made by 
taking advantage of an expression given by Obukhov and Yaglom (1951) 


~~. 


68 (uu (u—u,)>}+| 8 |{(w—u,)2}9/2 —4er/5, 


where v is the kinematic viscosity, wu and wu, are the velocity components, directed 
along 7, at two points distant r from one another, and S is the skewness in the 
distribution of (w—u,). This equation was given in another form by Batchelor 
(1947) but Obukhov and Yaglom point out that, in the terms of the theory, 8 
must be an absolute constant within the limits of eddy size to which the theory 
applies. To make use of this expression we must assume that the mean Square 
velocity differences here considered are equivalent to (w—w ,)? with r given 
by uo. Only D,(o) is of the necessary ‘“ longitudinal ”’ form; D, and D,, 
are concerned with velocity components at right angles to the Gisnaiee to. 
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Following Obukhov and Yaglom, we accept a value of —0-4 for S and neglect 
the term containing v in the inertial subrange. We have then 


0-4.D8/? —4e%o/5, 


and from the constant-p portion of the graphs referred to above it is possible 
to make an estimate of ¢ for each occasion. 


The present writer (Taylor 1952b) has brought forward reasons why « 
can be taken as equal to (t/p)(du/dz) (where z is the shearing stress and o the 
density) in steady conditions and on occasions when the heat flux is not too 
large. From the values of ¢ obtained as described above, values of t were thus 
computed, making use of a wind gradient calculated by logarithmic interpolation 
between mean wind speeds measured simultaneously at two heights. These 
were then compared with values of + determined at the same time from the 
covariance between vertical and horizontal components. The results of this 
comparison are displayed in Table 4. 


TABLE 4 
COMPARISON OF SHEARING STRESSES 
Shearing Stress (dyn cm?) 
Date Run No. 
From From 
Autocorrelations cov(u,w) 
8.xi.51 1 0-19 0:92 
2 3-50 1-41 
3 0-49 2-26 
4 us (—0-86) 
9.1.52 1 d (—0-57) 
2 1-36 1:06 
3 4-31 2-05 
4 0-99 1-81 
Sposa! 2 0-24 0-15 
Mean. . ne are 1-58 1-38 


* The existence, on these occasions, of an upward flux of momentum 
indicates conditions under which the approximation e=(t/e)(Ou/oz) cannot 
be expected to apply. These occasions are therefore omitted from the com- 


parison. 


It is worthy of note that there is relatively good agreement, on the average, 
between the shearing stresses calculated by the two different methods and this 
agreement offers support for the suggestion that the observed proportionality 
between D and (dc)?’? is, indeed, a continuation of a similar proportionality at 
smaller eddy sizes where Obukhov and Yaglom’s expression can be expected, 
on solid theoretical grounds, to apply. For the individual runs, it will be noticed 
that the two shearing stresses often differ quite widely, although the difference 
is never a8 great as an order of magnitude. 

be 
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From the two types of comparison made above, it would appear that 
properties which might be predicted for the inertial subrange can also apply, 
on the average, to eddies of down-wind dimension many times the height of 
observation. 

It is, perhaps, not obvious that these eddies are in fact outside the range 
of local isotropy. Robinson (loc. cit.) claims to have shown equipartition of 
kinetic energy between vertical and horizontal components in the range 3-8 ¢/s 
at 1-5 m above the ground but no evidence of equipartition at lower frequencies 
appears to emerge from his observations. Webb (1955) has carried out some 
spectrum analyses, and from his results it is possible, on two occasions, to 
demonstrate the existence of a band of relatively low frequency having approxi- 
mate equipartition between two components. In neither case, however, does 
this band appear to be an extension of a region of more exact equipartition at 
higher frequencies. 

Eddies within the range of local isotropy must, moreover, show not only 
equipartition of kinetic energy but also zero correlation between two velocity 
components, so that they cannot contribute to the turbulent flux of momentum. 
The contribution of various eddy sizes to this flux has been studied by Deacon 
(1955) who concludes, from an analysis of six measurements of momentum flux 
over 5-min periods, that the greatest contribution to the flux at a height of 28 m 
is from eddies ranging in period from 5 sec to 3min. At the average wind 
speed existing for these measurements, this indicates that the smallest eddy 
contributing to the momentum flux at this height has a down-wind dimension 
of at most 40m. This figure is supported by a result of Panofsky (1953) who 
gives a stress spectrum analysis for a height of 23m. At the existing wind 
speed, the highest frequencies contributing to the shearing stress represent 
eddies of dimension about 40 m. 


Again, a flux measurement at 7m which Deacon has analysed shows 
maximum contribution to the flux by eddies of period 16 see and a small contribu- 
tion from those of period as short as 1 sec, with a mean wind speed of 3-27 m sec-}. 
This indicates that eddies of down-wind dimension about 3m make some 
contribution to the momentum flux at this height. 


In order to obtain lengths from the present results to compare with those, 
quoted, the limiting o (for autocorrelations in uw) as shown in Table 2 were 
multiplied by the appropriate mean wind speeds. At heights of 1-5 and 
29m, where there are several observations, there is considerable variability in 
Uoim but the average values are 24 and 110m respectively. For the one 
result at 7m, @ojim is 17m. Further work on the spectrum of the momentum 
flux is in progress but it already seems clear that considerations both of this 
spectrum and of the partition of kinetic energy among components indicate that 
the observations here dealt with pertain to eddies outside the locally isotropic 
range. 

The continuity relationship between autocorrelation coefficients derived 
by de Karman and Howarth (1938) can be used as a test of isotropy. The 
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analogue of this relationship for local isotropy has been stated by Batchelor 
(1947) and is 


| 
D,=D, +5 or Di 


where D, is a “ longitudinal ’”? mean square velocity difference and D, a ‘ trans- 
verse ’’ one between two points separated by r. Here, D, corresponds to D,, 
D,, to D, or D,,, and r=toc. By putting D,=D,, values of D, were calculated 
in the form given above and from them were derived values of D,/D, and D,,/D, 
(which will be equal to unity in the locally isotropic range). There was a 
considerable amount of scatter but mean values of these ratios at 1-5m and 
29m are given in Table 5. A mean was not calculated unless there were at 
least three results to contribute to it. 


TABLE 5 
TEST OF LOCAL ISOTROPY 

o (sec) 1 13 2 3 = 6 8 10 15 
PD Nac. 0-88 | 0-90 | 0-89 | 1-02 | 0-98 | 0-92 | 0-93 | 0-87 | 0-98 
Dane a= 0-47 | 0-67 | 0-85 | 0-88 | 0-84 | 0-94 | 0-98 | 1-28 

Ww n 

BD 8 0-41 | 0-42 | 0-43 | 0-43 | 0-47 | 0 0-42 
«Meal Copeman 0-42 | 0-35 | 0-30 | 0-26 | 0-24 | 0-22 | 0-19 


Only in the case of D,/D, at 29m is the theoretical value at all nearly 
approached with any consistency though it might be considered (neglecting 
the somewhat suspect values of D for c=1 and 14 sec) that D,,/D,, at this height 
is not significantly different from unity. However, it is more likely that the 
steady growth of D,,/D,, at 29 m from 0-47 to 1-28 is a reflection of the difference 
between the mean observed p for uw and w at this height (0-72 and 0-82 
respectively). Evidence in Table 5 for the existence of local isotropy is very 
doubtful at 29 m and quite absent at 1-5 _m, and the previous conclusion, that 
the observations here dealt with represent eddies outside the locally isotropic 
range, is supported. 


IV. CONCLUSIONS 

It is generally accepted that, in the inertial subrange, the rate of viscous 
dissipation of energy is the only parameter influencing the structure of the flow, 
the statistical characteristics of which are uniquely determined by it. In the 
results here analysed, however, this dependence on ¢ alone does not appear to 
exist. On the average, predictions of the theory of local isotropy are fulfilled 
surprisingly well over a range of eddy sizes to which they were never intended to 
apply but there are considerable discrepancies in individual observations. 

This suggests that ¢, though it no longer possesses all the power it has in 
the inertial subrange, remains an important parameter in the range of eddy 
sizes considered, even though other variables (wind profiles, stability, and the 
like) are beginning to have an effect. The evidence shows that the rate of 
viscous dissipation of kinetic energy has a considerable amount of influence in 
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defining the structure of eddies of a size important in micrometeorological 
investigations and deserves more attention in this type of work than it has 
hitherto received. 
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DISPERSAL OF DUST PARTICLES FROM ELEVATED SOURCES 
By G. T. Csanapy* 
[Manuscript received June 8, 1955] 


Summary 


The equations of Sutton for the atmospheric diffusion of gaseous pollutants are 
extended to the case of particles of appreciable free falling velocity with the boundary 
condition that dust fall rate equals ground level concentration times free falling velocity. 
It is shown that the effect of gravitational settling can be allowed for by (a) substituting 
the height above ground of the downward deflected plume axis for chimney height 
and (6) by introducing a factor «(#,z) as a multiplier to the “ reflection ” term in Sutton’s 
equation. 


I. INTRODUCTION 
Owing to a large extent to the excellent work of Sutton there now exists 
a rational theory of diffusion of gaseous and finely divided particles from industrial 
stacks (Sutton 1932, 1947a, 1947b). Although the theory rests on certain 
simplifying assumptions, it is sufficiently accurate for practical applications, 
taking into account, among other factors, the influence of atmospheric stability. 


An alternative treatment has been given by Bosanquet and Pearson (1936) 
and later applied to larger size particles by Bosanquet, Carey, and Halton (1950). 
This theory, however, fails to account for atmospheric stability and is, as regards 
the extension to finite size particles at least, less rigorous than Sutton’s. 


An extension of Sutton’s formulae to cover gravitational settling has been 
attempted by Baron, Gerhard, and Johnstone (1949) ; an explicit solution has 
however, not been obtained. 

From an engineering point of view rates of dust deposition are probably at 
least as important as maximum ground level concentrations of gaseous pollutants, 
the latter constituting a “‘ public nuisance ”’ relatively rarely while communal 
protests on grit fall have become increasingly numerous in the vicinity of major 
industries. The present article is an attempt to apply Sutton’s theories to the 
problem of dust deposition. 


II. SutTTon’s EQUATIONS 
Using a theorem due to Taylor (1922), Sutton (1932) has obtained an 
expression for the standard deviation of diffusing particles from their mean 


position 
a2 =10242-", 


* New South Wales University of Technology, Wollongong College. 
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where o is the root-mean-square distance of particles, e.g. in a cloud of smoke 
from the centre of the cloud, € is the (constant) virtual eddy diffusion coefficient, 
and #—ut the distance travelled down-wind by the cloud in a wind of mean 
velocity win time interval t. The index “‘n”’ is a parameter affected by atmos- 
pheric stability, having the value 0-25 in a neutral atmosphere, 0-0-25 for high 
lapse rates, and 0-25-1-0 for inversions. 

With the aid of this result Sutton (1947a, 1947b) has derived a good 
approximate expression for eddy diffusion of gases emitted by a chimney : 


W y? _ (2—h) __ (@+h)® 
“70,0 ua2—™ a (ea jexr) C2n2—" nga O242—n) |’ 


where 


ce=concentration of pollutant at some point at a distance 7 down- 
wind from the source, a perpendicular horizontal distance y from 

the plume axis, and an elevation z above ground level ; 

W =strength of source, emitted matter per unit time ; 
C,, C,=virtual diffusion coefficients in the y and z directions respectively ; 
h=chimney height ; 
u=mean wind velocity ; 
nm=parameter of stability. 


On close examination the expression in the square brackets is seen to 
consist of two terms with a definite physical significance : the first one gives the 
diffusion from a plume at a mean distance h above ground as if the ground 
were not present. The second one is the exact mirror image of the first and has 
the effect of exactly replacing that part of the plume “ cut off”? by the ground ; 
it may be regarded as the “‘ reflected ”’ plume. By this device the condition of 
continuity, namely, that all emitted particles remain airborne, is satisfied. 


III. EFFECT oF GRAVITY ON PLUME 

If now the emitted particles possess. a groundward velocity not negligible 
compared to the wind velocity, it may be assumed with confidence that their 
mean motion will be the geometrical sum of windward travel and free fall, i.e. 
that the axis of the plume will have an inclination to the horizontal equal to 
f/u where f is the velocity of free fall for the particles concerned. Or more 
accurately, if 2* denotes the vertical distance of the plume axis above ground 
level at a distance # down-wind from the chimney, then 


2* —h(1 —a/xp), 
where a is the point at which the inclined plume axis reaches the ground. Also 


(Fig. 1); 
X= (ulf )h, 
therefore 


e*—h{1—(f/u) > (w/h)}. 
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In Sutton’s equation the mean height of the particles above ground was 
h=const ; replacing this by the variable a 


nC,0,uaz—n °*P ( Ca? 4 


x [exp ( | ee ( ean 


2,2—n 2D 
Cua Cyu2-n 


; This equation now gives a deflected plume path but the presence of the 
mirror image term still guarantees that all particles are “ reflected’ by the 
ground. Physically this is incorrect because in the stagnant air layer 
immediately adjacent to the ground the motion of the particles consists solely 


Fig. 1—Groundward deflection of plume due to free fall of 

particles ; mean velocity is given by geometrical sum of wind 

velocity and fall velocity. “‘ Streamlines” in random diffusion 

are given by the condition that distance from the mean position 
is a constant multiple of the local standard deviation. 


of free fall; and, as the concentration in this layer must be substantially the 
same as in the bordering turbulent mass, a transport of particles given by 
c(z=0) . f settles through the stagnant layer to the ground. Thus the continuity 
condition, one of the boundary conditions for Sutton’s solution, is replaced by 
the prescription that the rate of dust deposition at any point on the ground 
should be ¢f and that the airborne particles should be diminished by a corres- 
ponding amount. 


IV. ALLOWANCE FOR DEPOSITION 

If the mirror image term in the last equation were neglected altogether, 
that is, if it were assumed that all particles reaching the ground by diffusion 
would be retained there, none reflected, the effective settling velocity of particles 
would be given by the sum of the mean vertical velocity of particles, ie. f, and 
the instantaneous rate of increase of their mean distance from the plume axis. 
Let this latter term be called Aw; then from the foregoing it is clear that, the 
vertical distribution of particles remaining “‘ normal ’’ with increase of v, Aw 
will be proportional to do,/dt, moreover, the factor of proportionality will be 
2*/o,, i.e. the vertical distance of the plume axis above ground expressed in 
terms of standard deviations. To see this, consider that a constant fraction of 
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particles is enclosed by the surface p=const. o (where pe =distance from plume 
axis) and that therefore mean flow is along this surface. Consequently, 


ae ci loy. 
arene Ly. 


co, may be found with Sutton, 


from which it follows that 
Aw =(1 —3n)(hu/x—f). 


The significance of this result is that if the mirror image term is neglected 
the condition of continuity requires a dust fall rate of D=c,(f+Aw) to be 
postulated instead of the physically correct pf. 

On the other hand, it is not necessary to neglect the whole of the mirror 
image term: a fraction may be retained so that the dust fall rate is exactly as 
required. 

It should be noted now that in computing ground level concentrations (é)) 
the mirror image term reduces to a form identical to the simple diffusion term, 
i.e. that the mirror image term doubles the ground level concentration obtained 
by the simple term alone. Also, the upward directed ‘ settling velocity ” 
contributed by the mirror image term is numerically equal but opposite in sense 


Fig. 2.— Reflection ” of plume by ground. Strength of “ reflected ”’ 
beam has to be adjusted to satisfy boundary condition that settling 
rate equals ground level concentration multiplied by free fall velocity. ~ 


to the velocity of settling from the simple plume (Fig. 2). If now the reflection 
term is multiplied by a factor a (#) the net rate of settling may be postulated 
to be the physically correct one 


C,.(1 + %)f=c,,(f+Aw) — 0% C,,(f +Aw), 


where ¢,, is the ground level concentration given by the simple diffusion term 
alone and a e¢,, the contribution from the retained fraction of the reflection 
term. 

From the above 


%9(#) =Aw/(2f-+-Aw), 
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which, with the previously obtained value of Aw, reduces to 
2 


(1 —n/2)(hu/af—1)+2° 


K(X) = 


The value of a thus computed refers to the degree of reflection on the 
ground which is seen to vary with distance from the source. Above ground 
level the strength of the reflected beam will be governed by the value of oy at 
the point of reflection (Fig. 2), 


a(2, LV) =a9(W,). 


The computation of «(z,«) unfortunately presents a certain amount of 
difficulty owing to the fractional powers of # that have to be dealt with. As 
previously remarked, the equation for ‘‘ streamlines ”’ becomes : 


2=2* —ko, k =const. 
or, using Sutton’s expression for co and the equation of 2* derived above, 


2=h—(f/u)a—4h+/2C ai-™ 
for z+0, wa, (Fig. 2). 
Therefore 
$k /20,={h —(f/u)a,} lag *, 


z=h—(f/u)a—{h—(f/w)x,}(x%/a,)'—™. 


The significance of the last equation is that, given an arbitrary point (#,, 2), 
the point of ‘‘ reflection ’’—which by a previously derived relationship determines 
the strength of the ‘‘ reflected ’? beam—may be found by solving this equation 
for z,. A general explicit solution is not readily obtained so that «(x, 2)=«(#,) 
cannot be given in an explicit form. This fact should not be of very great 
practical disadvantage as concentrations above ground level are mostly of 
academic interest only. If, in experimental checks on the theory, measurements 
above ground level are conducted, predictions of the theory have to be found 
by the somewhat cumbersome method of first finding x, numerically. In such 
cases, however, the complication can be tolerated. 


Modifying now Sutton’s expressions by inclusion of the multiplier « the 
solution for concentration of particles at any point (a, y, z) becomes 


and with this 


Be | es 
70,0 use” P C2g2-n 


x exp (EU) a exp ( el 


2 
Cza2-" Cae” 


where 
2 


(1 —4n)(uh/x,f —1) +2’ 


a=1— 


%,=%,(2, 7) to be found from 


{h—(f[u)a,}(0]22,)*-™+(fu)a+e—h=0. 
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Ground level concentrations can be expressed explicitly as v,=—#; dust 
fall rates are then of, or 
ees Ee (- y (Linge Vy —— |: 

tO ,C,ua?—™ C242-n C2g2-0 (1 —4n)(uh/af —1) +2 

Regarding units it should be noted that, as pointed out by Sutton 
(19475), C, and C, have the dimension of Li”. The dimension of D will then be 
WD ee 

The manner in which an expression for « at 240 was obtained should 
guarantee that continuity is preserved, i.e. that the rate of disappearance of 
particles from suspension equals the rate of their deposition. Unfortunately, 
the mathematical expression of this condition yields a rather intractable equation 


foe) +00 + 00 
as | | cudydz = | eo fdy, 
le eae GR 


which after integration with respect to y reduces to 


D 


sil . —sampal 91(@, 2) +92(@, 2)]de—[9r(2, 0) +90(c, OIF, 
0 


with 
{e+(flu)a—h}? 
Pi =exp ( (22-0 ) 
2 {e—(f/u)a +h}? 
i= | fae iane a ea con B (2q2—n | 


L,e=0,(L, 2) 
as before. Verification of this equation would appear impracticable by analytical 
methods. 


V. CONCLUSION 
Application of Sutton’s theories to particles of appreciable size is thus seen 
to be possible without introducing restricting assumptions, explicit expressions 
being, however, only obtained for ground level concentrations and dust fall 
rates, not for concentrations above ground level. The reliability of the formulae 
arrived at in this paper should not differ very greatly from that of the Sutton 


equation ; they are only intended, however, to be practically applicable approxi- 
mations. 
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SHORT COMMUNICATIONS 


THE DIFFUSION OF ELECTRONS IN A GAS AT LOW TEMPERATURES* 


By BARBARA I. H. HAit 


Introduction 

In the absence of an electric field, the state of motion of electrons moving 
freely among molecules of a gas is one in which the mean energy of agitation Q 
of an electron is the same as that, Q), of a molecule of the gas. It is known, 
however, that in the presence of an applied uniform electric field Z the steady 
State of motion is one in which @ exceeds Qo, and, for a constant gas temperature, 
@ is a function of Z/n where n is the number of gas molecules in unit volume. 
Usually the measurements are made at room temperature, generally taken 
as 288 °K, and it is convenient to replace Z/n by Z/p where p is the pressure 
of the gas in millimetres of mercury. It is of interest, however (Crompton, 
Huxley, and Sutton 1953), to investigate how the dependence of Q upon Z/n 
is influenced by the temperature of the gas itself, that is to say, by Q). If the 
dependence of Y upon both Z/n and Y, be expressed by some formula Q =f(Z/n, Qo), 
then all that is known with certainty about the function f is that when Z/n=0, 
Q=Q,. In view of the absence of any theoretical guidance concerning the 
dependence of Y upon both Z/n and Q,, it was decided to investigate the matter 
experimentally in two simple diatomic gases, nitrogen and hydrogen. 


Apparatus 

The diffusion chamber, of length hem, was the same as that used by 
Crompton and Sutton (1952), as were the electrometers and current measuring 
devices. The chamber was mounted near the bottom of a glass envelope which 
stood in a cylinder containing either dry ice or liquid air. 

The envelope was made considerably longer than that used previously 
as it was necessary to keep the electrometer terminals at the top as nearly as 
possible at room temperature in order to avoid deterioration of the electrostatic 
insulation by the condensation of water vapour. In addition, heater wires 
were wrapped around the envelope near the top. The leads from the diffusion 
chamber to the top of the envelope were made of 50 gauge copper wire to reduce 
the thermal conduction. 

The temperature in the diffusion chamber was measured with a copper- 
constantan thermocouple made of 45 gauge wire, the cold junction being soldered 
to the earthed ring surrounding the collecting electrode. The hot junction 


* Manuscript received June 8, 1955. 
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was at room temperature and the thermo-e.m.f. was measured with a galvano- 
meter and scale. The thermocouple was then calibrated over the useful range 
of temperatures by using a pentane in nitrogen thermometer as standard. It 
was assumed that the temperature of the gas in which the electrons were diffusing 
was the same as that of the lower electrode. 

Both the nitrogen and the hydrogen were introduced into the apparatus 
according to the procedure described by Crompton and Sutton (1952). 


Results 

The ratio Q/Q, is denoted by k;, but the quantity measured in the diffusion 
experiments is k, where k,=Ak,, the factor A being a constant determined by 
the manner in which the speeds of agitation of the electrons are distributed 
about their mean value. As described in papers by Huxley and Zaazou (1949) 
and Crompton and Sutton (1952), the measurement of the ratio of the current 
falling on the inner circular electrode to that falling on the whole electrode 
enables k, to be determined. Good agreement was obtained between values of 
k, measured at different pressures, but at constant temperature, for the same 
value of the ratio Z/p. 

If k, is measured at a temperature 7, then 


g—o™ t k, T/288 ergs, 
Cy | 
where C,,=6-0 x10-14 and C,=5-3 x10-14 are constants appropriate to the 
distributions of Maxwell and Druyvesteyn respectively. 

In previous work in this field, the electronic energy Q is represented as a 
function of the ratio Z/p where p is the pressure of the gas at 15 °C. It is, 
however, not the physical pressure p that is significant but the concentration n 
of the gas molecules per cubic centimetre, of which p is a measure provided 
the temperature remains constant. Since at 15 °C the concentration of the 
molecules of a gas exerting a pressure of 1 mm of mercury is n=3-35 x1016 em-3, 
the parameter Z/p is in effect the same as (Z/n) x3-35 X1018. When experiments 
are performed at other temperatures, the pressures p corresponding to the 
same n differ, and thus in Figures 1 and.2, in order to simplify comparison with 
other work in this field, the electronic energy Q is represented as a function of 
(Z/n) X3+35 x101%, which reduces to Z/p at 15°C. When this is done it is 
found that, over a large range of values of Z/n, Q is a function of Z/n only and 
independent of the thermal energies Q, of the gas molecules. 

In Figures 1 and 2 the curves drawn show the results obtained by Crompton 
and Sutton (1952), while the points plotted represent the mean energy of agitation 
of the electrons at —190 °C in nitrogen and —192 °C in hydrogen. Measurements 
of electron energies made at dry ice temperatures gave essentially the same 
results. 


Conclusions 

Since as Z->0 the mean energy of agitation Q of an electron approaches 
Qo, it follows that the curve of Q as a function of Z /n for a particular temperature 7 
must cut the axis Z/n=0 at a point corresponding to the thermal energy of 
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agitation of the gas molecules at that temperature. When a field Z is applied 
the electrons acquire energy from the field and a value of Z/n is very soon reached 
at which Q depends only upon Z/n and is independent of the temperature T. 
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ELECTRON ENERGY, Q X CONSTANT 


° o-2 0-4 o-6 o-s 1:0 1-2 1-4 1:6 1-8 2:0 
Z/p (CORRECTED TO 15°C) =Z/n X 3°35 X 1016 


Fig. 1.—Electron energies in nitrogen. 


Thus for a constant electric field and fixed molecular concentration the electron 
energy is independent of the energy of the gas molecules; consequently the 
motion of the molecules can have very little effect on the diffusion of electrons 
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Fig. 2.—Electron energies in hydrogen. 


through the gas, and to a first approximation they may be considered to be at 
rest. 

In hydrogen the two sets of results begin to diverge slightly for larger values 
of Z/n, but it is impossible to say whether or not this is of significance. 
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LUNAR TIDE IN SPORADIC # AT BRISBANE* 
By J. A. THomast and A. C. SVENSONT 


Accurate measurements have been made at Brisbane of the virtual height 
of reflection of radio echoes from the H# region of the ionosphere, using a pulse 
transmitter operating at 2-28 Mc/s. The recordings were made by using a 
cathode-ray tube displaying echoes received from virtual heights between 80 
and 150 km; black-out modulation of the cathode-ray tube trace was employed 
so that echoes appeared as gaps in the trace. To avoid the broadening of the 
gap with increase of echo signal strength, an automatic gain control was used, 
which kept the peak output within the time interval corresponding to 80-150 km 
at a fixed level. The gap width then remained fairly constant (about 16 km), 
and the recorded height showed no dependence on (input) signal strength. A 
stable triggered oscillator was used to produce height marks at 10 km intervals 
every 6 min on the cathode-ray display. The oscillator was started at full 
amplitude by a triggering wave synchronized with the transmitter modulation 
pulse ; there was a constant delay of 0-1km. A typical record is shown in 
Plate 1. 

With these precautions it has been possible to take measurements of the 
virtual height of E reflections with an accuracy of +0:2km. It has been 
found, however, that the levels of both the normal # and sporadic £ reflections 
vary in a random manner with a quasi-period of about 15 min and a most 
probable amplitude of about 1 km. This result is to be expected for sporadic H 
reflections and is now well established for the normal H region. For this reason 
there is generally little point in making height measurements to any accuracy 
greater than +0-5 km. 

These accurate height measurements lend themselves to lunar tidal analysis. 
However, at Brisbane the day-time H region echo at 2-28 Mc/s may (and generally 
does) consist of a mixture of normal # and sporadic £ reflections. Sometimes 


* Manuscript received August 24, 1955. 
} Physics Department, University of Queensland, Brisbane. 
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they may be distinguished by examining simultaneous swept-frequency (p’f) 
records, but only 15 per cent. of all records between 1000 and 1400 hr at this 
frequency can be positively identified as normal H# region. The lunar tidal 
analysis of h'H performed by Martyn (1948) is thus actually an analysis of a 
mixture of h’H and h’E,, with probably an emphasis on h’H,. At night-time 
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Fig. 1.—Harmonic dial for lunar semi-diurnal tide in h’H, at 
Brisbane. Individual months, @ mean. 


all echoes are from sporadic H. There may be more than one trace appearing 
simultaneously on the records, but when this is the case the upper trace generally 
shows a slope and curvature indicative of decreasing or increasing slant range 
due to horizontal movements of irregularities. Such traces have been ignored 
for the purposes of tidal analysis, as also have the saucer-shaped traces ascribed 
to moving ‘‘ clouds” of ionization. 
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A lunar tidal analysis has been made of night-time values of h’H, for the 
year December 1952 to November 1953. Measurements were taken at 6 min 
intervals throughout each night. The results are shown in Table 1, and in 
diagrammatic form are plotted on the 12 hr harmonic dial of Figure 1. The 
mean value for the semi-diurnal lunar tide in h’H, is P,=0-69 km, t,=6-7 hr. 
Two probable error ellipses are shown. The outermost indicates the probable 
error of one monthly observation, and the inner ellipse the probable error of the 


TABLE 1 
VALUES OF AMPLITUDE (P,) AND PHASE (¢,) OF LUNAR SEMI-DIURNAL TIDES IN NIGHT-TIME VALUES 
or h’H, AT BRISBANE 


Dec. Jan. | Mar.- | June | July | Aug. | Sept. Oct. | Nov. | Mean 

Apr. 
P, (km) 0-14 | 0-67] 0-96 1-69 0-42 1:00 | 2-96 0-55 1°20 | 0-69 
Ge (UE) oc 2-8 7:5 6-0 7-5 8-3 11-4 5-6 8-5 6-9 6-7 


computed mean. These indicate that the result is valid, and that changes in 
the 12-hourly component affect the phase rather than the amplitude of the tide. 
The mean LH, level throughout the year was 109 km. 

Matsushita (1953) has made a similar analysis for Brisbane (and other 
stations) using the published values of h’E, determined from P’f records. A 
comparison of the values obtained is given in Table 2, together with the value 
obtained by Martyn (1953). 


TABLE 2 
COMPARISON OF VALUES OF LUNAR TIDES IN EH REGION AT BRISBANE 


Type of Records Bs ty Period Analysed 
Analysed (km) (hr) 

Matsushita .. | WH, from PF records 0-70 DOU May 1951—Apr. 1952 
(nearest 10 km) 

Thomas & Svenson | Night-time h’H, from P’ 0-69 6-7 Dec. 1952—Nov. 1953 
records (nearest km) 

Martyn 56 .. | WH from Pf records 0:5 4-5 June 1943—Dec. 1947- 
(nearest 10 km) 

(Mixture of h’E & h’E,) 


The authors are indebted to Professor H. C. Webster and Mr. R. W. E. 
MeNicol for advice and encouragement throughout the course of this work. 


The work described forms part of the programme of the Radio Research 
Board of C.S.I.R.O., and is published by permission of the Board. 
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ELECTRON BACKGROUND IN IMPORTED G5 EMULSIONS* 
By V. D. Hopper} and JEAN E. Lasyt 


Iiford G5 nuclear emulsions have been received by this department at 
regular fortnightly intervals during the last six months. They are sent by air 
mail and reach this laboratory approximately two weeks after the date of 
manufacture in England and are developed soon after arrival. Heavy electron 
backgrounds were observed in four batches of plates out of 12 successive fort- 
nightly shipments. Possible causes of these variations have been investigated. 

To compare the background in the plates two methods were used which 
gave closely similar results. In one method the number of sharply defined 
black grains in a (50 uw)? field using a 95 x objective was counted and an average 
obtained for a number of fields of view. Results are shown in Figure 1 (a). 
In the second method the number of electron tracks ending in the emulsion in 
the (100 uw)? field using a 45 x objective was counted and averaged for a number 
of fields of view (Fig. 1 (b)). Neither method is very accurate but the results 
were quite consistent up to exposures of about 150 milliréntgens. The second 
method could not be used for exposures above 150 mr as the electron tracks 
could not be resolved. A comparison was made of these results with plates 
exposed to a 4-6 c¢ iridium source specified as giving 3 mr/hr at 1m so as to 
obtain a measure in milliréntgens of the various backgrounds. The radiation 
1m from the source was checked using a radiation monitor and found to agree 
with the specified 3 mr/hr. Two Ilford G5 600 » plates (manufactured May 3) 
of low background were placed on the surface of the container (i.e. about 4m 
from the source) and given exposures of 64 and 113 hr respectively, and two 
similar plates were placed 2m from the source and given the same exposure 
times. The estimated dosages received by various batches are given in Table 1 
and plotted in Figures 1 (a) and 1 (6) and photographs showing relative electron 
backgrounds of the plates manufactured on January 21 and February 7 are 
shown in Plate 1. 

By considering only the cosmic ray background and general radiation 
from the Earth a rough estimate can be made of the radiation that one would 
expect in a plate imported to Australia by aircraft and developed one week 
after arrival, i.e. about a fortnight after manufacture. A typical time of flight 
in the height region 10,000-20,000 ft would be about 38 hr and the plates would 
be airborne for 46 hr. Assuming 1 mrep/day at 20,000 ft, the exposure due 
to cosmic radiation during flight would be of the order of 1:5 mrep. Radiation 
received at ground level mainly due to y-rays is of the order of 0-5 mrep/day. 
Plates are normally stored under 2-3 in. of lead at this laboratory so the rate 
would be much less than this during storage. Thus the total radiation received 


* Manuscript received August 29, 1955. 
+ Physics Department, University of Melbourne. 
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by the plates at development would be expected to be about 10 mrep and it will 
be seen from Table 1 that some of the batches of plates show slow electron 
backgrounds corresponding to this. 


300 A 


200 L 


_ NO. OF GRAINSIN 95 X FIELD 


NO. OF SLOW ELECTRONS 


(b) EXPOSURE (HR) 


Fig. 1.—Electron background in plates. (a) Number of focused 
grains in 95 x objective field as a function of time of exposure of 
plates. A, Ilford G5 emulsion exposed 4m from }%Ir source ; 
B, Ilford G5 emulsion exposed 2m from "Ir source. For com- 
parison the level of the background in Ilford G5 plates manu- 
factured: (i) Apr. 1, 1955; (ii) Jan. 21, 1955; (iii) Apr. 20, 
1955 ; (iv) Feb. 7, 1955; (v) May 3, 1955; (vi) May 31, 1955, 
are shown. 

(6) Number of slow electrons ending in 45 x field as a function of 

time of exposure. 


Possible causes of the extra radiation background on some of the plates are : 


(a) Irradiation at time of manufacture or during storage in this laboratory. 

(b) Exposure to radiation from instrument panels and radioactive isotopes 
carried on the aircraft. 

(c) X-ray examination by customs officials. 

(d) Radiation from products of atomic explosion tests. 


HOPPER AND LABY 
ABS PLATE 


ELECTRON BACKGROUND IN IMPORTED Gd EMULSIONS 


Photographs showing electron background in plates manufactured 
(1) Jan. 21, 1955; (2) Feb. 7, 1955. 
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(a) Irradiation at Manufacture or Storage 


It was stated by Ilford that there was no possibility of the emulsion being 
exposed before dispatch and that occasional complaints that had been received 
from America were attributed to customs activities or to emulsion travelling in 
close proximity to radioactive material. Regarding storage at this laboratory, 
the plates with high background had been stored alongside other plates and 
these showed no extra background. 


TABLE | 
DOSAGE MEASUREMENTS ON PLATES OBTAINED BY COMPARING THEIR 
BACKGROUND WITH THAT PRODUCED BY Y-RADIATION FROM 1%[r 


Date of Manufacture Departure Estimated Dose 
1955 from London on Arrival 

(mr) 
Jan. 21 .. a -. | Jan. 23 70 
HKebs- 7 _<: ae a 15 
Apr. I ae a .. | Apr. 6 (BOAC) 140 
DEO ee .. | Apr. 22 (KLM) 35 
May 3 .. Ee a 10 
May 16 .. ae ee 10 
May 31, June 2 .. | June 4 (KLM) 120 
June 13 ... ae Re 15 
June 28 .. te 8 10 


(b) Contamination in Aircraft 

Instrument panels 

A source of contamination in aircraft is the radioactive paint on instrument 
panels. Measurements were made by Morrison* in 1951 on the y-radiation 
from instruments in a ‘‘ Constellation ”’ aircraft. From his figures it appears 
that radiation in the luggage compartments presumably well away from the 
instrument panels would be less than 2 mr per day. As the plates would be 
stored in the aircraft for the complete flight, the plates might conceivably receive 
a radiation dosage of 10 mr during the flight due to this cause alone, and it thus 
seems unlikely that radiation from instrument panels could be as high as the 
background observed in three of the batches received. 


Imported isotopes 
The background observed on the two most heavily exposed plates could 
have been produced if the plates had been stored 4—5 ft} from a 4-6 c¢ 19%Ir 


* Morrison, A. (1951).—J. Aviat. Med. 22: 350. 


+ Boxes of emulsions are labelled specifying that packets should be stored at least 10 ft 
from any radioactive material and parcels of radioactive isotopes are also labelled advising that 
photographic material be stored at least 10 ft from the container. Assurances have been received 
that these instructions are carried out. Ilford G5 emulsions having about 25 mr are usable for 
cosmic ray experiments but it is of course preferable to have a much lower background. To 
obtain a dosage less than 25 mr plates imported to Australia should, in fact, be stored at least. 
15 ft from an iridium source of 4:6¢. 
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source for four days (see Fig. 1). The Commonwealth X-ray and Radium 
Laboratory keeps a complete record of all isotopes entering Australia and y-ray 
sources of highest activity arriving during the period in which the 12 batches 


TABLE 2 
RADIOACTIVITY OBSERVED AT VAL-JOYEUX BY MLLE. OLGA TANAEVSKY 
AND M. ETIENNE VASSY 


Type of Date Initial Activity 
Precipitation (counts m~?]~}) 

Rain Jan. 11 61 
Snow Jan. 13 25 
Snow Feb. 15 50 
Rain Feb. 21 8 
Rain Night Feb. 23 to 24 | 14 
Snow Mar. 7 13 
Rain Night Mar. 20 to 21 88 
Rain Mar. 22 35 
Rain Mar. 28 90 
Rain Night Apr. 6 to 7 1596 
Rain Apr. 10 189 
Rain May 5 112 
Rain May 6 47 
Rain Night May 13 to 14 47 
Rain May 15 87 
Rain Night May 16 to 17 15 
Rain May 18 . 53 
Rain May 19 20 
Rain May 21* 24 
Rain May 26 69 
Rain June 3 192 
Rain June 6 154 
Rain June 9, 10hr ee Si 
Rain 18 hr 28 
Rain June 12 37 
Rain June 19 26 
Rain June 30 45 
Rain July 4 38 
Rain July 11 58 
Rain July 18 47 ae 
Rain July 20 26 
Rain July 27 29 
Rain Aug. 10 37 
Rain Aug. 12 UAL 
Rain Aug. 14 38 


* Data for May 21 and later were received in a further personal 
communication from Professor Vassy and have been added in proof. 


of plates were received were in fact 1°Ir sources of 4:5-5-1¢. The nuclear 
emulsion plates that had excessive exposures were manufactured on J anuary 21, 
April 1, April 20, and May 31 and the dates of departure of these batches are 
given in Table 1. From the records it was found that not one of these batches 
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travelled to Australia on the same plane as an imported y-ray isotope. There 
is, however, the possibility that the plates travelled in planes carrying isotopes 
dispatched to other countries en route but, if so, the plates would need to be 
stored even closer to the isotopes than 4-5 ft. 


(c) X-ray Examination at Customs Inspection 

All packets of plates are labelled as containing photographic material 
and the most heavily exposed was clearly marked advising that the plates 
should not be exposed to X-rays. Also all plates in packets are equally affected 
and, unless an exceptionally high energy X-ray or y-ray source was used for 
customs examination, the background of high energy electron tracks would not 
be obtained. 


(d) Radioactive Products from Atomic Explosions 

The last possibility is that the contamination is due to by-products of 
atomic explosions. There is apparently no significant overall increase in the 
activity in the air due to the recent series of explosions as most packets of plates 
received during the period of analysis show low electron background. However, 
there may be isolated patches or clouds of radioactive contamination which 
could account for the intermittent appearance of the heavy background. 

In a personal communication Professor Vassy, University of Paris, has 
supplied details of the radioactivity found in rain or snow at Val-Joyeux, near 
Paris, this year, and results, which are to be published in Comptes rendus 
de Vv’ Académie des Sciences, are shown in Table 2. 

It will be observed from Table 1 that the most heavily exposed batch of 
plates left England on April 6 and the radiation which produced the exposure 
may have been due to the radioactive cloud which produced the radioactive 
rain in Paris on the same evening. It will also be seen that there is a peak in the 
rainfall activity from June 3 to 6 which links with the high electron background 
observed on the plate which left London on June 4. Plates which arrived in 
July and August have backgrounds in agreement with the lower activity of 
rainfall in these months. 

Japanese scientists under Dr. Miyake (personal communication) also found 
that ash and sand which fell in Japan in mid April was highly radioactive and 
attribute radioactivity of the ash as due to an atomic explosion. They also 
observed peaks of activity in January and at the end of May which appear to 
link with the emulsion data. 


Conclusions 

Using the present method for importing plates by air to Australia there is 
a chance of 1 in 3 batches having too high a background. The reason for the 
high background has not been determined with certainty but it could have been. 
produced by storing the plates too close to imported y-ray isotopes. The films 
did not arrive with isotopes entering Australia and would need to be placed well 
within 4-5 ft of a box containing a 5-0c 1Ir source to obtain the highest. 
backgrounds observed. Ruling out the effect due to isotopes there must be 
some other very highly active source encountered by the plates en route. The 
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date of departure from London of the most heavily affected packet agrees with 
the date of a highly radioactive downpour in France. 

Whatever the cause of the anomalous backgrounds it is clear that before 
emulsions are used for experiments a test development is necessary to determine 
whether the plates are usable. 


Beneficial discussions were had with Dr. C. E. Eddy, Mr. D. J. Stevens, 
and Mr. F. J. Richardson of the Commonwealth X-ray and Radium Laboratory. 


AN UNUSUAL ELECTRON SHOWER* 
By Y. K. Lut 


Figure 1 depicts an event observed in a 600 yu glass-backed Ilford G5 
emulsion. The shower occurred at point 0 as indicated by a sudden increase 
in grain density of the incident track. For the first 150 u from 0 the grain 
density of all secondary tracks (which are not separated) is 46+4 grains per 
50 yw, approximately 3-5 times the plateau value (13-0 grains/50 yu). 200 u 
from 0 five tracks are resolved and the sum of their grain densities is 64+2 
grains/50 up, approximately five times plateau. These values suggest that one 
track originated some 150-200 » from 0, although the possibility that it originated 
at 0 is not entirely excluded. 
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Fig. 1.—Enlarged drawing of the electron shower. 


Results of scattering measurements are given in Table 1, where the errors 
are statistical probable errors only. Tracks 5 and 6 can be identified as electrons, 
track 2 is probably an electron, and tracks 1, 3, and 4 are certainly not due to 
particles heavier than mesons. The most likely explanation is that all tracks 
are electrons as they are initially contained in a cone of half angle ~0-5 «10-2 
radians and this fact in itself suggests an electromagnetic interaction. 


* Manuscript received August 29, 1955. 
{ Physics Department, University of Melbourne. 
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Assuming that all particles are electrons it can be seen that there is roughly 
an energy balance between the primary and secondary particles. 

The event is consistent with the direct creation of an electron pair by a fast 
electron in the Coulomb field of an electron. Track 6 is then interpreted as a 
knock-on electron produced by one of these four electrons proceeding from 0, 
although the chance of this knock-on occurring so close to the origin is low and 
estimated as 1/500. According to Heitler (1954) the expected ratio of pairs 
created in electron-electron collisions to pairs created in electron-nucleus 
collisions in a medium of atomic number Z is roughly 0-8/Z. For nuclear 


TABLE 1 
MEASUREMENTS ON ELECTRONS OF SHOWER 


Track Length a (100) Energy (electrons) 

(mm) (deg/100 u) (MeV) 

+230 

1 2-9 0-041+0-011 650 | 170 
34 

2 2.2 0-20 +0-04 ie 
94 

3 2-3 0-093+0-023 2855, 
62 

4 2-3 0-13 £0-03 2047 
= 19 

5 1-2 0:46 +0-11 Soe 
6 1-4 2:0 +0:3 13+ 2 


emulsions this ratio is 0-023. It is therefore curious that no event of this type 
has been previously reported, although a considerable number of tridents has 
been studied. x 

An analogous event interpreted as the direct creation of an electron pair in 
the field of an electron by a high energy incident photon has been reported 
(Hopper, Biswas, and Darby 1951), and again this is the only event of this type 
observed in the nuclear emulsions. 

If we assume that all five tracks originated at 0 the result might be inter- 
preted as double pair creation by a fast electron and the expected ratio of double 
pair creation to single pair creation is of the order of 1/137 x (Heitler 1954). 
Two events of the creation of a double pair by a photon in one elementary act 
have been reported previously (Hooper and King 1950). 


The author wishes to thank Dr. V. D. Hopper for discussions on this event, 
which he had found. 
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THE ANGULAR SIZE OF THE VARIABLE RADIO SOURCE HYDRA-A* 
By A. W. L. CARTERT 


Slee (1955) has shown that the discrete cosmic radio source Hydra-A shows 
variations in intensity at metre wavelengths. This is the first variable radio 
source to be found, other than the Sun, although Ryle and Elsmore (1951) 
investigated about one hundred northerly sources and found no significant 
variations in their intensities over a period of 18 months. The observations 
to be described here were undertaken firstly to check the variability of the 
source, then suspected by Slee, and secondly to measure its angular size and see 
whether this might also be variable. 

The measurements on any one day were made using either one or two 
radio interferometers chosen from three possible arrangements. It is well 
known that the brightness distribution across a radio source can be deduced 
from a number of interferometer observations at different angles and spacings 
(see, for example, Mills 1953). For the Hydra-A observations three aerials 
were available, each operating on a frequency of 101 Mc/s and spaced along an 
east-west line so that distances between pairs of about 90, 900, and 1000 wave- 
lengths could be used. 

The limited choice of spacings and angles used in the present observations 
does not allow the original brightness distribution to be reconstructed, so a simple 
model of the source has been assumed and the parameters of the model have 
been determined that best fit the observations. The model assumed has circular 
symmetry and a Gaussian distribution of radial intensity ; this is a reasonable 
approximation to the central parts of some known radio sources and has the 
advantage that the derivation of an angular size and central brightness temper- 
ature is fairly simple. 

The first observations were made in September 1954 while testing the 
equipment, when the apparent intensity of the source was measured with the 
90- and 900-wavelength interferometers on alternate days. These measurements _ 
suggested a ratio between the intensities of 0-6 corresponding to a diameter of | 
about 13min of are between half-brightness points. The next observations 
were made in early April 1955 as part of a survey of the angular sizes of the 
sources of medium intensity ; they were also taken on different spacings on 
alternate days. Such observations, however, give unreliable angular sizes when 
made on a variable source, and so from the middle of May 1955 a systematic 
study of the Hydra-A source was begun, using one interferometer at a time for 
about 2 weeks continuously. Towards the end of June it became possible to 
use two interferometers at a time, and simultaneous observations with the 90- 


* Manuscript received August 29, 1955. 
} Division of Radiophysics, C.8.I.R.O., University Grounds, Sydney. 
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and 900-wavelength spacings were made until solar activity suspended this 
investigation in early July. 


In all, 53 separate observations were made, many of which can be compared 
with simultaneous observations made by Slee. If the source is not resolved 
by the 90-wavelength interferometer, then the apparent intensity at this spacing 
should be directly comparable with Slee’s intensities measured with the east-west 
arm of a Mills’s cross aerial. Eleven such simultaneous observations showed 
positive correlation significant at the 5 per cent. level. 


A similar comparison between the wide-spaced interferometer intensities 
and Slee’s measurements can be used to test for variations in the angular size 
of the source. A group of 11 such observations with the 1000-wavelength 
interferometer showed negligible correlation. The fluctuations in intensities 
measured by each observer were much greater than the probable errors, so this 
lack of correlation suggests real variations in the apparent angular size. There 
is some suggestion that the major variations in the intensities were positively 
correlated. 

More conclusive evidence for variations in the angular size is obtained 
from the final group of simultaneous observations with the 90- and 900-wave- 
length interferometers. These observations are considered the most reliable ; 
the effect of ionospheric fluctuations was minimized by counting a large number 
of aerial lobes, and any changes in the properties of the aerial common to both 
interferometers do not influence the angular size measurements. The eight 
pairs of intensities measured by these two interferometers show positive cor- 
relation significant at the 10 per cent. level. 


The intensities, angular sizes, and central brightness temperatures, derived 
from the last group of observations, are shown in Figure 1, and also the limits 
of error due to random effects of a single observation. The average angular 
size derived from these observations is 1-6 min of are between half-brightness 
points and the average central brightness temperature is 6x10°°K. Any 
systematic error in the angular sizes is believed to be less than 10 per cent. 
The apparent negative correlation between the angular sizes and temperatures 
shown in the figure is a consequence of their functional relation and probably 
has little physical significance. The high value for the central brightness 
temperatures suggests that the radiation originates in a non-thermal process. 


The temporal dependence and range of values of the variations in intensity 
and angular size derived from all the interferometer observations are of interest. 
The lowest total intensity measured is 30-40 per cent. of the mean value. The 
minima in total intensity are far more pronounced than the maxima, 20 per 
cent. above the average intensity being the largest value measured with the 
90-wavelength interferometer. The minimum angular size measured is 1-0 min 
of arc and the maximum 2-0 min of are, using Slee’s measurements of the total 
intensities. There is no one-to-one correspondence between angular size and 
intensity but the major variations in these quantities appear to be positively 
correlated. No periodicity has been noticed in the variations of intensity or 


angular size. 
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On one occasion variations in total intensity were seen while the source 
was in the aerial beam. During this observation variations from about 75 to 
35 per cent. of the average intensity were seen within 1 hr. No other observa- 
tions on this source at the same time are available and no scintillations were 
seen. As ionospheric effects are a possible, but unlikely, cause of this variation, 
further observations will be needed before such rapid changes in intensity can 
be entirely accepted. 
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Fig. 1.—The intensity, apparent angular size, and central 
brightness temperature (normalized values) of the radio source ~. 
Hydra-A from June 27 to July 5, 1955. 


The variations of intensity and angular size may arise either in the source 
or in some intervening medium. Well-substantiated changes in intensity, 
from the mean value to a minimum, occur within a period of 1 day. This 
period, coupled with an overall apparent size of at least 1-6 min of are, suggests 
that the variations, whatever the cause, must originate within about 2 parsecs 
from the solar system. It does not seem possible that some other brightness 
distribution, differing radically from the assumed model, could alter significantly 
this estimate of the maximum distance. For example, a distribution in which 
the variability is confined to a small, bright region of the source can be excluded, 
as such distributions would lead to a one-to-one correspondence between intensity 
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and angular size. Further evidénce against such distributions is provided 
by the absence of changes in the apparent position of the source ; no change in 
Right Ascension within the limits of detection, —-2 min of arc, was detected. 
A small distant variable object, whose apparent size is increased by scattering 
in the intervening space, can also be excluded, as the apparent size of such an 
object would appear to remain constant. These considerations suggest that a 
considerable part of the apparent surface of the source must exhibit variations 
in brightness, and that the estimate of about 2 parsecs for the maximum distance 
from the Sun of the region in which the variations occur is unlikely to be seriously 
in error. 

' The present observations do not justify a more detailed analysis of possible 
mechanisms ; they can be reconciled with quite simple obscuration effects in 
which the angular size of the original source of radiation is unlikely to be larger 
than the measured value. A consideration of intrinsic source variations is 
handicapped by the present lack of knowledge of the more general problem of 
radio-frequency generation in cosmic bodies. Some light might be thrown on 
possible mechanisms by systematic optical observations of this region and by 
measurements of the radio-frequency spectrum of the source. 


The author is indebted to Mr. O. B. Slee for communicating his results prior 
to publication. 
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INFORMATION ON ENERGY LEVELS IN *Be FROM NEUTRON 
ENERGY SPECTRA* 


By J. R. Brrpt and R. H. SPEAR 


Introduction 

A number of measurements have been made of the neutron energy spectra 
emitted in the reaction “Li(d,n)*Be, and, as is the case for other reactions leading 
to the same final nucleus, contradictory conclusions have been reached as to the 
number of levels observed. 

Using nuclear emulsions as neutron detectors, early thick target experiments 
by Richards (1941) and Green and Gibson (1949) suggested the possibility of 
levels in 8Be at 4-1, 5-3, and 7-5 MeV in addition to the well-known 3 MeV 
state. Trumpy, Grotdal, and Graue (1952), with somewhat better resolution, 


* Manuscript received August 31, 1955. 
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obtained similar results, and suggested the existence of a further level at 2-2 MeV, 
while Catala, Aguilar, and Busquets (1953) claimed to have resolved levels at 
1-5, 2-2, 2-9, 3-4, 4-1, 5-3, and 7-5 MeV. However, Trail and Johnson (1954a, 
19545), using a neutron spectrometer to obtain good statistics, found no evidence 
for levels below 10 MeV excitation other than the broad 3 MeV state. Another 
neutron spectrometer experiment by Reid (1954) produced evidence for the 
5-3 MeV level; but Ihsan (1955a, 1955b), again using nuclear emulsions, reached 
similar conclusions to Trail and Johnson. 

In view of the possibility of theoretical interpretation of the *Be level 
scheme a further study has been made of this reaction and the results of an 
investigation of the resolution achieved in the measurement of neutron energies 
have been used to analyse the results of this and previous experiments. 


Experimental Results 

A 50 keV thick target of separated “Li obtained from a small isotope 
separator was bombarded by 920 keV deuterons for an integrated target exposure 
of 25,000 uC. Neutrons were detected with 400 » Ilford C2 emulsions, using 
the camera and target arrangement described by Bird (1955), and the plates 
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Fig. 1.—Energy spectrum of neutrons from 7Li(d, n)&Be. 


were studied using the same measuring procedure. The neutron energies were 
obtained using the range-energy relation given by Gibson, Prowse, and Rotblat 
(1954). The results for 1200 tracks measured at 90° are shown plotted in 
200 keV intervals in Figure 1; and a further 400 tracks at 45° gave similar 
results. Corrections have been made for the loss of tracks from the emulsion 
and the variation of the neutron proton scattering cross section. The correction 
factor has been normalized to unity at 9-7 MeV and increases to 1-4 at 14 MeV. 
The spectrum is similar to that published by Trumpy, Grotdal, and Graue 
(1952) and shows no indication of the fine structure reported by Catala, Aguilar, 
and Busquets (1953). In a comparison of the various experiments it is important 
to consider the resolution achieved in each case and to compare this with the’ 


performance necessary to distinguish between the neutron groups corresponding 
to the various proposed levels. 
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The Straggling of Protons and Neutrons in Nuclear Emulsions 

The peak widths observed in the study of neutron energy spectra using 
nuclear emulsions contain contributions from the straggling of proton ranges 
and the uncertainties in measurement of track lengths and recoil angles. 


The straggling of monoenergetic protons in Ilford C2 emulsions has been 
studied by various authors but the results obtained show considerable variations. 
The first measurements, summarized by Dyer (1952), suggest that the straggling 
expressed as a percentage of the total proton range is considerably higher than 
the corresponding values for air at low proton energies and approaches the air 
straggling at energies of 4-5 MeV. However, the results of Han and Endt 
(1954) are higher than the air straggling at 8-9 MeV, while those of Barkas, 
Smith, and Birnbaum (1955) at 33 MeV are lower. 

Measurements have been made of the straggling of the proton tracks used 
by Bird and Hines (1954) in a study of the multiple scattering of monoenergetic 
protons. These tracks were obtained using a similar experimental procedure 
to that used by Dyer (1952), but with better geometry, giving a smaller spread 
in energy and direction of the protons. The range of approximately 300 tracks 
was measured at each of a number of proton energies, accepting only those 
tracks which were free from marked multiple scattering. The standard devia- 
tions of the observed range distributions were used to give the width at half 
height of the corresponding energy distributions. 

The ‘ Cellophane ” absorbers, used to prevent scattered deuterons from 
reaching the photographic plate, contribute to the observed range straggling, 
and the results obtained using one, two, and three thicknesses of ‘‘ Cellophane ”’ 
were plotted against thickness and a smooth curve drawn through the points 
corresponding to each value of incident proton energy. The widths obtained 
by extrapolating each curve to zero thickness have been corrected for the effect 
of target thickness and are shown in Figure 2 (a), together with the results 
from other experiments and the equivalent air straggling (curve I, as given by 
Livingston and Bethe (1937)). The present results fall between those of Dyer 
and of Han and Endt, and are considerably higher than the air straggling. 
Curve II has been drawn to give the characteristic proton resolution for C2 
emulsion, although its position is not uniquely defined, particularly at low 
energies. 

Explanations of the greater straggling in emulsions than in air, have been 
given by Wilkins (1952) and Barkas, Smith, and Birnbaum (1955). Statistical 
fluctuations in the relative amounts of gelatin and silver halide traversed by 
each proton and the possible random movement of developed grains during the 
shrinkage of the processed emulsion will increase the straggling in each experiment 
by the same amount. However, the effects of processing techniques on the 
size and spacing of the developed grains will not be the same and may alter the 
observed straggling appreciably. For example, the grain spacing observed. 
at the beginning of 5-10 MeV proton tracks, using the temperature method of 
development, would give an estimated increase in the straggling variance of 
about 1 per cent. of the mean range. This will affect the results of Han and 
Endt but not those of Dyer or the present straggling measurements, which were 
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obtained using a much stronger development. Also, the corrections for the 
effects of irregularities in absorber thickness, varying techniques in the selection 
and measurement of track lengths, and the straggling in energy of the incident 
particles have been made in different ways in each experiment, and may be 
responsible for part of the observed differences in results. 
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Fig. 2 (a).—Proton straggling. Curve I, equivalent air straggling; 
curve II, mean proton straggling. 


Fig. 2 (b).—Neutron straggling. Experimental points from 

Gibson (1949), Nereson and Reines (1950), Ajzenberg (1952), eo 

Johnson (1952), Stelson and Preston (1952), Benenson (1953), 

Pruitt, Swartz, and Hanna (1953), Bird (1954), and Graue (1954). 

Curve IT, as in Figure 2 (a) ; curve III represents average neutron 
straggling. 


In the measurement of neutron energies by observation of recoil protons 
in nuclear emulsions an uncertainty of 2° in the measurement of each recoil 
angle will give an increase in straggling of the order of 10 per cent., but the 
actual increase will depend on individual measuring conditions. Figure 2 (b) 
shows values of the width at half height of neutron peaks from spectra published 
by a number of authors, plotted against neutron energy. These values have 
been corrected for the effects cf target thickness. The results show large 
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variations at all energies and the average values represented by curve IIT are 
approximately 50 per cent. higher than the corresponding proton straggling 
(curve II from Figure 2 (a)). Although a number of the observed widths are 
close to the proton curve, many are so high that additional neutron straggling 
is required to explain them. The large widths of neutron peaks has been noted 
by Ajzenberg (1951) and is in agreement with the high values of the straggling 
variance required to explain the shape of thick target neutron peaks (Dyer 
and Bird 1953). 

Any small angle scattering of the neutrons before they produce proton 
recoils will give an additional spread in energy and direction. The presence of 
scattering is shown by the asymmetry which is typical of many thin target neutron 
peaks, and this asymmetry has been found to increase with the distance of the 
area of measurement from the leading edge of the photographic plate, accom- 
panied by a decrease in the estimated number of neutrons per unit solid angle. 
These changes are more marked at low energies owing to an increase in the 
neutron scattering cross section. The scattering which occurs in the photo- 
graphic plate may often be more significant than the scattering in the material 
of the camera used for exposing the plates, and should be considered in the 
design of experiments requiring good resolution or the accurate measurement 
of neutron energies and angular distributions. 


Discussion 

Since the ground state of §Be is known to have a small natural width, the 
observed ground state peak width in each of the studies of “Li(d,n)®Be may be 
used, in conjunction with Figure 2 (bd), to indicate the resolution achieved in 
each case. 

The use of thick targets by Richards (1941) and Green and Gibson (1949) 
is responsible for ground state peak widths of 600-800 keV and would prevent 
them from observing the fine structure suggested by Catala, Aguilar, and 
Busquets (1953). The latter experiment shows a ground state peak with a 
half width of approximately 300 keV, which falls below the proton straggling 
curve in Figure 2 (b), and this has not been achieved by any of the experiments 
used in the preparation of that figure. Since the experimental techniques 
used by these authors are similar to those used in other experiments, their 
suggestion of a fine level structure requires confirmation. 

The ground state peak width observed by Trumpy, Grotdal, and Graue 
(1952) was 470 keV, and in the present experiment a width of 430 keV was 
obtained. These values fall close to curve III in Figure 2 (b) so that this curve 
may be expected to show the trend of peak widths expected at other neutron 
energies. This would be adequate to resolve the neutron groups suggested by 
Catala, Aguilar, and Busquets, and the lack of evidence for all these groups 
indicates that any excited states that occur in addition to the 3 MeV state 
must either have considerable widths or be present with small intensity relative 
to a continuous background of neutrons produced by alternative modes of 
breakup of the compound nucleus. The recent experiment of Ihsan (1955a, 
1955b) gives a ground state peak width of 600 keV which would be barely 
sufficient to distinguish between proposed states with a separation of 700 keV. 
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The performance of neutron spectrometers cannot be analysed in this way, 
but the experiment by Trail and Johnson (1954a, 1954b) shows a ground state 
peak width of 1200 keV which would prevent the observation of fine structure 
in the neutron groups. Since the experiment by Reid (1954) covered only 
a small portion of the neutron spectrum it is difficult to compare his resolution 
with that of other experiments. 


All the photographic plate studies of the neutron spectrum since that of 
Richards (1941) have shown irregularities suggesting the presence of excited 
states at 4-1, 5-3, and 7-5 MeV. The evidence from any one experiment is not 
conclusive, but the systematic appearance of these irregularities is significant.* 


The authors are grateful to Professor L. H. Martin for his helpful interest 
in this work. 
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CORRIGENDUM 
VOLUME 8, NUMBER 2, PAGES 248-72 
““ Theory of Tracks in Nuclear Research Emulsions ” 
By J. M. Blatt 


Equations (3.20), (3.21), and (3.24) on p. 264 of this paper should be 
replaced by 


SR) te STS OE” ae (3.20) 


a,(t) =pqPimt/B +9" [@(1 —$p) —w(1+Rp)—Bq(R+2p)], ....-. (3.21) 
w= +48? /wp? +29¢%[w(1 —$p) —w(1 +Rp)—Bg(R+2p~)], .. (3.24) 


The changes in equations (3.20) and (3.21) are of no practical importance ; 
equation (3.24), however, is needed to estimate the error to be assigned to a 
measurement of @,(t), and the change in the equation is significant. None of 
the conclusions of the paper are affected by this change, since this equation was 
not used in the discussion (Section IV). 

The author would like to express his thanks to Drs. Castagnoli, Cortini, 
and Manfredini for calling these errors to his attention, and to them as well as 
to Mr. B. Chartres for checking the corrected expressions given above. 
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